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Sampling a CT Signal DCS11-SSModel-2
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Sampling a CT Signal DCS11-SSModel-3

Z={-..,-1,0,1,2,---} /\J\M
e Sampling Period: h (sec) N

1h 2h  kh tl c R

e Sampling Rate: fs =% (Hz)
e Sampling Frequency: wg = 2% (rad/s)

e Sampling Instants: %,
= {tk kh,k € Z}

e CT Signals: f(t): f(t) e R,te R

e DT Signals: f(t) : f(tr) € Rt € T
f(tg) € D
e DT Signals: f[k]: fl[kl e R,k e Z
flk] € D
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Sampling a CT State-Space System

= Consider the following LTI system:

x(t) = Ax(t)+ Bu(t) (1) — d B
y(t) = Cx(t)+Du(t) 7 ~ dt
A nXxn
x(t) € R" < R
B € R'™"
u(t) € R’ C . For SISO system,
= " _ _
y(t) € RP D ¢ RPXT r=1p=1

See: Solution of 1st-order DE

d
ax(t) = Ax(t) + Bu(?)

t
= x(t) = eA(t_tO)X(to) + /t eA(t_T)Bu(T)d’r
0

Let tztk+1=kh+h & to=t =kh

kh-+h
= x(kh+h) = eA(h)X(kh) + eA(kh+h_T)Bu(T)dT

kh
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Sampling a CT State-Space System: Piecewise Constant INput *J s ssvodels

Let u(7) be piecewise constant | é é
through A w(kh) —

w(t) = u(kh), kh<1t<kh+4+h

Let » = kh+h—1T1 t = kh t=kh 4+ h

h
= x(kh4+h) = eAPx(kh) + ( /O eA”dn) Bu(kh)
h
Let F = A & H = (/O eA""dn)B

= x((k+ 1)h) = Fx(kh) + Hu(kh)

Fx[k] + Hu[k]
Cx|[k] + Dulk]

Then, x[k + 1]
ylk]

Franklin et al. 2002
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DCS11-SSModel-6

u(t) y(t) ulk] y[K]

x(t) = Ax(t) + Bu(t) x[k+ 1] = Fx[k] + Hulk]
y(t) = Cx(t) + Du(?) ylk] = Cx[k] + Dulk]
1 Actuator :
= No approximation
= Control signal = Piecewise constant w(kh) —
Ah h A
F = e & H = / e™dn | B :
0 t = kh t = kh+ h



Sampling a CT State-Space System: CT (A, B) to DT (F, H)
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= F(h) = M & H(h) = (OheA"dn)B
d d
= SF() = (M) = A@EA) = AF()
= (™A = F)A
=~ YHm) = (/OheA”dn)B MN #= NM
= (e*)B = F(h)B # BF(h)
N d[F(h) H(h)] _ [F(h) H(h)”A B]
dh| O I — | o I 0 0
] - (23]
A B _ 1 F(h) H(h)
= [0 0] =50 [ 0 I ]
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x(t) = Ax(t) + Bu(t) ' x[k 4+ 1]

Fx[k] + Hulk]
y(t) = Cx(t) + Du(t)
= F(h) = A & H(h) = (/OheA"’idn)B

ylk] = Cx[k] 4 Dulk]

} © ‘G)
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Sampling a CT State-Space System: Example

= Consider the following SS Model (Double Integrator):

. |lo 1 0 = Ax+ Bu

X = _O O]X—I_[l]u

y = |1 0]x — Cx
A2h2
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Sampling a CT State-Space System: Example

= Consider the following SS Model (Double Integrator):

X = 8(1)]X4-[(1)]u = Ax+ Bu
Yy = :1 O} X — Cx
h 2.2
H = (/O eAndn)B eAT — I_|_A7--|—A2T + ..
00 Akhk—I—l
2 .
i—o (k+1)
0o Akpk+1 12 13
H — B — — 2_
2 e+ 1)1 B H A BT AT B
2
= (o n]*loo]3)] ="
= Homework 2-2 I 2 1 h




Sampling a CT State-Space System with Time Delay e e

u(t-d) y(t)

= Consider the LTI system

with delayed input: 0<d<h

x(t)
y(t)

= x(1)

Ax(t) + Bu(t—d) () —
Cx(t) + Du(t—d) ’ '

AUt0)x(to) u(t—d) |

" : |

+ / eA(t_T)Bu('r—d)d'r
to

kh—h kh kh+h kh+2h t

Let tztk+1=]€h—|—h & to=t =kh

kh-+h
= x(kh+h) = AWMWx(kh) + . eAkhth=T)By, (1 d)dr
kh-+h kh—+d kh-+h
b = +
kh kh kh—+d
kh-+h

_|_/:h+d eA(kh-Fh—T)Bu(T_d)dq- -|—/ eA(kh_Fh_T)Bu(T—d)dT

h kh—+d



Sampling a CT State-Space System with Time Delay o a9 252

— X(kh+h) U(t'd) y(t)

— BA(h)X(kh) u(t) —
kh-+d u(t) |
+ . eA(kh+h_7)Bu(T—d)dT 5 5 5 5

u((k—1)h) = ulk — 1] U(t—d) : T

kh—+h (
+Ah+d €A(kh+h_7—)B’U,(’T—d)dT h 1/ kh +2h
U[k - 1] ’u,[k]

uw(kh) = ulk]

= Fx(kh) =+ Hiu((k—1)h) + Hou(kh)

d
H, — /kh—l—deA(kh_l_h_T)BdT _ eA(h—d)/ Q(An)Bd?7
kh 0
Hy, = /‘““h6A<ﬂch+h—’r>]3d,r _ /h‘demn)Bdn
kh-d 0
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Sampling a CT State-Space System with Time Delay

kh 2+ kh +2h

= x[k+ 1] u(t-d) — (o)
— Fx[k] + Hyulk—1] + Houlk] .. ~
H1 ot eA(h_d)/ e(An)Bdn

0 D_elluyed _Ci | | e ’
hed ey [F T
’ N\

/eh/z/ ;/'\ ‘ (

ulk — 1] ulk]

[X[k+1]] _ [F Hl” x[k] ]-I--HIO]u[k]

= Homework 2-4
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u(t-d) y(t)

= Consider the LTI system

with longer delayed input:
Ifd>h
Then, d=(m—-1)h+n

O0<n<h

m&E N
= x(kh+h) = Fx(kh)

+ Hiu((kh — (m —1)h)) 4+ Hou(kh — mh)
/kh—l—(m—l)h—l—d
k

h+(m—1)h
kh+(m—1)h+h

Akh+h—T)B g

-
n

Akh+h—T)B 4r

-
O
|
_—

_ kh+(m—1)h+d

alk—(m—-1)] | [F Hi Ho 0 o 0] MF | o
u[k—m] -0 0 10 N '. O ulk—m — 1] |+ O uk]
ulk] | Lo Ol | w1 T




Sampling a CT State-Space System with Inner Time Delay ~ [oo ! a0 €292

Consider the LTI system with inner time delay:

u(t) = ul(t) y1(t) u2(t) y2(t) = y(t)

S1: x1(t) = A1x1(t) + Byuy(t)
y1(t) = Cix1(t) + Dyuy()
S2: x3(t) = Aoxa(t) + Boun(t) B
ya(t) = Coxp(t) + Doug(ry 2 = wilt=d)

= By using sampling interval, h,and 0 <d <=h
= Then, the sampled-data representation is as follows:
x1(kh 4+ h) = F1(h)x1(kh) + Hy(h)u(kh)
x2(kh +h) = Fo1x1(kh — h) + Fa(h)xa(kh)
+ Hoju(kh — h) +Ho(h — d)u(kh)
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Sampling a CT State-Space System with Inner Time Delay

= Where
F;(n)
21(n) = fon eA25BoCret1(1=9) s

Al =12

n
H1(n) / e*1°B1ds

0

n
H-(n) = /O eA28B2C1H1(T—S)ds

Fo1 = F51(h)F1(h —d)
Ho; 51(h)H1(h — d) + F51(h — d)H1(d)

+F2(h — d)Ha(d)

= Reference:

» Bjorn Wittenmark, "Sampling of a system with a time delay,”
IEEE Transactions on Automatic Control, Vol. 30, No. 5, pp. 507-510, May 1985.

» https://ieeexplore.ieee.org/document/1103985 = Homework 2-1
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ulk]

X[K]
x[ko + 1]

x[ko + 2]

- x[k + 1]
ylk]
= Fx[ko] + Hulkg]
Fx[ko + 1] + Hu[kg + 1]
F {Fx[ko] + Hulko]} + Hulkg + 1]
= F?x[kg] + FHu[ko] + Hulkg + 1]

Fx[k] + Hulk]
Cx[k] + Dulk]

X[ko + (k — ko)]

x[k]

= FFFox[ko] + FF 0~ 1Hulko] + - - - + Hulk — 1]
k—1
= FFRoxlkol + > FF I THu[j]

J=ko
k—1

= CFFFox[ko] + S CFFI-1Huy[j] +Dulk]
J=ko
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Sampling a CT State-Space System: Piecewise Constant INput ;-ci; sevodel1s

Let u(7) be piecewise constant | é é
through A w(kh) —

w(t) = u(kh), kh<1t<kh+4+h

Let » = kh+h—1T1 t = kh t=kh 4+ h

h
= x(kh4+h) = eAPx(kh) + ( /O eA”dn) Bu(kh)
h
Let F = A & H = (/O eA""dn)B

= x((k+ 1)h) = Fx(kh) + Hu(kh)

Fx[k] + Hu[k]
Cx|[k] + Dulk]

Then, x[k + 1]
ylk]

Franklin et al. 2002



