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The z-Transform 5CS13.7T

e Continuous-time systems: = Laplace transform

e Discrete-time systems: = z transform

e z transform maps a semi-infinite time sequence
into a function of a complex variable

e Range of z-transform and operator calculus
e operator calculus: = {f(k) :k=---,-1,0,1,---}

e z transform: = {f(k):k=0,1,2,---}

= also take the initial values into consideration



The z-Transform
e Definition: z-transform

e Consider the discrete-time signal
{f(k) . k=0,1,2,---}
e The z transform of f(k) is defined as:
- k
Z{f(k)}=F(z) = ) [f(k)z"
k=0
where z is a complex variable.
e [ he inverse z-transform is given by
1
F(k) = — j{ F(2)2F1dz
2711

where the contour of integration

encloses the singularities of F'(z).
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The z-Transform: Example 5CS13.71a

e Example: z Transform of a function

fIk] = a*ulk]

']Tn.u_, 1':TI]”

= F(z) = i a® ulk] 27"

Z{f(k)} = F(z)

— — —1\k —1 e
= 1 —k
kz:%(az ) |CLZ |< — z f(k)z
k=0
1 z
= =2 k>l
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The z-Transform: Example 5CS13.7T

e Example: Transform of a ramp

Z{f(k)} = F(2)

e Consider a ramp signal:

= > fk)=z""
y(k) = kh for k> 0 k=0

= Y(2) =y(0)z° + y(1)z"t +y(2)z72 + - -

=04 hz 1 +2n2"24...

R =h(z"t42:2724+..1)

? hz

111” ‘ o

ﬁ
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The z-Transform: Table DCS13.2T6

Sec. 2.7 The z-Transform 59

Table 2.3 Some time functions and corresponding Laplace and z-trans-
forms. Warning: Use the table only as prescribed!

f Lf 21
S(k) (pulse) - 1
1 Z
1 > -
k = O (step) o z—1
1 hz
kh = (z-1)2
52 (z—-1)2
L 1 h*z(z + 1)
—(kh 2 —_ o7 1.3
5 (kh) 33 2(z — 1)3
kT T oz
1+ sT z—e T
1 — e *A/T 1 z(1— e *T)
s(1+sT) (z—1)(z— e HT)
. @ zsin wh
sin wkh 52 1+ w2 z2 - 2zcosawh + 1

Astrom & Wittenmark 1997



The z-Transform: Properties

1. Definition:

() =S f)z

k=0
2. Inversion:

F(k) = Qim PP

3. Linearity:

Z{af +bg} = Z{af} + Z{bg}
4. Time shift:

Z{q "Ik} = = "F ()
Z{flk—nl} = = "F(2)
Z{q"fIR} = 2"(F(2) — F1)

Z{flk+n]} = 2"(F(z) — F1)
where Fy(2) = ¥3_5 f(j)277
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5 Initial-value theorem:

f(0) = Jim F(2)
6 Final-value theorem:
If (1 —2"1)F(z) does not have
any poles on or outside
the unit circle:

lim f(k) = lim (1 — 2" F(2)
k— 00 z—1
7 Convolution:

Z{f+g9} = (2/)(Z9)

k
fxg= > f(n)g(k—n)

n=0

Astrom & Wittenmark 1997



The z-Transform: From State Space to Pulse Transfer Functiof"™"

-Li Lian © 2021
DCS13-zT-8

= Example — Use z-Transform to find system response

= Consider the difference equation:

ylk] — —y[k — 1] = ulk] + U[k — 1]
S oy - 1aly () = Ue) +§z—1U(z)

S G = L&)

_ 143t 243
U(z) 1—%2_1 z—%
Time shift:

Z{flk—nl} = = "F(2)

Z{flk+nl} = 2" (F(2)

where Fi(z) =

— F1)
=I5 f()z



F]eng-Li Lian © 2021

The z-Transform: From State Space to Pulse Transfer Functio 5OS13.9T.0

y(k) + a1y(k—1)+ -+ any(k —n)
= bou(k) + bju(k — 1)+ - 4+ bpu(k — n)
y(k+n)+aqy(k+n—1)+-+any(k)
=bou(k+n)+bju(k+n—1)+-+bnu(k)
e Take z-transform of both sides:

E'taiz" P+t an] V() = [bo2"b12" T 4 bo2" 2 4+ bn] U(2)

= % IS the pulse transfer function: u — y

e T he corresponding state-space form:

—a1 —a> -+ —an 1
ety = 10 D ha+| D | uk)
I 1 0 | 0 |
y(k) =[b1 b2 -+ bn]x(k)




The z-Transform: From State Space to Pulse Transfer Functioff" -2 ©202

(z(k+ 1)
y(k)

Cx(k) + Du(k)

N
Ve

FX(z)+HU(z2)
CX(z)+DU(2)

| 2(X(2) — 2(0))
Y (2)

4

= 2X(z) - FX(z) = z2x2(0)+HU(2)
= (ZI-F)X(z) = 2x(0)+HU(2)

= X(z2) = GI-F)"1[z2(0) 4+ HU(2)]
= Y(z2) = C(G:I-F) 1[z22(0) 4+ HU(2)] +DU(2)

= Y(2) = C(zI-F) 1:2(0)
+ (C(zI P lH+ D) U(2)

= G(z) = CGI-F)"1H4+D
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The z-Transform: From State Space to Pulse Transfer Functio 5CS13.9T-11

{:c(k:—l—l) = Fz(k) 4+ Hu(k)
y(k) = Cz(k)+ Du(k)
= G(z) = CGI-F)"1H4+D
C—ay —ap - —ap 1]
= [bibo - b (I—| b9 Py O
_ 1 0 0
24 ay an - ap ]t (1]
= [by by -+ by] —1 z O O
_ 1. 0
= ﬁAdj (21 — F)

(boz"™b1 2" 1 4bo2""24...4-by) __ B(2)
(zn4a1z" 14 4an) — A(z)

oy




The z-Transform: From State Space to Pulse Transfer Functioff" -2 ©202:

e [ heorem 2.5: ulk] ylK]
e The pulse response g(k) and o X[K] o
u Y
the pulse-transfer function G(z) ,_| =@ |, _| w»®
are a z-transform pair, W(N = 1) (N = 1)

that is, Z{g(k)} = G(»)

= The Pulse Response for the D.T. system:

(0 k<O
g(k) =< D k=0
| CFF~1H k> 1

= Pulse Transfer Function

G(z) = CI-F)"IH+D



The z-Transform: Computation of G(z) from G(s) reng-Ll a0 20

e Method 1:

e Make state-space realization
e Calculate F and H

e Find G(2)
{X(t) = Ax(¢t) 4+ Bu(?)
y(t) = Cx(t) + Du(t)
:j{xw+1)= Fz(k) + Hu(k)
y(k) = Cz(k) 4+ Du(k)

= G(2) C:I-F)"1H4+D
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The z-Transform: Computation of G(z) from G(s) DCS13.7T.14

e Method 2: C (b)Y [ y(kh )]
Lulkh)g Zoro-ord u(t) 1(#)/ Ly(kh)}
EII{:{EE‘I . G(S) J
G(2)
- -

e Step response of G(s)
e z-transform of —GES)

e Divide by the z-transform of step function
= Y (s) = &)

= Y(2) = 2{£1Y(s)}

= G(z)=1-z"HY(2)
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The z-Transform: Computation of H(z) from G(s) DCS13.7T.15

e Method 2: C (b)Y [ y(kh )]
Lulkh)g Zoro-ord u(t) 1(#)/ Ly(kh)}
EII{:{EE‘I . G(S) J
G(2)
- -

z—1 1 /'Y-I-ioo esh G(s)d
S

z 2711

= G(z) =

y—i00 2 — esh s
e If G(s) goes to zero at least as fast as |s|~1 for large s

e and G(s) has distinct poles, none are at the origin

esh 1

S

= G(z)= ) 1Sh Res {

s=s; # — €

}G(s)

where s; are the poles of G(s)
and Res denotes the residue.
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The z-Transform: and Shift-Operator Calculus DCS13.7T-16

= Example (Pole-Zero Cancellation):
= Consider the difference equation:

ylk + 1] + aylk] = ulk + 1] + au[kK]

By using z-transform, Its pulse-transfer function:

z+ a

z+ a

G(z) = =1 = ylk] = u[k]

But, the solution of the difference equation is:

ylk] = (—a)*y[0] + ulk], k>1

That is, by using the shift-operator calculus:

(¢ + a)ylk] = (g + a)ulk]

la| < O stable mode
Different conclusions for: la] > 0 unstable mode



The z-Transform: Modified z-Transform

e Use modified z-transform
to study the intersampling behavor

e Defintion: The Modified z-Transform

F(z,m) = ioj >k f(kh — h 4+ mh)
k=0

e [ he inverse transform:

f(kh — h + mh) = 2i F(z,m) 2" 1 dz

7™ JI

where the contour I encloses

the singularities of integrand.

Feng-Li Lian © 2021
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Poles and Zeros DCS13-7T-18

e Poles and zeros

Vi(z) = lC(zI ~F)lH+ DlU(z)

G(z)
e Poles:
e The points p € C where G(p) = oo
are the poles of G(z2)
e [ hey are eigenvalues of F
and determine stability
o Zeros:

e The points p € C where GG(p) =0
are the zeros of G(z2)



Poles and Zeros

e Interpretation of poles and zeros

e Poles:

e A pole z = a is associated with
the time function z(k) = aF
e A pole z = a is an eigenvalue of F

e Zeros:

e A zero z = b implies that
the transmission of w(k) = b*
IS blocked by the system

e A zero is related to
how inputs and outputs are
coupled to the states

Feng-Li Lian © 2021
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Poles and Zeros ity

e Poles determine stability
e All poles of G(2) =C(:I-F)"!H4+D
are eigenvalues of F

e [ he matrix F can always be written as:

A1 *
. -1 kb —

0 | An
e The diagonal elements )\, are the eig(F)

e F* decays exponentially iff |\,| < 1, V&



Poles and Zeros

e Zeros: blocking of signals

e Assume that G(z) =

B(z)
A(z)

and G(z)~1 has poleat z=b, b< 1

1+
0.ar
0.6F
0.t
0.2t

or

]

[ e o i I I o o a1

4]

10

—{G(2)

l
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0.ar
0.Gr
(Y 5
0.2t

or

1t

]

a 1
OOI:J

]

10

e The pulse response of G(z)~1 decays as b*

e u(k) =0bF to G(z) = zero output

jm]

o 4
OOI:J

Q

10

G(z)

Foo

oo o 000 o O/l

Q

10



Poles and Zeros o e rra

e NOn-minimum phase

e Unstable zeros are sometimes called
non-minimum phase zeros

e Because:
(s+1)(s+2) (s+1)(s+2)

have Bode diagrams with equal amplitude:

iw — 3| = /w2 + 33 = |iw + 3|
e But the first has more phase lag

e [ his is similar to a time delay
and make control harder



Feng-Li Lian © 2021

Poles and Zeros DCS13-7T-23

e Non-minimum phase zeros make control harder

e O get a pulse as output,

one should use an input
which is the impulse response of G—1

e If there are non-minimum phase zeros,
the input needs to grow exponentially

e For a stable system with one unstable zero,

the step response will initially have
different sign than the stationary value.

= T his make control harder
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Poles and Zeros DCS13-7T-24

e Mapping between s & z } ©

-0-0-0-0-0 ()

e Because F = exp(Ah)

= )\z(F) = e)\i(A)h ooooH — @y

; ©
b, i
= z = et ' E §

+ -0y

—— (j-]‘?\.'_

(AN

T-®ON



Poles and Zeros e e

Im(s) Im(z)

s-plane

z-plane

Re(z)

Figure 4.42: Corresponding points and areas in s- and z-plane.

Schmidt, Schitter, Rankers, Eijk, 2014
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Poles and Zeros DCS13-7T-26

e Alias Problem

sh = Several points in the s-plane
map into the same point in the z-plane

Z — €

= T he map is not bijective

3zl h i
xlh
P1X P X
Sa P1x - "
- _xlh X

—3r/h
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Poles and Zeros DCS13-7T-27

e Sampling of a second-order system

1002

32—|—2Cw05+w02

e Poles of the D. T. system:

224+ a1z+a>=0

where

ap = —2e SWolcos (\/ 1— C2w0h>

e—QCth

a
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22+a12+a220

—2¢ w0 cos (\/ 1-— C2w0h)

— e—QC-th

Poles and Zeros

e Sampling of a second-order system

8
'_l
|

Imaginary axis

SE

-1 -0.5 0 0.5 1
Real axis



Poles and Zeros o s rra0

d Z,
e Transformation of zeros 1 1 d = #(p) - #(2)
2 z+1
3 Z2+4+4z+1
e More difficult than poles 4 PF4112+ 11241
5 2z*4+262° +662z2+ 262+ 1

e In general,
more sampled zeros than continuous zeros

e For short sampling periods 2, & esih
e For large s then G(s) ~ e @
where d = deg A(s) - deg B(s)

e The r=d—1 zeros
iIntroduced by the sampling
go to the zeros of the polynomials z,



Poles and Zeros

= Example:

Consider the CT transfer function:
2

(s+1)(s+2)

The zero of the pulse-transfer function:

(1 —e2Me=h—2(1—

Feng-Li Lian © 2021

2(1 —e ) — (1 — e—2h)

When h is small;

z~—1+4 3h

When h approaches O:
z— —1

When h increases: N

DCS13-zT-30
Hq) = b1g" 1 + bog" % + - + by
V= q" +aig" 1+ +a,
b(1-e ) —a(1- e bh)
by =
b b—a
a _ ,-bhy,—ah _ _ ,-ah),-bh
Grard) b= dize et oblze e
a#b a, = _(e*ah +e—bh)
ay = e~(@+b)k
e—h)e—Qh



In Summary Feng-Li Lian © 2021

Tf(r)
f(k)
S0
» Laplace transtorm: |
- é - —st
c{rwb = Fe) £ [T i et ar
c{fw} = sFE)
= 7-Transform: 00
M} = Fe) 2% s
k=0
Z{f[k:—l]} = 21 F(2)

Franklin et al. 2002
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= Analysis of discrete systems by the z-transform:

ylk] + a1 ylk — 1] + ap ylk — 2]

= bgulk] + b1 ulk — 1] + b ulk — 2]

= Y(2) + a1 27 Y() + ar 272 Y(2)

= boU(2) 4+ b1 21 UR) + by 272 U(2)

Y(z) bo—l—blz_l—l—bgz_z . b0Z2+blz+b2
U(z) 14+ a2t 4+ ar2"2 22 4+ a1z + ao

=

Franklin et al. 2002
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= The z-transform inversion:

« Long division

Y(z) 1

U(z) 1 — az1

e For a unit pulse input: «[0] =1, & ulk] =0,k#0

= U(z) 1

1

1 — gz 1

= Y(z)

= 1 + az t —+ a’z 2 —+ a3,3 -+ ...

= y[0] + y[1]lz~! + y[2]272 + y[3]z"> + .-

Franklin et al. 2002



In Summary Feng-Li Lian © 2021

DCS13-zT-34
TABLE 10.2 SOME COMMON z-TRANSFORM PAIRS
* The z-transform
Signal Transform ROC
InNversion. 1. 8[n] 1 Allz
2. uln] 1 _1__, |zl = 1
* The z-transform table :
3. —u[—n— 1] T |zl <1
i
4, d[n — m] ™ All z, except
0(fm=0)or
= (if m < 0)
" 1
5. a'uln] [ ar |2 > e
I 1
6. —a"ul-n—1] [ ar lz| <
: az”!
7. neuln] T—az 1 |z| =
az”!
8 —na’u[—n — 1] A —ar 7 |z| < |e
1 — [cos ]z
9. [cos wgnlu(n] [~ Reoswgle-! T2 |l =1
. [sinwylz i
10. [sinwon]u[n] [ Boosaws T 127 |z| =1
. 1 = [reoswplz™
11, [r" coswyn]u[n] T~ 2rcoswdd 17727 |lz| = r
- -1
12, [#" sinewqrun] Lr sinwolz |z = r

1 — [2recoswglz™! + 1Pz 2

Oppenheim et al. 1997



IN SUMmM. Laplace Transforms and z-Transforms of Simple Discrete Time Functions Li Lian © 2021

DCS13-zT-35

F(s) is the Laplace transform of f(t), and F(z) is the z-transform of f(kT). Note: f(t) =
for t = 0.
No. F(s) F&T) F(z)
i 1Lk=0;0,k#0 1
2 Lk =k 0k £k,

1 z
3 5 1(kT) .

1 7.
tov “ (z—1)

. 1@y 12 [zz+1)
> P 21 k1) 5 [(Z T

L A (KT)? a2 44241

1 . _I}rn--l —_1ym- L
7 ET ].lma—;ﬂ (m — 1}1 I.lmu:_,_[:, (m — ]_:|.|

amt g1 . )
(['jﬂm_l ¢ ) (aam—‘] 7 — E_EJ'
1 —uk T ol
5 5+ ¢ p——
1 kTe kT Tze "
T ‘ P
—.I’J:Ir
1 Lk )2e-ast T2 i r, 2 t+e”

lD l:-" + d]ﬂ 2( } 2 {Z _ ﬁ’_“{}‘

1 (="' (=1 S A z
11 (s + a}-'?r (m — 1}' (aam—1 € [!’H —_ 1)1‘ da™ 1 7 — f."'_ml

=T: sampling period Franklin et al. 2002



In Summ -~
12

13

14

16
17
18

19

__a+h
s[(s + @) + b

—akT

4 l1-¢
s(s +a)

.}2(3“4_ . %(ﬂ“ — 1+ e
b—ua —akT __ ,—bkT
GraGs+h © ¢
.5' 3 —akT
(1 —akT)e
(s +a)
a® : —akT .
(h—als —bkT _  o—akT
GraG+h ¢ T
# sinakT
5 a*
. _T_ 5 cosakT
5 a
ﬁﬁ? a—okT cos bkT
b

o—akT oo :
{F+£m : sin bkT

Feng-Li Lian © 2021

2l — e=T) DCS13-7T-36

(z — 1)z —e*")
@l —1+e*Nz+ (1 —e® —ale®)]

a(z — Dz — ")

{E—HT _ e—f}T-)z

(z—e Tz —e ")

z2[z — e (1 +aT)]

_ p—okT (cOS bkT + 7 sin F?R'T)

—ad 2
(z—e™")

:I_|_ e-‘lﬂ':lr — E—GT +HTE_ET]

z[z(l — {?_'nr e (ITE_ET
—uT}?

(z—1)(z—e
z[z(b —a) — (be™ —ae™"")]
Z—eNz—e")

zsinal
22— (2cosaT)z +1

z{z —cosal)
—(2cosaT)z +1

zlz—e

.
- —=2e

-e¢ ' coshT)
“T(cosbT)z + e T

_ ze “TsinbT _
2% =2¢ " (coshT)z + e !

__z(Az+B)
7 — L]_[ . -, “’{L(‘]Nhf e trf]

A=1-e¢"7 coshT — f el ginbT

B = e 2T ér’ “TsinbT — e coshT

=T: sampling

period

Franklin et al. 2002



In Summary
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* Properties of the z-transform:

1. Definition:

F(z)= Y flk]z*
k=0

2. Inversion:
1
Flk] = Tm]{F(z)zk—ldz
3. Linearity:
Z{af +bg} = aZ{f} +bZ{g}
4. Time shift:
Z{g"f}=2z""F
Z{q"f} = 2"(F — Fy)
where Fi(z) = Y026 flil2

5 Initial-value theorem:

fI0] = lim F(z)
6 Final-value theorem:
If (1—2"1)F(%) does not have
any poles on or outside
the unit circle:

lim fk] = lim (1 - 2 HF(2)

k—o0

7 Convolution:

Z{f*gr = (Z2/)(Z9)

k
fxg= > flnlglk —n]

n=0

Astrom & Wittenmark 1997



In Summary

* Properties of the z-transform:

Feng-Li Lian © 2021
DCS13-zT-38

Section Property Signal z-Transform ROC
x[n] X(z) R
x[n] Xi(2) R
x2[n] Xs(2) R,
10.5.1 Lineanty axi[n] + bxa[n] aX,(z) + bXa(z) At least the intersection of R; and Ra
10.5.2 Time shifting x[n — ng) z " X(z) R, except for the possible addition or
deletion of the origin
1053 Scaling in the z-domain eiwo” x[n] X(e fuoz) R
Zxln) x(z) 2R
a"x[n] X(a 'z) Scaled version of R (i.e., |a|R = the
set of points {|a|z} for z in R}
1054 Time reversal x[—n] X(iz™YH Inverted R (ie., R™! = the set of
points z7', where z is in R)
. 2 xlrl n=rk : : 1k (i ; 11k
10.5.5 Time expansion aplnl = for some integer r X(z%) RY* {i.e., the set of points z'*, where
0, n#rk ‘s
z is in R)
10.5.6 Conjugation x*[n] X R
10.5.7 Convolution x1[n]# xz[n] X (D) Xa(2) At least the intersection of R, and R,
10.5.7 First differcnce x[n] — x[n—1] (1 —-2z7DX(z) At least the intersection of R and
|z| = 0
e n 1 - -
10.5.7 Accumulation > . x[k] e —X(2) At least the intersection of R and
< |2 > 1
10.5.8 Differentiation nx[n) —zd'gi‘ﬂ R
in the z-domain
10.5.9 Initial Value Theorem

If x[n] = O for n < 0, then
x[0] = lim X(z)

Oppenheim et al. 1997
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= Example — Use z-Transform to find system response
= Consider the difference equation:

[k = Sl — 1] = ulk] + Julk — 1]

1 1
= Y(z)_52—1Y(z) — U(z)+§z—1U(z)
1-|—lz_l 1 l.-1
= G(z) = 3 = + 3
(2) 1 — %z‘l 1 — %z‘l 1— %z‘l
3 1
— —|— 3 A
1 — %z_l 1 — %z_l
1
_z+3 - 4 _3
— 1 o, 1 L1
25 2 2
1
p— i —|— gz 2_1




In Summary

= |f u[k] = unit impulse function:

= U(z) =

= Y (2)

Feng-Li Lian © 2021

DCS13-zT-40
= Example — Use z-Transform to find system response
. 8[n) All z
2. uln) ]...I€—| |z] =1
3. —u[—n-1] g _l:__l lz] <1
4. 8[n — m] All z, except
O@f m = 0 or
= (if m < 0)
5. a"uln) i -Lz T 2| > o
G(2)U(z) AT o
) 1—az! sl
> + %z 1 FkT) Fi(z)
1 12 1L,k=00,k£0 1
2T 5 25 1k=kys 0.k #k, 7o
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In Summary v
= Example — Use z-Transform to find system response
= If u[k] = unit step function: - . o
2. - o >
= 3. —u[—-n-—1] 7 _In__l Izl <1
i U (Z) — 4. 8[n— m] " : All z, except
Z — 1 0 (if m > 0) or
= (if m < 0)
5. a’uln] — Lz T 2] > lo|
= Y(z) = G(2)U(2) AN ; o
) 1—az! sl
> + % > FkT) F(z)
— 1 1L,k=0:0,k#0 1
2—5 *= 1 1,k =k, 0.k £k, 7
. 5 1(kT) =1
— _gz _I_ §Z e kT J,TT
2 — i z—1 o
2
z 8 z
- (925 +©)
— 3/ z—1

= y[k]

|
/T\ N\
N~ —



In Summary

= Example — Use z-Transform to find system response

= Step Response:

=t = (<2) () s+ (£) st

3/ \2

= |[mpulse Response:

= uilkl = (5

)ks[k] 41 (%)k_ls[k—l]

3

K yS yi
0 1 1
1 11/6 5/6
2 27112 5/12
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= Relationship between s and z:

1
f(t) = e ™ t>0 = F(s) =
s+ a
= Pole: s = —a
fIKT] = e, keN = F(z) = z{e—akT}
. z
-y e al

=T: sampling period Franklin et al. 2002
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= Pole location and response between s and z:
S plane

LHP

STABLE

e

A

-

A Im(s)

UNSTABLE

W

e

RHP

Re(;)

Z plane

Figure 8.5 Time sequences associated with points in the z-plane

Franklin et al. 2002
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= Dynamic Properties

between s and z:

sin If;
S p ane % Imix) b Imis) k Imis)
- T
£y
Reis) Re(x) Reis)
(a) () <)
Imiz)
1.2
=e" 5= —fm, :jwn\'"-l. - {I
wof—oTt L S — :
z plane
0.8
(1K1
0.4
02} ~ : "
- ; a
iy ﬁ # w
2% -0.8 ~0.6 —0.4 -0.2 0 0.2 06 0.8 1.0 Re(z)
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Imis)

Figure 8.4 Natural frequency (solid color) and damping loci {light color) in the z-plane; the portion below the Re(z)-axis

(not shown) is the mirror image of the upper half shown.

(d)

2]

Franklin et al. 2002
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Description of corresponding lines in s-plane and z-plane

s-plane Symbol z-plane
s =jw X X X 1zl =1
Real frequency axis Unit circle
s=0>0 0ao z=r>1
s=0<0 OQ0O0 z=r0<r<1
s=—Zw, +jo/1 - AAA z=re’ wherer  =exp(—¢w,T)
= —a+jb = e—aT'

1 Constant damping ratio
if ¢ is fixed and w_
varies

s==+j(x/T)+o, o<0 Z=-—r

0 = wnT 1- ?,‘2 = bT
Logarithmic spiral

s-plane z-plane

(a) (b)

Franklin et al. 2002

T
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= Relationship between s and z:

joo k

s plane

////

—fw
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Ogata 1995
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* Pole Location and Impulse Responses:

1.2+

o
o

Imaginary Axis

0.4

0.8 0.6 04  -0.2 0 0.2 04y 06 0.8 X
f. Real Axis
“ift\wm.‘ I
,Tj_’”.,. co

Figure 4.43: Pole map with related time-domain impulse responses, clearly indi-

cating the discretised values of the sampled output signal.

Schmidt, Schitter, Rankers, Eijk, 2014
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Final Value Theorem:

lim z(t) = zss = lim s X(s)
t—00 s—0
If all the poles of s X(s) are in LHP
lim z[k] = 2ss = lim (1 —271) X(2)
k— 00 z—1

If all the poles of (1 —271) X (2)
are inside the unit circle

Franklin et al. 2002



