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Introduction: Model and Analysis

rt) et u(t) y(t) k]

= Plant (CT): = Plant (DT):
* Input-Output Model: * Input-Output Model:
Ye(s) __ Bc(s) Yo(z) __ By(z)
Tet) = Cel8) = 255) T = Ga(2) = 15
« State-Space Model: » State-Space Model:
x(t) = Ax(t)+ Bu(t) x[k+1] = [Fkr] +[H}x]

y(t) = Ox(t) + Du(t) ylk] = [C[k] +{Dulk]

= System Properties:
» Stability
» Controllability
» Observability
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= Controllability

= Controllable Canonical Form
= Observability

= Observable Canonical Form
= Kalman’s Decomposition

= Loss of Controllability & Observability through Sampling



Introduction
= Controllability

* Whether it is possible to steer a system

from a given initial state to another state?

(ko) z(k)

= Observability

« How to determine the state of a dynamic system

from the observations of inputs and outputs

ulk] ylK]

—{co —

x[K]
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Controllability

= Some Examples

r1(k+1)
[ ro(k + 1) ]

{ rx1(k+1)
zo(k+ 1)

z1(k+ 1)
[ ro(k + 1) ]

{ z1(k+ 1)
zo(k+ 1)

r1(k+1)
[ ro(k+ 1) ]

{ r1(k+1)
ro(k + 1)
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2 0] z1(k) 1
BE=cI A HEC
2x1 (k) + u(k)
3z2(k) + u(k)

2 0] x1(k) 1

53 [B@ 8]
2z1(k) + u(k)

3zo(k)

2 0 x1 (k) 1
328+ o]

2x1 (k) + u(k)
3x2(k) + x1(k)




Feng-Li Lian © 2021
DCS23-CtrlObsv-6

Controllability
= Definition: Controllability
» The system is controllable
» If it Is possible to find a control sequence

» such that an arbitrary state can be reached

» from any initial state in finite time.
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= Consider the system:
( x(k+1) = Fx(k)+ Hu(k) <€ R"

y(k) = Cx(k) Initial state: xg = x(0)

\

= The state at time n
x(n) = F"x(0)4+F*" 1Hu(0)+---+Hu(n—1)

1) -
= F'x(0)+[H FH ... pr-ig] |2
= xI + WU - w0)

= x(n) — x5 = WU

= U = W ! [x(n) — x] IF rank( We ) = n

= That Is, exit some control signals, such that:
Initial state: xg = x(0) — x(n)
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Controllability
= Theorem: Controllability
» The system is controllable

» If and only the matrix Wc has rank n.

Controllability Matrix

W, = [H FH ... Fn—lﬂ}



Controllability
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= Example: Controllable and Un-controllable systems

x(k+ 1) =

We

We

x(k+1) =

0 0

10 u(k)

x(k) + [(1)

'H FH .- Fr1lgH

Lol [vellell = llel i)

0 O 0
E O]x(k>+[1]u<k>

3] sl =1 L8

= |t IS not controllable




Controllable Canonical Form

= Assume that F has the characteristic polynomial:

det ( \I1-F) =

= Assume that Wc is nonsingular.

AN 4 a4y

= Then, the system can be described by the following

Controllable Canonical From:

z(k+1)

y(k)

—a —Aap—1
O O
1 O
O 1

z(k) +

oo
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u(k)
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" The advantage of using the Controllable Canonical From:
= |F the input is: ek =| 0 1 8 o |aw + |0 |uas
B Z]_ 7 o 0o - 1 0 0
w(k) = —|ky ko oo k|| 7
- Zn —
- —a1 —ap —ap_1 —an |
1 O 0 O
z(k+1) = 0 1 0 0 |z(k)
O O 1 0
o .
_ : 1
—k1 —ko -+ —kp_1 —kn 0 25
o 0 --- 0 0 — |0 [kl ko --- kn] _
O 0 -- 0 0 |z(k) : =
: : . : : <
0 O 0 0 i 0 | -
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z(k+1) =

—(a1 + k1) —(ap+k2) -+ —(ap—1+Fk,-1) —(an+kn) |
1 0 0 0
0 1 0 0 2(k)
0 0 . 1 0

= The characteristic polynomial of the controlled system is:

det (M — (F — HK) )

= AN+ (a1 + kDA o+ (an + kn)

z(k+1) = Fz(k) + Hu(k) = Fz(k) — HKz(k)

w(k)

—Kz(k) (F — HK) z(k)
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= Example:

x(e+1) = | T T2 x4 | g |k

y(k) = | by by | x(k)

= The input-output transfer function is:
_ B(»)
- Az)

-l )
= [0 ][+ ][]

_ 1 [b b } —a9n 1 — b1z + b2
o 22 4+ a1z 4+ ao 1 =2 1 z+4aq 0] 22 4+ a1z + as

G(z)=CGI-F)"IH+D




Introduction
= Controllability

* Whether it is possible to steer a system

from a given initial state to another state?

(ko) z(k)

= Observability

« How to determine the state of a dynamic system

from the observations of inputs and outputs

ulk] ylK]

—{co —

x[K]
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{ x(k+1) = Fx(k)+ Hu(k)

Observability

= Definition: Un-observable States

y(k) = Cx(k)

xg 7 0 is un-observable x € R"
if 3 3 finite kl > n — 1 Initial state: xg = x(0)
such that

when z(0) = zg & u(k) =0, for 0 <k < ky
then y(k) =0, for 0 < k < kq

= Definition: Observable

A system is observable

if 3 a finite k XIK]
such that

the knowledge of {

w(0),...,u(k—1)

IS sufficient to

determine the initial state of the system
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Let u(k) =0 {x(k+1) = Fx(k) + Hu(k)
and y(0),y(1),...,y(k — 1) are given: y(k) = Cx(k)

y(O) = CX(O) Initial sfaiefzico = x(0)
y(1) = Cx(1) = C(Fx(0))
- y(0) ] ' Cx(0) | i C
v | CFx(0) | _ F | «(0)
y(n—1) | . CF" 'x(0) |  CF 1
Y = Wo x(0)
IF rank( Wy ) = n = x(0) = Wy 1Y
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Observability

= Theorem: Observability

The system is observable <= rank(Wg) = n
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Observability
= Example: A system with unobservable states

x(k+1) = [ 1'1 _O'g ] x(k)

y(k) = [ 1 —0.5 } x(k)

= The observability matrix is:

c ' 1 —05 | '
Wo = [CF = _[1 _0.5}[1.1 —0.8]_

1 0.5
= rank(Wy) =1
| 0.6 —0.3] (Wo)

= The unobservable states belong to the null space of Wo:

. 0.5
that is, [ 1]



Observability

= Example 3.10: A system with unobservable states

I.C.=[0.51]" .C.=[1.50.5]"

(a) (b)
2t : 2t
H Z e
31 311 .
O
® 9
O, ..... ® 0 0 0 0 0 0 O ., Q b ®.0.0. Y ’
0 10 0 10
o I.C.=[2.50]" I.C.=[1-0.5]"
(c) (d)
2t : 2t
e . e
2 3 e
1| e ' o
® ®
o o
0] S —— % i ¢ ) S — 990000 @
0 10 0 10

Time
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= Observable Canonical Form

F:  detQ\-F)=\N"4a\"14+...4a,=0
Wy nonsingular

T: x—>z, i.e,z=Tx

= The transformed system Is:

—a1 1 O 0 b1
—a> 0 1 0 bo
2(l41) = - 0 lz()+| & | u)
—Adp—1 1 bn—1
i —dn, O O_ | bn |
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Observable Canonical Form

Easy to find the observer gain:

x(k+1) = Fx(k) + Hu(k) y(k) = Cx(k)
xo(k+ 1) = Fxo(k) + Hu(k) + uo(k)

uo(k) = + Lly(k) — C x0(k)]
Xo(k+ 1) = Fxo(k) + Hu(k) + Ly(k)—C x,(k)]
x(k+1) —xo(k+1) = Flx(k) — x0(k)]
— L[C x(k) — C x0(k)]
(k) — xo(k) L O x(k) — x0(k) ]
F xe(k) — L C xe(k)
= [F — LC]xe(k)

Xe(k)
Xe(k + 1)



Feng-Li Lian © 2021

Observable Canonical Form DCS23-CirlObsy-22

= Observable Canonical Form

= Easy to find the observer gain:

Xe(k+1) = [F — LC]xe(k)

1 i 0 - 0
| I | | n O -+ O
i —a1 1 O 0 ]
—ao 0 1 0
F = : 0
— Q1 1
I —Aan 0 0
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Xe(k+1) = [F — L C]xe(k)

11 1 O --- O
LC=|"2f10..0]=|2°2 0
U | n O -+ O
i —a1 1 O 0 ]
—ao 0 1 0
F = : 0
— Q1 1
I —Aan 0 0
I —(a1+11) 1 0 0 |
—(ar+1>) 0 1 O
F -LC = P 0
—(ap—1+1l,—1) : 1
I _(an_l_ln) 0 0_

det(\] - (F — LQO)) = A4 (a1 +HIDN T+ (an+1) =0
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Example: (in observable canonical form)

—a1 1 b
—a; 0 ] x(k) + [ b; ] u(k)

x(k+1) =

M“:[loh%)

The input-output transfer function is:

G()=CGI-F)-'H+D =2
() = C(:1 - F)"'H + e
—aq1 1 -1 b
SIIER N
B bz +0bo
_ [1 O}[Z‘l‘&l —1] 1[21] o 22 4+ a1z + as
an z >

. 1 2 1 by
_22+a12+a2 [1 O}[—agz alllbgl
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Observability

= Observable canonical form:

x(k+1) = [_“1 Cl)]X(k)‘l- [l’j;]u(k)

y(k)=[1 O]X(Ic)

. L b b
= The input-output transfer function is:  G(z) = 1%+ b2

224+ a1z + ao

= Controllable canonical form:
_ | —a1 —a2 1
X(k+1)—[ 1 O]X(k)+[()]u(k)

y(k) = | b1 b | x(k)

= The input-output transfer function is: G (z) = b1z + b2
22 4+ a1z + ao




Kalman’s Decomposition

= Kalman showed that:

x(k+ 1)

y(k)

where x(k)

[ P11
0
F31
@)

0] 0
0] 0
F33 F34
O Fyq

[C1 C2 0 0]x(k)

QIQIQ O
QA QA

and, G(z)

x1[k + 1]

y k]

x(k) +
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w(k)

= C(zl — F)"1H

= CO1(2I — Fy1)~1Hy

Frix1[k] + Hiulk]

C1x1 [K]



Kalman’s Decomposition

Feng-Li Lian © 2021
DCS23-CtrlObsv-27

Fx[k] + Hulk]
Cx|[k] 4+ Dulk]

Frix1[k] + Hyulk]
C1x1[K]

: : x[k + 1]
| oc_| | y[k]
ul Iy
| OC ‘ | X]. [k _I_ 1]
: : y k]
' ‘ OC '
| |
| |
[ e
L |
o0 -
oC
x(k) = 50
| OC' |

design ulk] =

Yalz) — Gy(z) = Bul2)

= C1(2f — F11)"1H;

unstable — stable

stable — more stable

from y[k] to estimate x][k]
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Loss of Controllability & Observability through Sampling

= |_oss of Controllability:

sampling
C.T. system —)  D.T. system

»If D.T. system is controllable, then C.T. system is controllable
» But, if C.T. system is controllable, D.T. system may not!

= | oss of Observabillity:

»Un-observability in C.T. system:
v'zero over a time interval

»Un-observability in D.T. system:
v'zero only at sampling instants

v"May oscillate between sampling instants
(hidden oscillation)
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= Example 3.12: The harmonic oscillator
= The CT model is:

= [23] [2]

w

y::l O}X

= The DT model (using zero-order hold) is:

. cos(wh) sin(wh) 1 — cos(wh)
x(k+1) = [ —sin(wh) cos(wh) x(k) + [ sin(wh) ] u(k)
y(k) = |1 0 |x(k)
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Loss of Controllability & Observability through Sampling

= Example 3.12: The harmonic oscillator
= The CT model is:

e | 0 w 0
a = —w O]X_I_[w]u
y:_l O}X

= The controllability matrix is:

wesloas) = [[0] [ s][a]]=[2 5

= The observability matrix is: = det( W¢) = —w3
C ] 1 0] _ [1 o]

cA [1o]| 0%

ws = |
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Loss of Controllability & Observability through Sampling

= Example 3.12: The harmonic oscillator
= The DT model (using zero-order hold) is:

. cos(wh) sin(wh) 1 — cos(wh)
x(k+1) = - —sin(wh) cos(wh) x(k) + [ sin(wh) ] u(k)
y(k) = |1 0 |x(k)

= The controllability matrix is:
W¢ = |H FH |

1 — cwh cwh(1 — cwh) 4+ (swh)?
swh —swh(l — cwh) + (cwh)(swh)

Swh —swh + 2(cwh) (swh)

1 —cwh cwh — (cwh)? + (swh)? ]

det( Wd)

. = =2(sinwh)(1 — (coswh))
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Loss of Controllability & Observability through Sampling

= Example 3.12: The harmonic oscillator
= The DT model (using zero-order hold) is:

. cos(wh) sin(wh) 1 — cos(wh)
x(k+1) = - —sin(wh) cos(wh) x(k) + [ sin(wh) ] u(k)
y(k) = |1 0 |x(k)
= The observability matrix is:
o ' 10|
wd = [ ] = cos(wh) sin(wh)
CF { 10 } —sin(wh) cos(wh) | |

1 0
- cos(wh) sin(wh)

det( Wd ) = sinwh
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= Example 3.12: D.T. model of the harmonic oscillator

det( W2 ) = —2(sinwh)(1l — coswh)

= sinwh =0 = wh=0,nn
= 1—-—coswh=0 =coswh=1 = wh=2nnw

det( W3 ) = sinwh

= sinwh =0 = wh=0,nn :>w=% :}wa=2T7T

= wy = &

= SUMMARY N="h
Models Controllability Observability

CT OK OK

DT Lost when wh = nrx Lost when wh = nrx




