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= Representation of a CT Signal by Its Samples:
The Sampling Theorem

= Reconstruction of a Signal from Its Samples
Using Interpolation

= The Effect of Under-sampling: Aliasing

= Discrete-Time Processing of Continuous-Time Signals




Computer-Controlled System (7.2) a1 Sampling 3

u(t) y(t)

w(t) y ()

Process

Hold Sampler

—=— Computer = A-D = Vi

Wait for a clock pulse
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= C/D or A-to-D (ADC) and D/C or D-to-A (DAC):

Xg [Nl = % (nT}) ¥q[n] = y; (nT)

- T ¥ (t)
%, (1 C;’Dl ] Discrete -Time - DKC_ c -
conversion System conversion
T T

C/D: continous-to-discrete-time conversion

A-to-D: analog-to-digital converter

D/C: discrete-to-continous-time conversion

D-to-A: digital-to-analog converter
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The Sampling Theorem

= Representation of CT Signals by its Samples
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The Sampling Theorem

= Representation of CT Signals by its Samples

x1(t) x1(kT)
t
—
ro(t) 2o (KT)
t
kT
ralt) v3(KT)
t




. Feng-Li Lian © 2019
The Sampling Theorem DCS14-Sampling.7

= Representation of CT Signals by its Samples
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e sample at h = 0.1(s)

e ws = 27/0.1 = 62.8(rad/s)
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= Some Interesting Videos of Sampling Effect

» Aliasing x1
* https://www.youtube.com/watch?v=15DC3e4kt-0

» Aliasing x4
* https://www.youtube.com/watch?v=z3 TUQp8TaQ

» 55 Minute Alias

* http://www.youtube.com/watch?v=xTo3gxsZOWo

» Airlines Propeller Effect
* http://www.youtube.com/watch?v=ttvSzoqGQlY

» Wagon-wheel effect
* http://www.youtube.com/watch?v=jHS9JGKEOmA&noredirect=1
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= The Sampling Theorem: 0
2(t) : a band-limited signal A
with X (jw) = 0 for |w| > wy o

. 2
if ws > 2wy,  where ws = il

= «(t) is uniquely determined by x(nT),n = 0,£1,£2, ...,
+

p{t) = % 8{t — nT)

i Xo{jco)
Xpft) .
x(t) :—@ >| Hijw) > x.(1)
) - (@)
= 2wjps - Nyquist rate

wjys - Nyquist frequency

. Feng-Li Lian © 2019
The Sampling Theorem DCS14-Sampling-12

* Impulse-Train Sampling:

p(t) : sampling function

T : sampling period

p(t)
x(t) = é} = Xpft)

wg = % : sampling frequency

x(1)

= ap(t) = a(t) p(t) ‘*T_j ; *
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= 52 swmmsc-amy A | ¥ pe

n=——oo




The Sampling Theorem

Impulse-Train Sampling:

2(t) —— X(jw)

P(jw) = Z d(w — kws)

k=—0c0

From multiplication property,

Feng-Li Lian © 2019
DCS14-Sampling-13

ws > 2w s
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The Sampling Theorem
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= Exact Recovery by an Ideal Lowpass Filter:

e

p{t) = ‘: S(t nT)

1 N Xplio)
t
Xt @ 50| i) >~ x (1)
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The Sampling Theorem

= Sampling with Zero-Order Hold:

X{t) Zero-order | *o )
hold

KL ho ()
(o)t 1 %, (1)

x(t) ) T
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= Representation of of a CT Signal by Its Samples:
The Sampling Theorem

= Reconstruction of of a Signal from Its Samples
Using Interpolation

= The Effect of Under-sampling: Aliasing

= Discrete-Time Processing of Continuous-Time Signals




Reconstruction of a Signal from its Samples Using Interpolation

= Exact Interpolation:

I

ol = 3 5t — T}
l, Xp(iw)
U 7@ 4 > Hijo) > Xt}
“+ o0
zp(t) = E x(nT)o(t — nT) @
n=-00 ideal lowpass filter
T sin t
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TWwet
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Reconstruction of a Signal from its Samples Using Interpolatigf,’ . ' *"
= Exact Interpolation:

P(t) =+§ B(t —nT) x(t)
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Reconstruction of a Signal from its Samples Using Interpolatigf,’ . " *"

= Higher-Order Holds:
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= Representation of of a CT Signal by Its Samples:
The Sampling Theorem

= Reconstruction of of a Signal from Its Samples
Using Interpolation

= The Effect of Under-sampling: Aliasing

= Discrete-Time Processing of Continuous-Time Signals
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Effect of Under-sampling: Aliasing

= Qverlapping in Frequency-Domain: Aliasing
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Effect of Under-sampling: Aliasing

= Qverlapping in Frequency-Domain: Aliasing

x(t) = cos(wqt) 1 1
I T T oo
—’ilUS —’U)SI/Q —wQ wQ wS/Q Ws — WO U:) ws-l—wo
RN
—’:LUS | —wQ wo U:)S
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Effect of Under-sampling: Aliasing Do S 23

= Qverlapping in Frequency-Domain: Aliasing
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= Qverlapping in Frequency-Domain: Aliasing
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Effect of Under-sampling: Aliasing
= Strobe Effect:

wg = 100 rad/sec

Rotating disc

= w = *tws £ wo

s — 420, -20

ws = 120 rad/sec

[l | 0 {

220 = —20'20 220

—100 100

Strobe
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= Representation of of a CT Signal by Its Samples:
The Sampling Theorem

= Reconstruction of of a Signal from Its Samples
Using Interpolation

= The Effect of Under-sampling: Aliasing

= Discrete-Time Processing of Continuous-Time Signals




Discrete-Time Processing of Continuous-Time Signals
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= C/D or A-to-D (ADC) and D/C or D-to-A (DAC):

= T .
C/D %a[nl =% " LDiscrete -Time Yalnl =Yc (0T) D/C ye (! -
conversion Systam " | conversion "
f f
T T
C/D: continous-to-discrete-time conversion
A-to-D: analog-to-digital converter
D/C: discrete-to-continous-time conversion
D-to-A: digital-to-analog converter

Discrete-Time Processing of Continuous-Time Signals

= C/D Conversion:

C/D conversion

Conversion of

7~ e U | impulse train

Xc () | > NG to discrete-time : Xqll]
| sequence I
|
R ey e !
X () X, ()
T=T-| T:2T-|
- Y ‘-‘_“_‘q‘ ._--""/// /"_,—"'_ -"x\\ //,
“ T_I 1 /1 ]H_ﬂ’T
0 T 2T t 0 T 2T t
(b)
~ x4ln] - __ Xn] -
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Discrete-Time Processing of Continuous-Time Signals
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C/D conversion

= C/D Conversion:

—————————

GConverslan of

6 Te()— | i T ]
o I sequence :
X (o) op(t) e :
e, (a}
T o Xe(Jw)
! X, (juw)
B o T e ’ T=T,
I AA A
0 T oT t _glf_n 0 ELT o Xp (.]w)
T-| T-|
Xq (e
B Agln] s
il AV/NVA
<2
—4-3-2-10 1 234 n _2|Tr 2[.[., Q Xd(ej )

Discrete-Time Processing of Continuous-Time Signals
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C/D conversion

= C/D Conversion:

—————————

GConverslan of

B ()P i e T ]
: xp(t) sequence :
Xe (jo) X, (jo) SERRRrTS o
1 9 |
o ;. Xe(jw)
Xpl{]m)
T2
I i ) .
- S T L = Xp(Jw)
T, T = ®
Xq (el
1_ xn:l {eiEE}
AWAWAY v X 4(e%)
| | 1 1 d
~2m 2 0 —= e 2




Discrete-Time Processing of Continuous-Time Signals

= C/D Conversion:

C/D conversion
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Pl :
: /pr(ﬂ ko B
xc(t) I:\fj > todﬁ:.crete—time :
: xp(t) sequence :
Hoo (;)
xp(t) = Z xe(NT)o(t — nT)
n=—00
400 ’ 1 400
Xp(jw) = Y ze(nD)e 7T = — 3" Xc(j(w — kws))
n=——oo TKZ—OO
Xg(&®) = 32 wgln]e = > we(nT)e ™
n=—oo n——oo
Q 5SS
- X I — X (_) = — Xc(](
a(e”™) p\Jp T =

Discrete-Time Processing of Continuous-Time Signals

= D/C Conversion:
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X, (()_l_» Conversion to l[n]} Discrete-time veln] Conversion to _:> Volt)
J discrete time system continous time |} °
D/C conversion

R o T e e N ) TR

! |

: |

i | Conversion of Yo (0 T }

| H _ti 8]
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* Frequency-Domain lllustration:

e - V(™) = 1 X%
A S
Xp(jw) 5 Ypuz) 1D= ;;w?;;:jw)
A%Amamm
Xq(e7?)  wn Ye(jw) = He(jw)Xc(jw)
- /\ e A
© i = @ : ‘”

Discrete-Time Processing of Continuous-Time Signals DS 14 Saroling.34

* Frequency-Domain lllustration:

Xe(jw) — xw Yy(el*?) = Hd(ejQ)Xd(ejQ)

; =y L
() {d)

Xp(jw) /{K Yp Jw) = Hp(jw)Xp(jw)

Xd(eJQ) ot Yc(Jw) = Hc(Jw)Xc(J’w)
1 /X{m)
/ H (jos)

w,T =27 =2 G 05 & o

(@) {




Discrete-Time Processing of Continuous-Time Signals

= CT & DT Frequency Responses:

H, (jw)

Conversion of

Conversion of
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g () impulse train sequence to ¥e ()
to sequence impulse train
. . » Hg(e*?)
Ye(jw) = XC(Jw)Hd(ejuT) I A l
| Q. 0 0 on Q)
. Hd(eij)a |lw| < ws/2 H, (jo)
He(jw) =
0, [w| > ws/2 A“_/I He(jw)
0 w
T T
In Summary DCSu-Samping-36
hity
Hijes}
1
! —ulg 0 we w
~—Stopband —-I-‘— Passband —-\-'—Stopband —
CT.7.T. .
h(t) ——— H(jw)
2w
Ws = T Q =wT
D.T.F.T. .
h|n] H ()
hir] Hie")
1
I_| | | |_—I
0 n —2m - —wg 0wy T 2
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Sampling & Reconstruction (7.3)

» The Sampling Theorem:

* If the sampling instants are sufficiently close,
very little is lost by sampling a CT signal

* If the sampling points are too far apart,
much of the information about a signal can be lost

* So, when a CT signal can be uniquely given
by its sampled version?

04/12/03
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= Theorem 7.1: (Shannon, 1949) H\

| I |
e f(t): a continuous-time signal

Sampling & Reconstruction

e '(w): the Fourier transform of f(t)
— F'(w) = 0 outside (—wq, wp)
e ws. Sampling frequency
= If ws > 2wy
Then f(t) can be computed by:

sin(ws(t — kh)/2)
ws(t — kh)/2 sinc

fy=»_  [f(kh)

k=—00

ws(t — kh)
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= Note that:

o wy = ws/2: Nyquist fregency
e Reconstruction of signlas:

F(w) =0 when w > wy

03/29/03
Sampling & Reconstruction DO Sammiina A0
= Reconstruction: bF (o)
o Fl(w) = /OO e_mUtf(t)dt |I_ T -
LF. (o)
_ 1 > wt )
o f(t) = 5 /_ooe F(w)dw

1 0
o Fs(w) = - > F(w+ kws)
k=—00
o0 . 1 Ws .
= Y C'ke—’tkhw Cp = —/ e B () dw
ws JO
k=—00
m .
— Z f(kh)e—@khw
k=—o00
hFs(w) |w] <%
° F(w) = { - 23
0 lw| > 7
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= Shannon Reconstruction:

e For periodic sampling of band-limited signals

sin(ws(t — kh)/2)
ws(t — kh)/2

fy= 5, [f(kh)

k=—00

e However, it is NOT a caucal operator

03/29/03
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= Shannon Reconstruction:

e Let's look at the impulse response:

h(t) = Sinlilf/tz/z) M,J\/\,\M,N

-10 0 10
Time

e The weights are 10% after 3 samples
< 5% after 6 samples

e [ his construction has a delay
= Not good for control

e Only applied to periodic sampling

03/29/03
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= Zero-Order Hold (ZOH) & First-Order Hold (FOH)

Sampling & Reconstruction

T T T T T T T . T T T T T ] ]
A ty 4 ty t; te Time oty ty  tq t, tz tg Time

e [ hey are caucal operators

= Predictive FOH: ‘\c/\/
e It is NOT caucal
BUt' can be replaced ¢ ' ‘. ' K T
by model prediction Cot

03/29/03
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= Sinusoidal signal withh=1and h=0.5

h=1 h=0.5

=]
o
i

Zero order hold
L oo =
)
rd
”
-
-
Zero order hold
Loas o

=
=

—_
(=]

1]

=]
ot

First order hold
Lo a
Fa

First order hold
Loe a

=
=

—_
(=]

Predictive hold
Los -
Predictive hold
Los o

Time Time
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Aliasing or Frequency Folding (7.4)
= Aliasing:

» Two signals with frequency, 0.1 Hz and 0.9 Hz
* They have the same values at all sampling instants

03/29/03
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» Fourier transform of sampled signal:

e F(w) = /OO e_iwtf(t)dt o Fs(w) = Z f(kh)e—ikhw

- k=—oc

{Fiw) LF. (w)

s I s | s |t

| 1 1 1 T T 1 1 I 1 !
—20N —oN 0 Wy 2oy 20y —oy 0 My 2my
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= Example 7.1: Feed-water heater in a ship boiler

Pressure
Steam

Feed Valve

water

To boiler
Pump

Condensed Temperature

water
g 38 min 27T .
3 = o ws = — = 3.142 rad/min
?Ei. '.“...“--.'""".-.":j.l:::“lou' ...'"“'5. 2
E 2 min
e wyg = —— = 2.978 rad/min
2.11
ORI @ ws — wo = 0.1638 rad/min
< = .
2.11 min = TS — 38 min
Time
03/29/03
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* Frequency Folding
—N 0 (054
Sampled

="

EE S IJECtIunl
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= Pre-Sampling Filter in Example 7.2:

(a)

()

- WWWAWY

-1 e, o

singal + disturbance (0.9 Hz)

AW

0 10 20 30

sample + hold of (a) (1 Hz)

L aad )
i[ L

P

Time

(b)

(d)

-1 W

filtered through a 6th-order Bessel filter

0 10 20 30

sample + hold of (b)

1 AHEHE R
L
L]

0s*

Time
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= Pre-Sampling Filter in Example 7.2:

» With a sinusoidal perturbation (0.9Hz)
» Sampling frequency = 1 Hz

03/29/03
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» Post-Sampling Filter:

= Because signal from D/A is piecewise constant

» May excite some oscillatory modes

» S0, use higher-order hold!
such as piecewise linear signal

03/29/03
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Further Readings: Multi-Rate Sampling

» Multi-Rate System:

Period h Period 2 A

i ¥ o Yo
l_/_-i Sl ——1/—--- 32

= Switch Decomposition:

(b) _7}
(a)
ﬁ‘ | ] es!i..fm h* e—shim
h/ 2sh
] . ezqh Im T " m

o512 | ] o 5112

L] ee(m—l)hfm e e—s{m—l)hfm

03/29/03
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= Multi-Rate Systems

B
—-\\-— . 27! o 1 111 g Sl ZOH-—I‘“l(t)
20 ‘OE O
PT -
|
el
721
I + Uz
FARI
] s |

uz(t)

|ZOH

&(2) -;\-—

p [Fa

Fig. 7. TLA compensator structure.

M.C. Berg, N. Amit, J.D. Powell, "Multirate digital control system design”, IEEE-TAC 33(12): 1139-1150, Dec 1988




