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Outline DCS14-Sampling-2

= Representation of a CT Signal by Its Samples:
The Sampling Theorem

= Reconstruction of a Signal from Its Samples
Using Interpolation

= The Effect of Under-sampling: Aliasing

= Discrete-Time Processing of Continuous-Time Signals
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Computer-Controlled System (7.2)

* w(t) y(t)
“(’;—t-— Process #t) -
Hold San}plcr

uk L ‘Jyk
Uy, D-A =+ Computer = A-D Vi

Wait for a clock pulse
Perform A/D conversion
Compute control variable
Perform D/A conversion

Update regulator state

L o

Gotostep 1
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= C/D or A-to-D (ADC) and D/C or D-to-A (DAC):

Discrete-Time Processing of Continuous-Time Signals

Xq[n] = %, (nT n] = vy, (nT
% (0 C/D alnl = x; () Discrete -Time Yalnl = el }}__ D/C Ve (8 -
“ conversion System conversion
T T

C/D: continous-to-discrete-time conversion

A-to-D: analog-to-digital converter

D/C: discrete-to-continous-time conversion

D-to-A: digital-to-analog converter
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The Sampling Theorem

= Representation of CT Signhals by its Samples

r1(t)

zo(t)

r3(t)
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The Sampling Theorem

= Representation of CT Signals by its Samples
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The Sampling Theorem

= Representation of CT Signals by its Samples
r1(t) # 22(t) # x3(¢)

1 (kT) = xo(kT) = 23(kT)
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e sample at h = 0.1(s) e ws = 27w/0.1 = 62.8(rad/s)

u[k] — g 3kh —y-_p y[k] — [e_kh—e_%h}

G(2) 0.09969z — 0.07382
z —
22 —1.724z 4+ 0.7408

The Sampling Theorem

0.08639 0.004528z + 0.004097
U(z) = Y(2) =

~ — 0.7408 22 —1.724z 4+ 0.7408

U(s) vs U(z) G(s) vs G(2) Y(s) vs Y(z)
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The Sampling Theorem

= Some Interesting Videos of Sampling Effect
» Aliasing x1
* https://www.youtube.com/watch?v=15DC3e4kt-0
» Aliasing x4
* https://www.youtube.com/watch?v=z3 TUQp8TaQ
» 55 Minute Alias
* http://www.youtube.com/watch?v=xTo3gxsZOWo
» Airlines Propeller Effect
* http://www.youtube.com/watch?v=ttvSzoqGQIY
» Wagon-wheel effect
* http://www.youtube.com/watch?v=HS9JGKEOmA&noredirect=1
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The Sampling Theorem

= The Sampling Theorem: 7
2(t) : a band-limited signal A
with X (jw) = 0 for |w| > wyy G

| 2
if ws > 2wy, where ws =

= x(t) is uniquely determined by z(nT),n = 0,+1,+2, ...,

o(t) = 3 8(t - nT)
1= o Xoljw)

Xpit) :
K (1) H{jt)  rm— - X ()

= 2w,y - Nyquist rate @

wps - Nyquist frequency
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* Impulse-Train Sampling:

p(t) . sampling function p(t)

T : sampling period x(t)__é__,xpm

7T .
Wg = T : sampling frequency

x(t)

= (1) = a(t) p(t) ) It
< 4 4
p(t) = —i: 0(t —nT) I ‘ ) T 1 T t
e «T_’/x(m 3
+00 e _//i Y %l
rp(t) = ) x(nT)d(t —nT) /’f ] A T

n——aoo 0 t



The Sampling Theorem

Impulse-Train Sampling:

x(t) P X(jw)

D T
P(jw) = — > 8w — kws)
k=—00

From multiplication property,

Xp0m) = o= [ XG0 PG

1 I

== Y X(i(w—kwy)

k=—o0
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The Sampling Theorem
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= Exact Recovery by an Ideal Lowpass Filter:

i

pt) =

n

i

K (1] e

3(t — nT)

—

Xpit)

Xpljw)

H(jw)

(a)

A\
vy W [0
(b)
Xp (iw)
A /|\
— g — Wy Wiy W, w
fc
> x,{t)
H{jw)
T W4 <UJC <('[.L)S _U.}M}
g O w
(d)
X, jo)
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= Sampling with Zero-Order Hold:

x{t) Zero-order | %o ()

hold

Xl:t} : u - 1 = Xy [t} = ‘X‘D {t]
P A T
0 T t s M e
;1 \HH##T [ \\
}x
t
i %o (t)
//r ‘\\
’ o
/ \\-. P N
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= Representation of of a CT Signal by Its Samples:
The Sampling Theorem

= Reconstruction of of a Signal from Its Samples
Using Interpolation

= The Effect of Under-sampling: Aliasing

= Discrete-Time Processing of Continuous-Time Signals



Reconstruction of a Signal from its Samples Using Interpolatigfff;" -2 227
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= Exact Interpolation:
Pt = Xt ~ )
i ‘ Xolic)
L) »( %00 >| Hjw) > x. (1)
+o0o
ep(t) = D x(nT)d(t —nT) @
n=Tee ideal lowpass filter
T sin t
o (1) = ap(t) * h(t) ey = el sinteet)
7T/UJct
+ o0 jn
xr(t) = Z x(nT)h(t — nT) /\
- — N —
\._./3 ?\_/1 0 Ug &~
T weT sin(we(t — nT))

zr(t) = Z x(nT)

N——00

we(t — nT)



Reconstruction of a Signal from its Samples Using Interpolatifff, s 2%

= Exact Interpolation:

p(t) = X 8(t - n) <0
1_ - Xoliw)
Xpit) ) . ;
K (1) - H{jw) > (1) (a)
(a)
+ ’r—“\\ - Kpl:ﬂ
oy weT sin(we(t — nT / PP SR
xr(t) = Z z(nT) — (we( ) ! .
e 7 we(t — nT) . -
r t
sinc (8) {b}

]
— N\ / N\ —

\""fa —3\_/11 0 1\/2 3\"/ ]




Reconstruction of a Signal from its Samples Using Interpolatifff, s 2%

= Higher-Order Holds:

| Ideal interpolating
. filter
H1(jw) 1
First-ory \ /\
haold
[—
-T T t

-tcl"s W 0 Og ws @
2 2
? Hy () 1 [sin(wT/2)]° 9
w) — —
IH, ()l 1Y T w/2

. ~t— |deal int‘erpolating
H. 0 ( 7 w) / \ filter

il . k-
2 ~. ’ "
Zero-order . v - ST .
hold . = kY ¢ Vo
s y G Ly F b - - r
£ - - ks . o . -
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0 3

i ki S
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= Representation of of a CT Signal by Its Samples:
The Sampling Theorem

= Reconstruction of of a Signal from Its Samples
Using Interpolation

= The Effect of Under-sampling: Aliasing

= Discrete-Time Processing of Continuous-Time Signals



Effect of Under-sampling: Aliasing
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= Qverlapping in Frequency-Domain: Aliasing

K(jw)
A\
Y Y ]
(a)
Pljw)
o
T S O
A W 0 g 2ag 3w,
{b)




Effect of Under-sampling: Aliasing
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= QOverlapping in Frequency-Domain: Aliasing

x(t) = cos(wqt)

T

|

Wg > 2’lUO

L1

T

wo

—Ws —wS/Q —wo wo ”LUS/Q Ws — WQ s Ws T+ w0
W > QU)O w3/2
—ws —wo wo W
w3/2

Y aliasing
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= QOverlapping in Frequency-Domain: Aliasing

Original signal

T S T T e W

Reconstructed signal —
e 3 wo —

\\\ // N ~
N\ 7 \\ /, N
3 % . ,Samples . S
\\ s N / N
7 / t
\ \\ 4 \\
\ \
N \\

(b)



Effect of Under-sampling: Aliasing DoSraSamo e

= QOverlapping in Frequency-Domain: Aliasing
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Effect of Under-sampling: Aliasing

= Strobe Effect:

wo = 100 rad/sec

Rotating disc

= W = Tws = wq

P — 120,-20

—

ws = 120 rad/sec

L1 |

—220 —20 220
—100

Strobe
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= Representation of of a CT Signal by Its Samples:
The Sampling Theorem

= Reconstruction of of a Signal from Its Samples
Using Interpolation

= The Effect of Under-sampling: Aliasing

= Discrete-Time Processing of Continuous-Time Signals
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= C/D or A-to-D (ADC) and D/C or D-to-A (DAC):

Discrete-Time Processing of Continuous-Time Signals

Xg[n] = %, (T) ¥a[n] =y (nT)

C/D Discrete -Time D/C Ve (1)
mmm—— e \ ———————
X (1) conversion System > conversion >
T T

C/D: continous-to-discrete-time conversion

A-to-D: analog-to-digital converter

D/C: discrete-to-continous-time conversion

D-to-A: digital-to-analog converter



Discrete-Time Processing of Continuous-Time Signals

C/D conversion

= C/D Conversion: R s A7 3 ‘.
| |
| |
: 1' X () Conversion of :
p impulse train
Xe ) __:-"'®_)' to discrete-time _:_F Xglnd
| sequence :
|
P S N :
Xp (1) Xp ()
Ti= T T=2T,
p - s L. ! J#-r"’l f‘._..--'_ h""-..\‘ /,."F"
lh‘_ﬂrT Hi‘ H;\H_NT
0o T 2T t 0 T 2T t
(b}
9
Xgn] x[n] y ]

Mt

-4 -4-3-2-10 1 2 3 4 n

(c)
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C/D conversion

—————————————————

= C/D Conversion:

Conversion of

éxp U | impulse train —ri'—:cd [n]

to discrete-time

xp (t) sequence E

X (0

xc(t) ;

Xe (o)

Xp WU
T=T1 .
Xp (i)
— __,,"'#f 1 T:T1
I A AA
0 T oT t _E_’|1_T 0 2I_1T 0 Xp(]w)
T'I T'I
Xg (1)
Id[ﬂl r/

Nl AAA o om

-4-3-2-10 1 2 24 n — 2 21 Y
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C/D conversion

—————————————————

= C/D Conversion:

J' Conversion of

I
!

mc(t) : 5 @Xp{t}‘ impulse train de [n]
|
|
|

to discrete-time

xp (t) sequence E
Xs (joo) Xoljw) el ,

}{p (o)
1* T=T Xy Cwd
I 0 I " T S Xp (j w )

/\TA\ /\ NN/ Xq(e”?)

—27 21 i} — 2w Eeuiar L2
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C/D conversion

= C/D Conversion: 1’_;&;‘“"""""‘:
i 1' xo () Gonversifnpf i
T ()G orme e Taln]
: wp(t) sequence :
oo @)
op(t) = ) xe(nT)é(t — nT)
00 - 1 T .
XGu) = 3 wenD)e T = 23 Xe(iw = kws))
Nn=—00 K=—-o0
(@) = Y wglnled™ = Y ae(nT)e I

|
=
NP
s
TN
.
AN
~R0
|
5
S|y
——
N

- Q2
= Xu(e') = Xp (57) T
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. D/C C O n Ve rS I O n : : Conversion to x;[n]» Discrete-time yd[nl Conversion to

discrete time system continous time

Conversion of v T
discrete-time | “F |
Ya [N = sequence to - , Ye )
i | impulse train Y Vs l
| > 2 |
' |
= QOverall A3 S N L |
Hc {jo)
e ey - O (IR |
p(t)

|
{
..
:| X, {t) [Conversion of| X4 [n] " y4[n] [Conversion of| vy (t) r.l,l
Xe {t}—|-)-®_> impulse train > Hy (") p——>| sequence to 3 L = v (t)

to sequence impulse train _%
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Discrete-Time Processing of Continuous-Time Signals

= Frequency-Domain lllustration: *<f>~~ 1 Ak
Xc(Jw)  xp Y, (e7?) = 1 X (e7?)

AN A4

—wy 0 Wy (_u —wgT —oy T 0 oy T oI =27 Q

Xp(jw)  xw Yp(jw) = Hp(jw)Xp(jw)

ANA _ ANA

Wg @y Wg @y

X (%) xd<{‘? Ye(jw) = He(jw)Xc(jw)

() @)



Feng-Li Lian © 2021

Discrete-Time Processing of Continuous-Time Signals DCS14-Sampling. 34

= Frequency Domain lllustration: ﬁé—»~Hd~~¢L~»
Xe(jw) — xw Yy(e’*? )— Hd(GJQ)Xd(GJQ)
1 O ASE
:u,v,/o\\m‘M —ouyT -0, wyT
(a) () . .
Xp(ﬂw) Falle) Yp J’w) — Hp(]’w)Xp(J’w)
Xg(e®?) e Yc(Jw) = Hc(jw)Xc(jw)
1—/Xc(jw)
/\ / \ / AZ SKH"M
T Wy T w.T =27 BVl ‘g ®

(© (f)
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= CT & DT Frequency Responses:

{jo)

H

Conversion of _ Conversion of
X () ; impulse train . sequence to Yo (B
to sequence impulse train 5 &

: . T Hd(ejQ)
Ye(jw) = Xe(jw)Hy(e") — M N~
l ~0, 0 £, 2|ﬂ O
Ho(jw) Hy(e?*1), lw| < ws/2 He ()
JW) —
8 2, w
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hit)

o Hijow)
1
51 o/ ' — Wy 0 g ) w
c -=—Stopband —»\4— Passband —~=—=3Stopband —
C.T.F.T. ,
h(t) < > H(jw)
27
Ws = T Q = wT
D.T.F.T. :
hln] < > H(e?)
] H(e'”)
R 1 e
| | | |
0 n -2 —T —wg 0wy T 2r



Feng-Li Lian © 2021
DCS14-Sampling-37

Sampling & Reconstruction (7.3)

* The Sampling Theorem:

* If the sampling instants are sufficiently close,
very little is lost by sampling a CT signal

* |f the sampling points are too far apart,
much of the information about a signal can be lost

* S0, when a CT signal can be uniquely given
by its sampled version?

04/12/03
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» Theorem 7.1: (Shannon, 1949) f/‘\l

I | I
e f(t): a continuous-time signal

Sampling & Reconstruction

e F'(w): the Fourier transform of f(t)
— F'(w) = 0 outside (—wq, wg)

o ws. Sampling frequency

= If ws > 2w

Then f(¢t) can be computed by:

sin(ws(t — kh)/2)
ws(t — kh)/2 sin

f&y= > f(kh)

k=—00

03/29/03
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= Note that:

o wy = ws/2: Nyquist fregency
e Reconstruction of signlas:

F(w) = 0 when w > wy

03/29/03
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= Reconstruction: AF (o)
o '(w) = /OO e_iwtf(t)dt |I II -
‘FH ()

. £(t) = % /_0:0 e B () duw

1 0
o Fy(w) = - > F(w+ kws)
k=—o00
00 1 Ws .
= Y cC o~ tkhw Cp = — e R B () dw
Ws JO
k=—o00
00
— Z f(kh)e—lkhw
k—=—o00
Wy (w) |w] < s
° F(w) — { — 23
0 lw| > =

03/29/03
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= Shannon Reconstruction:

e For periodic sampling of band-limited signals

sin(ws(t — kh)/2)

W= 3 fm

k=—0o0

e However, it iIs NO'T a caucal operator

03/29/03
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= Shannon Reconstruction:

o | et's look at the impulse response:
h=1

h(t) — SInQE)Z?tQ/Q) OWW/J\/\NVM

-10 0 10
Time

e T he weights are 10% after 3 samples
< 5% after 6 samples

e [ his construction has a delay
= Not good for control

e Only applied to periodic sampling

03/29/03
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= Zero-Order Hold (ZOH) & First-Order Hold (FOH)

Sampling & Reconstruction

to  ty ta iy ty ts tg Time to ta  tq ty tz tg Time

e [ hey are caucal operators

» Predictive FOH: —\c/:\-/
e It iIs NOT caucal
but, can be replaced et ty  t.  t, te tg Ti
by model prediction I

03/29/03
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= Sinusoidal sighal withh=1and h=0.5

ML
0 / \

Zero order hiold
Zero order hold

First order hold
First order hold

Predictive hold
|
Predictive hold

0 5 10 0 i 10
Time Time

03/29/03
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Aliasing or Frequency Folding (7.4)
= Aliasing:

 Two signals with frequency, 0.1 Hz and 0.9 Hz
* They have the same values at all sampling instants

0 5 10
Time

03/29/03
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» Fourier transform of sampled signal:

o '(w) = /OO e_iwtf(t)dt o Fy(w) = Z f(kh)e—ikhw

e k=—00
AF (o) AF. ()
| I I| aa ! | ] |'|'I | ] W
i
4
| | - | I I | |
i
i [1 Il
| .
| I I I | T | T | ——
2wy -0y 0 wy 2oy 2oy —oy 0 oy 2oy

03/29/03
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» Example 7.1:. Feed-water heater in a ship boiler

Pressure

Steam
Feed \_*_ Valve
: —@—-— To boiler

water AN
SR

Pump

Condensed Temperature
water

g 38 min 27T .
z I<—-_—|_,. . e ws = — = 3.142 rad/min
N S | R 2
E'm 2 min 2
o wy = —— = 2.978 rad/min
2.11

A < . — 0 = 0.1638 raa/min
o e L

2.11 min — ,_Z_"5 — 38 mln

Time

03/29/03
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* Frequency Folding

— N O ()] N

| _~Sampled
spectrum

03/29/03



Aliasing or Frequency Folding
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» Pre-Sampling Filter in Example 7.2:

(a)

(c)

.1

singal + disturbance (0.9 Hz)

AW

NN

0 10 20 30

sample + hold of (a) (1 Hz)

Lt
'l‘......'l". '.'l'“'l'

Y Ll . ,..-l""-lT

0 10 20 30

Time

(b)

(d)

filtered through a 6th-order Bessel filter

0 10 20 30

sample + hold of (b)

10 R -
» *
U"‘
L]
-1 "H!-I-I'IHHT
0 10 20 30
Time

03/29/03



Aliasing or Frequency Folding

» Pre-Sampling Filter in Example 7.2:

» With a sinusoidal perturbation (0.9Hz)
» Sampling frequency = 1 Hz

Feng-Li Lian © 2021
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03/29/03
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» Post-Sampling Filter:

= Because signal from D/A is piecewise constant

» May excite some oscillatory modes

» S0, use higher-order hold!
such as piecewise linear signal

03/29/03



Further Readings: Multi-Rate Sampling

» Multi-Rate System:

Period Period 2 h
i« y
o Uy s, Y1 o~ Uz s, 2
= Switch Decomposition:
(b) h,
(a)

‘i‘%‘ — esfa.l'm _E"___ E—sh!m

h
] . eivhfm | ] 3428}”}”

h i .

L] 5872 | ] o 50/2 .

ea(m—l}hfm ) e—s{m—l)ha’m

Feng-Li Lian © 2021
DCS14-Sampling-52

03/29/03
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Further Readings: Multi-Rate Sampling
= Multi-Rate Systems

B

Bt) — . 2! i P 2 ZOH v (t)
PT “‘T_ i + -
Cry

FAR)

uz(t)

5ty — N ZOH

Fig. 7. TLA compensator structure.

M.C. Berg, N. Amit, J.D. Powell, "Multirate digital control system design”, IEEE-TAC 33(12): 1139-1150, Dec 1988



