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Introduction: External and Internal Models

u(t)
e Dynamic systems:

e Internal models
— State-space models

Ax(t) + Bu(t)
Cxz(t) + Du(t)

d
&33(75)
y(t)

e External models:
— Input-output models
— Pulse-response functions

Y(s) = G(s)U(s)
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y(t)

X (1)
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Input-Output Models: The Pulse Response DCS12-10Model-3
ulk] ylK]
e The pulse response:
X [K]

— Consider a discrete-time system

with one input & one output Mhh, M

! /

— Over a finite interval N,
the input and output signals are:

- w(0) y(0)
(1) y y(1)

(N 1) y(N 1)

S
|
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Input-Output Models: The Pulse Response

ulk] ylk]
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eyl =2, yli— 1], yli+ 1], yli + 2], -

ulj] > ylJ]
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Input-Output Models: The Pulse Response

y[ik]

=Y

Gl k— 1] Gk, k] glk k + 1

Ql

e g(k,m):
— pulse-response or weighting function
— gives the output at time k

for a unit pulse at time m

o G e RNXN

o>
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e Y, for initial conditions

ulk — 1]

ulk + 1]
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o If U — Y is causa| Currentinput affects current output or future output

BUT does not affect past output
gl k — Lulk — 1 gtk 54 1Julk + 1

ikl = gl = 2 ulk ﬂ glk, k] ulk] g@}zbum+a]

ok | = g%k—lldkﬂ GEA T 1
_ _ o G: - lower trianglar
- glk,m] = 0" if m > k.
k
= ylk] = Z glk, mJulm] 4+ yplk]

m=0
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e For time-invariant systems:  Outputs of time-different inputs
only the function of relative time-difference,

- g[ka m] — g[k — m] but NOT at absolute time instants
glk—1,k—2] glk—1,k— 1] O O

311 §l0] 0 o
312] g1l 500] 0

k
=ylk] = > glk—mlulm] + yplk]

m=0



Input-Output Models: The Pulse Response

e [ hen, the state-space model:

x[k + 1]
y[k]

= ylk]

= y[k]

Fx[k] + Hulk]
Cx[k] 4+ Dulk]
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ulk] ylk]
X[K]
u(0) y(0)
po| D |2 w
u(N — 1) y(N — 1)

CFF= ko z[kol+ 3 CFF 77 1Hu[j] 4+ D ulk]

k
> glk —mlulm] + yplk]
m=0

e [ he pulse response for the D.T. system:

= g[i] = |

e i <0
D i =0
| CF~1H i>1
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Input-Output Models: Shift-Operator Calculus

e All signals are considered as doubly infinite sequences:

e — o Discrete-time signals
(k) -k = — 101, flk] = f(k), k = integer

e Forward-shift operator: q

qf(k) = f(k+1)

e Backward-shift operator: ¢!

or delay operator:

g (k) = f(k—1)



Input-Output Models: Shift-Operator Calculus

e Norm of a signal:

1] =Slzp\f(k)\

or [If12= Y f2(k)

k=—o0

= Shift operator has unit norm

e.x. [lgaf(R)[| = [f(k+ 1)]

q

| FCR) = [If (R + 1)

=1
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Input-Output Models: Shift-Operator Calculus

e A higher-order difference eqn:

y(k+na) + a1y(k +ng — 1) + -+ 4+ any(k)
= bou(k +np) + byu(k+np — 1) + -+ + bpu(k)

where ng > nyg

e Use shift operator: ¢ qf (k) = f(k+ 1)

q"y(k) + a1q™ ty(k) + - - - + an,y(k)

= boq"u(k) + b1g™ tuk) 4 - + bpyu(k)

(" + a1q"™t + -+ any)y(k)

= (boq"™ + b1g™ 1 4+ -+ by, )u(k)
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Input-Output Models: Shift-Operator Calculus

o Let:
A(z) = 2" + alzna_l + -+ an,

B(2) = boz™ 4+ b1z 4+ .. 4 by,

= A()y(k) = B(q)u(k)

e On the other hand, it is equivalent to write:
y(k) +a1y(k—1) 4+ - + an,y(k — na)

= bou(k — d) + -+ - + bpyu(k — d — np)

where d = ng — ny: pole excess of the system
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Input-Output Models: Shift-Operator Calculus

e [ he reciprocal polynomial:

A(z) = 2" + alzna_l + -+ an,

A*(Z) =1+ a1z + ...+ anazna — ZnaA(Z_l)

= A*(gV)y(k) = B* (¢ Hu(k — d)

e Note that A™ = (A*)* = or #£A4

e.X. A(Z) =z A*(Z) = z z_l =
but, (A*(2))* =1 = A(2)

e self-reciprocal: A*(z) = A(2)
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Input-Output Models: Shift-Operator Calculus: Example
e Example :

y(k+1) —ay(k) =u(k) |af <1

= q(y(k)) —ay(k) = u(k)
= (¢ —a)y(k) = u(k)

= y(k) = u(k)

||
gk

o tu(k—i) = u(k—1) + au(k—2) 4+ a’u(k—3) + - - -
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Input-Output Models: Shift-Operator Calculus: Example
y(k+ 1) = ay(k) + u(k)
IF y(ko) = o
y(ko + 1) = ay(ko) + u(ko)
y(ko +2) = ay(ko + 1) +u(ko + 1)
= alay(ko) + u(ko)] + u(kg + 1)
= a®y(ko) + au(ko) + u(ko + 1)
y(ko + 3) = ay(ko + 2) + u(ko + 2)

= a3y (ko) + a?u(ko) + au(ko + 1) + u(ko + 2)
k—1
= y(k) = a" Foyg + > oI u(y)
J=ko
k—kq .
= oFkoyy 4 Z " Tu(k — i)
1=1



Feng-Li Lian © 2021
DCS12-10Model-16

Input-Output Models: The Pulse-Transfer Operator

o qu(k)=x(k+1)
x(k+ 1) = Fxz(k) + Hu(k)

e Hence, gx(k) = Fz(k) + Hu(k)
that is, (¢ — F)xz(k) = Hu(k)
or, (k) = (¢I — F)"1Hu(k)

e This gives
y(k) = Cx(k) + Du(k) = (C(qI — F)~1H + D) u(k)

e [ he pulse-transfer operator:

_ Bla)

G(q) = (C(qI —F)"lH+ D) = A
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Input-Output Models: The Pulse-Transfer Operator

e If the system is of dimension n,
o If A(q),B(q) do not have common factors,

= A(q) is of degree n.

AlQ) =q"+a1¢" P4+ axd" 2+ Fan
e Since A(q) is also the characteristic polynomial of F:

= y(k) +a1y(k —1) + -+ any(k —n)

= bou(k) + byu(k — 1) + - - 4+ bpu(k — n)
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e Example: Double integrator (s) =4

. o1 0 p= |1 h]
T o o]x+[1]“ [01 D
— (1 0ol x | n?/2
- | es
:C — —1 :@
G(q) ((I-F)""H+D (o)
_ 1 171 [k]
G(q) = [1 0] [qol q_11] [015] S =@
_05(g+1) _ 05¢+05  _ 05(g1+q?)
 (¢g—1)2 2 —-2¢+1 1214 g2

ylk + 2] —-2y[k+1]+yl[k] = 0.5ulk + 1]+0.5u[k]
ylk]—2y[k—1]4+y[k—2] = 0.5u[k — 1]4+0.5u[k—2]
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Input-Output Models: The Pulse-Transfer Operator - Example [-ci> omodel10

e Example: Double integrator with time delay

— [1 h] H, — [d(h—d/Q)] H, — [(h—aﬂ)/z]

O 1 d h —d
h=1,d=0.5 I- Homework 2-4 I
G(q) =C(¢I-F)"1(Hp+Hyig 1) ylk] _
— = G(q)
g—1 -1
0 g¢-—1 0.125 4 0.375¢~ 1
— [1 O] > L 1
(¢g—1) 0.5 4+ 0.5¢
_0.125(¢* +6¢g+1) _ 0.125(3" ' +6¢"°+¢ )
q(¢2 —2q+1) 1—-2¢144¢72

ylk+3]-2y[k+2]+y[k+1]=0.125(uk+2]+6u[k+1]F+ulk])
ylk]—2y[k—1]4y[k—2]=0.125(u[k—1]4+6u[k—2]+u[k—3])
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e | he pulse-transfer operator:

_ B
A(q)

G(q) = (C(el - F)"TH + D)
e Poles of a system: = roots of A(q) =0
e Zeros of a system: = roots of B(q) =0

e T[ime delay: = poles at the origin

e Order of a system:
= the dim of a state-space representation

= the number of poles of the system
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54 Discrete-Time Systems Chap. 2 Sec. 2.7 The z-Transform 55
Table 2.1 Zero-order hold sampling of a continuous-time system, G(s). The ta- Table 2.1 continued
ble gives the zero-order-hold equivalent of the continuous-time system, G(s), pre-
ceded by a zero-order hold. The sampled system is described by its pulse-transfer G(s) H(q) or the coefficients in H(q)
operator. The pulse-transfer operator is given in terms of the coefficients of
H( ) B blqn—l + bzqn-z R bn b — e bh_e ah_'_(l_e b")c/b—(l—e “”)c/a
V= "gnTaig 1+ +ay (s+c¢) ! a—>b
(S + a)(s + b) _ C _(a+b)h b—c —ah c—a —bh
G(s) H(q) or the coefficients in H(q) Gdib ba=pe The-5° ‘ta@-n°
1 h a; = —e ah_e bh as =e (at+b)h
s g-1
o
g+ 1) b1=1—a<,3+%7) 0= wy\/1—{? <1
32 2g — 1)2 .
s (g-1) w? by=0a’+a (42‘)’0 J’—ﬂ) o = e~Sooh
2 + 2L wos + w?
1 g1, ()" 9" (_q ik B = cos (h
s™ q o m! dam \ q—e-k % =—2ap f=ieon ()
az = o y = sin(wh)
e-sh q-l
1 z
by = — e " sin(wh) by = —by
a 1 - exp(—ah) 3 @
s+a q —exp(—ah) 2+ 20wos + @2 M= —2e7¢" cos (wh) ag = e 26wk
1 1 @ = wy\/1—§?
a bi=—(ah-1+ ety by = o (1-e % — ghe™)
s(s+a) gy = —(1+ ek 0y = oo a2 by =1—cos ah by = 1—cos ah
§%4-a? a; = —2cos ah as=1
a? by =1-e(1+ah) by = e (e + ah - 1)
— I . 1
(s +a)? a; = —2¢-* as = e~ s bi=—sinah  by=——sinah
s? 4+ a? “ “
a;=—-2cosah ay=1
s (g — 1)he=ah
(s+a)? (a—et)? 1-«a 1
bl:—a2 +h<g——) a:e_“h
Ry _ o,—bh
b|=b(1e )—a(l-e) 29 A
b b-a a b2=(1—a) 3Tz +;(1+(Z)
I - a(l—ebh)e~ah — p(1 - e~oh)ebh s2(s+a)
(s+a)(s+d) by = 1 h 1
b-a b3=— ﬁ(a—l)-i‘ah §+E
a#b a1 = (e~ + e~

a;=—(ax+2 as =20+1 az =—a
ay = e-(@rb)h 2 ( ) : + 3




