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Problem 2-1:

[Ref: HW2_#r4p % _+r4p 3 _DCS_HWO02_20190322_Discrete-Time Models]

Derive the formulas of the DT State-Space System with Inner Time Delay.

Consider the LTI system with inner time delay:
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Fig- 1. The ume delay system.

[1: Wittenmark 1985]

(% (8) = Agx1(8) + Byuy (t)
S {4n0) = Coar (0 1 Do ®) 1)
(%2(8) = Azxy () + Bauy(t)
S (im0 = o) + Doa(t (22)
Uy () = y1(t — 1) (2.3)
Where 7 is the delay time
And let
t=(d-1h+17 (2.4)

Where d is an integer, h is the sampling period, and 7’ is a fraction of the sampling
interval, i.e.,

0<7'<h

Three cases will be considered:

Case 1 — time delay before the system, i.e., Ay, =B;=C,=D,=0, D; =1
Case 2 — time delay after the system, i.e., A, =B, =C, =D; =0, D, =1
Case 3 — time delay between the subsystems. Assume D; = D, =0
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Case 1 — time delay before the system:

Assume subsystem S; has a unity transfer function:
—> A, =B, =C=D,=0, D; =1

Assume state of S, is known at t = kh,

The state at kh + h is given by solving S,:

kh+h

x,(kh + h) = e42"x,(kh) + f edz(kh+h=s) B 1. (s) ds
kh

From u,(t) = y;(t —7) =u(t—1)
The integral can be separated into u,(t) = u(kh — dh) & u,(t) = u(kh — (d —1)h)

x,(kh + h) = ef2hx, (kh) + fot' e42(h-t")e42s" B ds’ - u(kh — dh)

+ [ et B, ds - u(kh — (d - 1)h)

Introduce the notations:

D, (t) = et
i( )t e (3.1)
Fl(t) = .l- eAiS Bi ds (32)
0
Then,
Ans. of
x2(kh + h) = ®,(h)x,(kh) + ®,(h — t')I,(t")u(kh — dh) Case 1
+I(h—1t)u(kh—(d —1)h
2( Ju( ( )h) (3.3)
Case 2 — time delay after the system:
Assume subsystem S, has a unity transfer function.
_>A2=BZ=CZ=D1=O, D2=I
Ans. of
x1(kh + h) = ®;(h)x,(kh) + I'; (h)u(kh) Case 2
(3.4)

@, (h) = et
t
r(t) = f el1SB. ds
0
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Case 3 — time delay between the subsystems:

(1) For 7 =0, system =

o] = allal+ [

(3.6)
y=100 Gl
Where
Az = By(Cy
Then,
kh+h
x,(kh + h) = e42"x,(kh) + j edz(kh+h=s) o x (s) ds (3.7)
kh
Inthe interval kh <s<kh+h
S
x;(s) = eM G~k (kh) + j e41(5=5) B, ds’ - u(kh) (3.8)
kh
Thus,
xZ (kh + h) = q)z(h)xZ(kh)
kh+h
+f eAz(kh+h—s) A21eA1(S—kh) dsxl(kh)
kh
kh+h s ) (3.9)
+f eAZ(kh‘“h‘S)AZlf e41(s=s) B, ds’ dsu(kh)
kh kh
= @, (h)xp(kh) + 31 (h)x,(kh) + T;(R)u(kh)
Where
h
®..(h) = Azs’A Aq(h=s") ds’
21(h) j; e 21€ S (3.10)
h " —gl! 311
le(h) — f eAzs A21F1(h s ds"’ ( )
0
The sampled version of (3.6):
[xl(kh + h)] _ [Cbl(h) 0 ] [xl(kh)] + [Fl(h)] u(kh)
x(kh+h)| 1d31(h)  @y(M))Ix2(kh)] 15 (R)
(kh) (3.12)
_ X1
y(kh) - [O CZ] [Xz(kh)

If there is a delay in the system, then x;(s) in (3.7) is replaced by x;(s — 1), i.e., if the
delay isa multiple of sampling interval, then (3.9) is changed to:
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x,(kh + h) = ®,(h)x, (kh) + @5 (W)xy(kh — (d — 1)h)
+ T (Rukh — (d — Dh)

When delay is not a multiple of sampling period, it can be assumed that

0<t<h

Assume the states of S; are denoted x; and are related to the state of S;

through

x1(t) = x1(t— 1)

Then,

[x{(kh+h)] _ [¢1(h) 0 ”x{(kh)
x,(kh + h) P,1(R)  D(M)] [xy (kR)

®,(h—1) 0 ] [Fl(r)
Oy (h—1) Dy(h—1)IIL(7)

I(h—1)
T — r)] ukh)

4 ]u(kh S,

+

Since xy(kh) = x;(kh — 1)

x(kh + h) = @, (h)x, (kh)
+ @ (W[ Py (h = T)x1 (kh — h)
+ I, (h — Du(kh — B)] + T3 (h — Du(kh)
+ [Pa1(h = DI(D) + @y (h — DL (@) Ju(kh — h)

Therefore, we have:

x,(kh + h) = ®,(h)x,(kh) + Ty (W)u(kh)
x,(kh + h) = ®,(h)x,(kh)
+ @21 (h)[®1(h — T)x1(kh — h)
+Ty(h — Dulkh — b)] + T(h — Du(kh)
+ [@21(h — DTy (1) + @, (h — DT, (7)Ju(kh — h)

Final
Answer

Where
@, (h) = et
t
Fl(t) == j- eAlS Bl dS
0
®,(h) = ezt

t

Fz(t) == f eAZS Bz dS
0

h
®51(h) = f e25" Ay e =) ds’
0
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i = |

0

h

" h—s'"
edzs A21F1( ) ds"
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Problem 2-2:

[Ref: HW2_ 3 * 3§ k=24 HW2_R07921008_3& * ]

From the given equation of y and %x, we get A, B, C and D in (2-1), while our goal

isto get Fand H in (2-2).

x(t)= Ax(t)+ Bu(t)
y(t)=Cx(t)+ Dul(t)

y|[k]= Cx[k]+ Du[k]

where
L [0 1
-1 0 (2-1)
_O}
B =
1
C=1
D=0
x[k +1] = Fx[k]+ Hulk] 02

Let “h” be the sampling period, we can calculate F and H with the equations in

Lecture Note: DCS-11 page 11, as shown in (2-3) and (2-4).
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2h2
F=eM=1+Ah+ +...
2
0O 1 h?
1 0 0O 1 -1 0
= h+ + ..
0 1 -1 0 2!
Ans. of F
2 4 3 5
L L 23)
20 4l 3 5l
- 3 5 2 4
—h+h——h—+... 1—h—+h——
3 5 2 4
approximated F to the inverse of a Taylor series, we get:
[ cos(h) sin(h)
~|—sin(h) cos(h)
0 Akhk+1
H :( eA”dn)B:( jB
f 2k
2 3
:(Ih+Ah—+A2h—+ ]B Ans. of H
2! 3!
(2-4)

with similar approximation in (2-3), we get:

[ sin(h) 1—cos(h)}{0}:{l—cos(h)

= cos(h)-1 sin(h) |1 sin(h)

|

With F and H being calculated, we can present the discrete-time system as (2-2).
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Problem 2-3
The difference equation:
y[k + 2] — 1.5y[k + 1] + 0.5y[K] = u[k + 1] (1)
For initial condition, let k=-1
y[1] — 1.5y[0] + 0.5y[—1] = u[0] (2)
Substitute y[0], y[-1] into (2), derive y[1]:
y[1] =1.25
Consider the initial condition, the zTransform will be:
y[k + 2] = z2(Y(2) — y[0] — z"*y[1])
ylk +1] - 2(Y(z) — y[0]) .
yIk] = Y(z)
u[k + 1] - z(U(z) — u[0])
where
y[1] =1.25,y[0] = 0.5, y[-1] =1,u[0] =1
Substitute (3) into (1) and simplify, then we can derive the equation:
Y(z) = ! U 0.5 ! 4
(Z)_Z(Z—O.S)(z—l) (2) +0.52 =5 4)
-2z
= 5
[2—05 ]U(Z)+05 ~05 ©)
[(z ) 5)(z ] U@ +05—5% (6)
Finally, the pulse-transfer function is:
B U(2) B Z
(=0 ToomeE=-1 ()

And, its poles and zeros are: poles: z=0.5, 1, zeros: z=0.

8
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Problem 2-4

[Ref: HW2_3& % $._r07921012 3& % $._DCS_HW2_107 0322_Discrete-Time Models]

From the state space equation:

A= [} (ﬂ,B: [é],hzO.B, T =02

Substitute A into the formulation of F:

k=0 k=0
F is derived:
F= heehh eoh] 1)
Substitute h = 0.3 into (1):
=[0.40s0 1.3499]~ (01405 1.350 T
: @)

For H;:

T
H = eA(h‘T)J e Bdn
0

Ak k+1

[(h—r)eh T ]kZ (k+1)! 0]

= [(h - T)e e’?_r] kz [(1)
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_ 0 et —1
Hy = [(h —1)el T eh_T] [TGT —e"+1 e"—1 [0] -
B e T (-1+¢e%)
e T —h4 1)+ (h—1)e"
Substitute h = 0.3, d = 0.2 into (3):
_ [0. 2447] o [0.245 Ans. of H
17 1o.0498! " lo.050 (4)
Similarly, for Hy:
h—-t
Hy = f e Bdn
0
u zAk(h_T)k+1[ ]
0= |
e (k+1) 0
[ o (h— 1)
I T o,
o = © h—1f S (h— ) 2 (h— r)k [0]
(h_T)Z k! ‘Z k!
k=0 k=0
_ S| 1
Ho = [(h —T)eh T —ehT+1 M T - 1] [0] ®)
Substitute h = 0.3, d = 0.2 into (5):
_ [0. 1052] o [0. 105 Ans. of Ho
%~ lo.0053! " lo.005 (6)
For the formulation of the pulse-transfer operator:
G(q) = C(ql = F)™'(Ho + Hiqg™") (7)
Combine the (2), (4), (6), and (7), the pulse-transfer operator G(q) is derived:
0.1052¢g? + 0.1027g — 0.3303
0.0053¢g2 + 0.0853q + 0.0319 (8)

G(q) =C

q(q — 1.3499)?

10
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