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Introduction: Model and Analysis
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 Plant (CT): 

• Input-Output Model:

• State-Space Model:

 Plant (DT): 

• Input-Output Model:

• State-Space Model:

 System Properties:

Stability

Controllability

Observability
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Outline

 Controllability

 Controllable Canonical Form

 Observability

 Observable Canonical Form

 Kalman’s Decomposition

 Loss of Controllability & Observability through Sampling
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Introduction

Controllability

• Whether it is possible to steer a system

from a given initial state to another state?

Observability

• How to determine the state of a dynamic system 

from the observations of inputs and outputs

G(z)

u[k] y[k]

x[k]



DCS23-CtrlObsv-5

Feng-Li Lian ©  2021
Controllability

 Some Examples
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Controllability

 Definition: Controllability

 The system is controllable 

 if it is possible to find a control sequence 

 such that an arbitrary state can be reached 

 from any initial state in finite time.
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Controllability

 Consider the system:

 The state at time n

 That is, exit some control signals, such that:
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Controllability

 Theorem: Controllability

 The system is controllable 

 if and only the matrix Wc has rank n.

Controllability Matrix
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Controllability

 Example: Controllable and Un-controllable systems

 It is controllable

 It is not controllable
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Controllable Canonical Form

 Assume that   F  has the characteristic polynomial:

 Assume that  Wc is nonsingular.

 Then, the system can be described by the following

Controllable Canonical From:



DCS23-CtrlObsv-11

Feng-Li Lian ©  2021
Controllable Canonical Form

 The advantage of using the Controllable Canonical From:

 IF the input is:
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Controllable Canonical Form

 The characteristic polynomial of the controlled system is:
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Controllable Canonical Form

 Example:

 The input-output transfer function is:
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Introduction

Controllability

• Whether it is possible to steer a system

from a given initial state to another state?

Observability

• How to determine the state of a dynamic system 

from the observations of inputs and outputs

G(z)

u[k] y[k]

x[k]
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Observability

 Definition: Un-observable States

 Definition: Observable

G(z)

u[k] y[k]

x[k]
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Observability
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Observability

 Theorem: Observability
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Observability

 Example: A system with unobservable states

 The observability matrix is:

 The unobservable states belong to the null space of Wo:
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Observability

 Example 3.10: A system with unobservable states
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Observable Canonical Form

 Observable Canonical Form

 The transformed system is:
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Observable Canonical Form

 Observable Canonical Form

 Easy to find the observer gain:
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Observable Canonical Form

 Observable Canonical Form

 Easy to find the observer gain:
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Observable Canonical Form
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Observability

 Example: (in observable canonical form)

 The input-output transfer function is:
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Observability

 Observable canonical form:

 Controllable canonical form:

 The input-output transfer function is:

 The input-output transfer function is:
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Kalman’s Decomposition

 Kalman showed that:
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Kalman’s Decomposition
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Loss of Controllability & Observability through Sampling

 Loss of Controllability:

C.T. system D.T. system 
sampling 

If D.T. system is controllable, then C.T. system is controllable

But, if C.T. system is controllable, D.T. system may not!

 Loss of Observability:

Un-observability in C.T. system:

zero over a time interval

Un-observability in D.T. system:

zero only at sampling instants

May oscillate between sampling instants 

(hidden oscillation)
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Loss of Controllability & Observability through Sampling

 Example 3.12: The harmonic oscillator

 The CT model is:

 The DT model (using zero-order hold) is:
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Loss of Controllability & Observability through Sampling

 Example 3.12: The harmonic oscillator

 The CT model is:

 The controllability matrix is:

 The observability matrix is:
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Loss of Controllability & Observability through Sampling

 The controllability matrix is:

 The DT model (using zero-order hold) is:

 Example 3.12: The harmonic oscillator
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Loss of Controllability & Observability through Sampling

 The observability matrix is:

 The DT model (using zero-order hold) is:

 Example 3.12: The harmonic oscillator
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Loss of Controllability & Observability through Sampling

 Example 3.12: D.T. model of the harmonic oscillator

 SUMMARY

Models Controllability Observability

CT OK OK

DT Lost when wh = n Lost when wh = n


