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Introduction: Model and Analysis and Design DCS31-SSDesign-2
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= Plant (DT):

* Input-Output Model:

G~ €2®) = 2.3

+ State-Space Model:
x[k + 1] = Fx[k] + Hulk]
ylk] = Cxl[k] 4+ Dulk]

e design ulk] =

= System Properties: unstable — stable
> Stability

. o stable — more stable
» Controllability and Reachability

> Observability and Detectability from y[k] to estimate x[k]
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= Control System Design

= Regulation by State Feedback
= Observer Design

= Qutput Feedback

= Tracking Problem
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Control Systems Design DCS31-SSDesign-4

= Control System Design:
»Load disturbance (actuator)
»Measurement noise (sensor)
»Process disturbance (un-modeled dynamics)

= Control Obijects:

»Regulation:
v"Reduction of load disturbances
v'Fluctuations by measure noise

» Tracking:
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= Major Ingredients of a Design Problem:
»Purpose of the system
»Process model
»Model for disturbance
»Model variants and uncertainties
»Admissible control strategies
»Design parameters
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» Block Diagram of a Typical Control System:
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Control Systems Design DCS31-SSDesign-7

= The Process:

%XIAX—I—B?L

= Discrete-time model with h;:

x(k 4+ 1) = Fx(k) + Hu(k)

where F = eA" and H = [} eA%dsB
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= Disturbances:

»Impulse signals: irregularly, widely spread, etc.
» Step signals:

»Ramp signals:

» Sinusoidal signals:

= Process Uncertainties:

»In the elements of A,B,C,DorF, H,C,D
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= Design Criteria:

»Regulation:
v'Bring the state to zero after perturbations
v'The rate of decay of state — C.L. poles

» Tracking:
v'From commands to states — “model”

= Admissible Controls;:

»When all states are measured w/o errors:
v'Linear feedback control law

I
x
u(k‘) = — Kx(k) = — [k‘l A’?Q k'n] :2
In
Control Systems Design D?;‘?fgé‘;lffgi(’li

= Design Parameters :

v'Sampling period
v'Desired C.L. poles

v'Time histories of states and controls
v'"Magnitude of control signals
v'Speed at which the system recovers from a disturbance
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= The C.T. Model:

th = Ax 4+ Bu

= The D.T. Model: (given h)

x(k + 1) = Fx(k) + Hu(k)

= Characteristic Equation:

F = 2"4+a1z2" '+ 4a,=0
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= System Model and Characteristic Equation:
x(k+ 1) = Fx(k) + Hu(k)

AR)=2"4+a12" 14+ - +apn=0

= [f the system is “Controllable”
the system is in the Controllable Canonical Form:

e

—a1 —ap ‘**+ —Gp_1 —an [ 1]
1 0 0 0
x(k+1) = 0 1 x(k) + | : | u(k)
0 1 0 0

y(k) = [b1bo -+ bn]x(k)
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= The State Feedback Law:

u(k) = - [ k1 ko kn ] 322 = — K x(k)
L Tn |
= Then

x(k + 1) = Fx(k) + Hu(k) = Fx(k) + H( —Kx(k) )
=(F-HK) x(k)

—ay —az -+ —ap_1 —an 1
1 0 0 0
= 0o 1 - |o [ ki ko -+ kn ] x(k)
0 10 Lo |
_(al +‘l‘:1) _('512 +‘l'2) _(an—l + k&, l) _(a?l‘l‘ﬁ"n) -‘
ol : ’ °
; ; : : |
I 0 0 1 0 |
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» Closed-Loop Characteristic Equation:
det (M — (F —HK))
= A"+ (a1 + BN oo (an + k)
= Desired Characteristic Equation:

P(z) = N +piA" -+

* Then pi = a; + ki
u(k) = — K x(k)
ki = pi — a;
= This is the Pole Placement
A(z) — P(2)

* OR, the Eigenvalue Assignment
eig(F) — eig(F — HK)
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= That is,
_ - L
—a1 —a —Gp—1 —an 1
1 0] 0 0]
x(k+1) = 0o 1 x(k) + | ¢ |u(k)
0] 1 0] 0
1
T
uk) = —[k1 ko o kn ]|
In
[ —p1 —p2 ~Pn-1 —Pn
1 0 0]
x(k+1) = 0o 1 x(k)
0 1 0 |
Regulation by State Feedback D?S“;“S;'S”effgi(’ié’

= Now, we have (in controllable canonical form):

_ - _
—a1 —ao -+ —Qp_1 —an 1
1 0 0 0

x(k+1) = 0 1 x(k) + | : | u(k)
é | 1 0 0

= For any other SS forms:
x(k+ 1) = Fx(k) + Hu(k)

= Assume that exiting a nonsingular matrix T:
xc(k) = T x(k)
x(k) = T 1x.(k)
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. X(:(k) — Tx(k)
= Then: x(k) = T 1x.(k)
x(k+1) = Fx(k) + Hu(k)

Regulation by State Feedback

T Ixe(k+ 1) = FT 1x.(k) 4+ Hu(k)
xc(k+ 1) = TFT 1x.(k) + THu(k)
xc(k 4+ 1) = Fexe(k) + Heu(k)

F.=TFT !
H.=TH
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Regulation by State Feedback

= [f the system is “Controllable”
4 T : nonsingular

such that x.(k) = T x(k)

= Controllable Canonical Form:

—a1 —ao -+ —ap_1 —an ] [ 1]
1 0 0 0
xc(k+1) = 0 1 xc(k) 4+ | ¢ | u(k)
(.) ) 1 0 0
’!/(k) == [bl by - -- bn] Xc(k)
F.=TFT !

H.=TH

y(k) = Ccxc(k) C.=CT
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Regulation by State Feedback
* The State Feedback Law:

= — K(; T X(k)
= — K x(k)
= K=K, T
F.=TFT!
H.=TH
Cc — CT
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xe(k) = T x(k)

Regulation by State Feedback

= How to find T: b = T le)
x(k + 1) = Fx(k) + Hu(k) F.= TFT-!
H.=TH

xXc(k+ 1) = Fexe(k) + Heu(k)

We = |H FH -~ F" 'H|

Wee = |He FoHe -+ FP1H, |
= | (TH) (TFT })(TH) --- (TFT )" }(TH) |
= | (TH) (TFH) .- (TF" 'H) |
= T | (H) (FH) .- (F*"'H) |

ZTWC




Regulation by State Feedback
= [f the system is “Controllable”

— W¢ and We. are nonsingular

- T = (Wee) (We) L

" In Summary:

x(k+ 1) = Fx(k) + Hu(k)
Xc(k + 1) = Fexe(k) + Heu(k)
xc(k) = T x(k)

’UJ(]C) = — K¢ Xc(k) — _Kx(k)
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T = (Wee) (W)™t

F.=TFT !

H.=TH
C.=CT
K=K.T

= Ackermann's formula

Regulation by State Feedback
= Deadbeat Control:

Feng-Li Lian © 2019
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e IF all C.L. poles =0, i.e., P(z) = z"

e By Cayley-Hamilton Theorem:

(F,)" =0, Fcd=F—-HK

e x(k) =0 at most n steps

b/c: x(n) = (F)"x(0)

e h . one design parameter
e — 0 : at most n steps

e sSettling time: at most nh

oh| = ut
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= Example:

xet1) = | g 1 ]xw +] % uw

o= %] [s3][%]) <[

= Characteristic Polynomial:

det( 2 - F ) =det(zI—[é 1])
z—1 -1
:det([ 0 2_1])
= (z—1)(z-1) =22 2241

= Desired Characteristic Polynomial:

P(z) = (z—02)(z—05) =22-0.72+0.1
Regulation by State Feedback DOSa1-SSDasin 24
= Example:
= Eigenvalue Assignment:
det (2 - (F—HK)) =:2-0.7240.1

=det(zI—[é 1] -I—[Oisl[kl k'z])

B z— 1405k —1-4 0.5k

= (z -1+ O.Skl) (Z —1+4 kg) —k]_(—]. <+ 0.51162)
=22 +(-2+05k1 +k2)z +(=14 0.5k1)(—1+ k2)

—k1(—1 4 0.5k»)
=22 _-072+40.1

= k1 =04,kb=1.1
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= Example:
= Matlab code:
» F=[11;01]
» H=[0.5;1]
» Wec=[HF*H]
» rank(Wc)
» poly(F)
» eig(F)
>
>
>

P=conv([1-05],[1-0.2])
roots(P)
K = place( F, H, roots(P) )

. Feng-Li Lian © 2019
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= Example:
= Matlab code:

» Fc=[2-1;,10]

» Hc=[1;0]
Wecc =[ Hc Fc*Hc ]
rank(\Wcc)
poly(Fc)
eig(Fc)
P=conv([1-0.5],[1-0.2])
roots(P)
Kc = place( Fc, Hc, roots(P) )

VV V VYV VYV
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Regulation by State Feedback
= Example:
= Matlab code:

» Fbf = Fc-Hc*Kc

» T =Wcc * WcH(-1)

» T*F*TAN-1)

> T*H
> K*TA(-1)
> Ke*T T = (Wee) (W)™t
.= TFT 1
H.=TH
Cc — CT
K=K.T
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Regulation by State Feedback

= Example: (Choice of Design Parameters)
= The desired DT system is obtained by sampling:

32—|-2Cws—|—w2

— P(2) = 22 4+ p1 2z + po

spp=—2e SWh cos<wh\/1—§2>

—py = e—Qth

= k1 = f1(p1,p2) = f(w,(, h)

= kQ == f2(p13p2) == f(waCa h)




Regulation by State Feedback
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= Example: (Choice of Design Parameters)
= h = 0.88, 0.44, 0.22

w h =0.44; ¢ = 0.707; x(0)=[1;1]
(a) ' ' (

w=0.5; h=0.88
b) ' '
2
= -~ Of | eestrsrsrrrerernsnnananaans
3 g
-5
0 5 10 15 0 5 10 15
w=1,h=0.44 w=2; h=0.22

© (d)

O TTT T 2™
-5 -5
0 5 10 15 0 5 10 15

Time Time
Observer Design 0081 53Desa 30
=D.T. Model:
x(k+ 1) = Fx(k) + Hu(k)
y(k) = Cx(k) ulk) = =X
= Given:
y(k),y(k—-1),- -
uw(k),u(k—1), -
= To calculate or reconstruct:  x(k) =7

= Direction calculation
= Using dynamic model
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= Direction calculation for n samples: k, k-1, ..., k-n+1:
y(k—n + 1) =Cx(k—n-+1)
y(k—n + 2) = Cx(k—n + 2)
=C[Fx(k—n+1)+Hu(k—n-+1)]
= CFx(k—n+1)+ CHu(k—n+1)
y(k—n + 3) = Cx(k—n + 3)
= C{Fx(k-—n+2)+Hu(k-—n+2)}
=C{F[Fx(kn+1)+Hu(k-—n+1)] +Hu(k—n +2)}
= CF?x(k—n + 1)+ CFHu(k—n 4+ 1)+CHu(k—n + 2)
y(k)
= CF" 'x(k—n + 1) + CF" ?Hu(k—n + 1)
+---+ CHu(k—1)

x(k+ 1) = Fx(k) + Hu(k)

Observer Design DZ*QS#;ESZSL?QE
[ y(k—n + 1) ] C
y(k_??’ +2) = |, F x(k—n 4+ 1)
: CFn—l
y(k)
[0 0 0|
CH 0 0 u(k—n + 1)
+ | CFH CH 0| | Wh—n+2)

CF"2H CF"°H 0 u(k=1)

= Yk=WoX(k—’n+ 1)—|—WuUk_1

:> X(k — 7 + 1) — W()_]-Yk - W()_lw'uUk_l
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= From state-state form:
x(k) =F" x(k —n+1)+F" ?Hu(k—n+1) +--- + Hu(k — 1)
= x(k—n+1) =W, Y, - W, W, U,_4
x(k) =F" W, Yy, - F*" W, 1w, U;,_;

r..[l1 1)
| U\kK — 7L T 1)

i [ P2l F-3H ... H ] w(k —n+ 2)
w(k — 1)
= x(k) = Ay Y + By Up 4
Ay — F'H,—]_WO—].
B,=|F'?H F'°H ... H|-F"'W,"'W,
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= Estimation using dynamic model:
x(k+ 1) = Fx(k) + Hu(k)
X(k+1) =Fx(k) + Hu(k)

o If 2(0) =x(0) = %(k)=x(k)

o If X(0) #x(0) = x(k) — x(k)
only if asymptotically stable
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= Improvement by using measured outputs:
x(k+ 1) = Fx(k) + Hu(k)
X(k+ 1|k) = Fx(k|k — 1) + Hu(k)

+L [y(k) — Cx(k|k — 1) ]
= Estimation error:
X(k+ 1|k) = Fx(k|k — 1)
—L[Cx(k) — Cx(klk—1) ]
—LC [x(k) — x(k|k—1) ]
—LC Z(k|k — 1)
=[F - LC]|]z(klk—1)

Feng-Li Lian © 2019
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= Hence,
* If L is chosen such that the system is asymptotic stable

= x—=0

= ow g X(EA1[E) = [F - LC]Z(k|k — 1)

= That is,
e Given F and C
e 1o find L

= F — KC has prescribed eigenvalues
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* [n Summary: Observer Dynamics
x(k+ 1) = Fx(k) + Hu(k)
y(k) = Cx(k)
e If the system is completely observable

4 L such that F — LC of

X(k+ 1|k) = Fx(k|k — 1) + Hu(k)
+L [y(k) — Cx(klk — 1) ]
has the following desired char. poly.

P(z) = 2" +p12" "t + - +pn

Feng-Li Lian © 2019
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x(k+ 1) = Fx(k) + Hu(k)
y(k) = Cx(k)

= |f the system is “Controllable”

We = [H FH --. F”_IH} is nonsingular
— u(k) = — Kx(k)

— Desired eigenvalues: eig(F — HK)

= [f the system is “Observable”
C
CF

W, = is nonsingular

Cpn-!
— L[y(k) — Cx(klk—1)]

— Desired eigenvalues: eig(F — LC)
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= Deadbeat Observer:

e Choose L, such that eig( F—LC ) =0
e X(k) =0 at most n steps

e It IS equivalent to the direct calculation!

Feng-Li Lian © 2019
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= D.T. Model:
x(k+ 1) = Fx(k) + Hu(k)
y(k) = Cx(k)

= |f all states are measured directly:

u(k) = — Kx(k) gives desired C.L. poles

= |[f the states CANNOT measured:

2(klk — 1) =Fz(k — 1|k — 2) + Hu(k — 1)
+ L[y(k—1) - Cx(k - 1]k —2)]
w(k) = — K x(klk — 1)
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x(k+ 1) = Fx(k) + Hu(k)
y(k) = Cx(k)

2(klk — 1) =Fz(k — 1|k — 2) + Hu(k — 1)

+L[y(k—1) - Cx(k— 1]k —2)]
u(k) = — K %2(k|k — 1)

Controller j- y
q _#
K
X Observer
L <=
Feng-Li Lian
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= Closed-Loop System: el j‘-_’-.
X =X — X E Observer
L -

x(k+ 1) = Fx(k) + Hu(k)
X(k + 1|k) = Fx(k|k — 1) + Hu(k)
+L [y(k) — Cx(k|k — 1) ]
u(k) = — Kx(klk—1)

%(k + 1|k) = F#(k|k — 1)
—L [Cx(k) — Cx(k|k—1)]

=[F — LC]Z(klk—1)

x(k 4+ 1) = Fx(k) — H K 2(k|k — 1)
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x(k+1) =Fx(k) — HK x(klk — 1)
X=X—X
= Fx(k) —-HK (x(k) — x(k|lk — 1))

= [F-HK]x(k)+HKx(klk — 1)

X(k+1k) = [F — LC]x(klk—1)
= system order of 2n
= eig( C.L. system ) =
eig( F—HK ) & eig( F - LC )
Output Feedback DFC‘*S“;“S;'SZS;OI?
Controller ¥
K e
u(k) = — Kx(klk—1) I Oserver

(k4 1|k) = Fx(k|k — 1) + Hu(k)
+L [y(k) — Cx(k|k — 1) ]
= Fx(klk — 1) —H K %(k|k — 1)
+L [y(k) — Cx(k|k — 1) ]
= [F - HK — LC]=x(klk—1)
+L y(k)

—eig( F—-HK-LC)
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= Objective of Tracking Problem:

» Make the states and the outputs of the system
respond to command signals in a specific way

= Regulation & Tracking:

= Regulation: u(k) = — Kx(k)
= Tracking: u(k) = — Kx(k) + Kr (k)
r Tracking

ﬁ

Kr 1
— Controller u Plant y
Q Observer

L <
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= Plant, Observer & Controller Models:

x(k + 1) = Fx(k) + Hu(k) _' = Nr—
(k) = Cx(k) s lﬂ' -
%(k 4 1|k) = Fx(k|k — 1) + Hu(k)
+L [y(k) — Cx(k|k — 1) ]

u(k) = —Kx(k) + Krr(k)
X =X—X X=X-—X
wlk) = —Kx+Kx 4+ Ky r(k)

x(k+1) = Fx(k) — HK x(k) + HK x +HK, r(k)
= [F- HK]x(k) + HK X +HK; r(k)
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= Plant, Observer & Controller Models:

¥ Tracking
’ Kr

U(k) — — K i(k') _I_ KI‘ T(k) . Con:;ollerl% P';'“ v,

x Observer |
L *

x(k+1) = [F— HK ] x(k)+ HK % +HK; (k)
y(k) = Cx(k)

%(k+1/k) = [F — LC]&(klk — 1)

%(k+1/k) = [F — HK — LC]x(klk—1)
+L y(k) +HK; r(k)

Design Example

= A Flexible Robot Arm:

1 o1
—=1 Motor == ==
o L s
Jy J,
e States:
1 = ¢1— P2
rp = wi/wg
r3 = wo/wg

wehre wg = \/k(Jl + J2)/(J1J2)
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= C.T. Model of a Flexible Robot Arm:

A 0] 1 —1 0 0
Ezwo a—1 —p1 B1 |z+| v |ut]| 6 |v
o o —p2 0 0
y = [ 0O 0 wo }az
(o = J1/(J1+ J2)
f1 = d/Jrwo
wehre ¢ B> = d/JQwo
v = kj/Jiwg
) == 1/leo

Feng-Li Lian © 2019
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= Numerical Values used in simulation:

(J; = 10/9
J> = 10
JEo=1
d = 0.1
k[ = 1
wog =— 1

\

= Poles & Zeros:

Zeros: z1 = -10
Poles: p; = 0,pp3 = —0.05 %+ 0.999;

= a pure integrator, ¢, = 0.05, wp =1 rad/s
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= Bode plot & impulse response:

Bode plot of the flexible-robot-arm example

100 ...................................................................... -
E n
©
o
107
107" 10" é- 0.1
)
ok
?
©
=
o
0 : .
0 25 50 75
L 1 Time
107! 10"
Frequency, rad/s
. Feng-Li Lian © 2019
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= Specifications:

® (m = 0.7, wy = 0.5 rad/s

= Sampling Time:

e wh =0.1-0.6
= h =05 s

= wy = n/h =6 rad/s




Design Example

Feng-Li Lian © 2019

= State Feedback Design:

e u(k) = —Kx(k) + Kcuc(k)

= Desired Poles:

o (524 2¢mwms + w2) (s + ajwm) =0

= Sampled form with h = 0.5 s

= a1 = 2

Design Example

Feng-Li Lian © 2019
DCS31-SSDesign-54

u:astepatt= 0; v: a pulse of height: -10 & duration

:01att=25
510 = o
o
=
(@]
0 1 1
0 20 40 60 80
2
1
5
Q.
£
0 .
_1 1 1
0 20 40 60 80

Time
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= Observer Design:

e cig( F — LC ): similar to C.L. Poles

o (524 2¢mapwms+ (aowm)?)(s+agaiwm) = 0

= «ag farther away from the origin

= apg =2,a1 = 2

. Feng-Li Lian © 2019
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u:a step at t = 0; v: a pulse of height: -10 & duration: 0.1 att =25

— 1 — — —
3 \/
5
O
0 1 1 1
0 20 40 60 80
5 Use etimated states as state feedback
1
5
[oR
IS
0 -
_1 1 1 1
0 20 40 60 80

Time




