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The z-Transform DCS13.2T.2

e Continuous-time systems: = Laplace transform
e Discrete-time systems: = z transform

e z transform maps a semi-infinite time sequence
into a function of a complex variable

e Range of z-transform and operator calculus
e operator calculus: = {f(k):k=---,-1,0,1,---}

e 7 transform: = {f(k) :k=0,1,2,---}

=> also take the initial values into consideration
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The z-Transform DCS13-2T-3

Definition: z-transform

Consider the discrete-time signal
{f(k) :k=0,1,2,---}
e The z transform of f(k) is defined as:
S k
Z{f(k)} =F(z) = ) f(k)z~
k=0
where z is a complex variable.
e The inverse z-transform is given by
1 .
Flk) = — 96 F(2)-F1d=
2711 .

where the contour of integration
encloses the singularities of F(z).
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The z-Transform: Example DOS13.7T4

e Example: Transform of a ramp
Z{f(k)} = F(z)

e Consider a ramp signal:

=Y flk)z""
y(k) = kh for k>0 k=0

= Y(2) =y(0)2° + y(Dz" +y(2)z72+ - --

=04hz 14202724

=h(z" 422724 ...)

. hz
C (z—1)2




The z-Transform: Table

Sec. 2.7 The z-Transform
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59

Table 2.3 Some time functions and corresponding Laplace and z-trans-

forms. Warning: Use the table only as prescribed!

f Lf il
&(%) (pulse) - 1
1
1 k= 0O (step) = -
s z—1
1 hz
kh 2 | 2
52 (z—1)2
1 1 h%z(z + 1)
— 2 — 902 — 1)3
5 (kA) e 2(z —1)3
o—kh/T T _z
1+ sT z—e T
L 1 _ =)
s(1+sT) (z-1)(z—e™T)
‘ @ z sin wh
sin wkh 21 o2 z2 — 2zcoswh + 1

Astrom & Wittenmark 1997

The z-Transform: Properties
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1. Definition: 5 Initial-value theorem:

PG =Y f(0)e
k=0

2. Inversion:

£(0) = Jim F(2)

6 Final-value theorem:
If (1 —2"1)F(z) does not have

f(k) = i_fF(z)zk‘—ldz any poles on or outside
2mi the unit circle:

3. Linearity:

Z{af +bg} = Zaf + Zbyg

Jim (k) = lim (1 - 2 HF(2)

7 Convolution:

4. Time shift:
g " fy=2"F

Z{q"f} = 2"(F - F1)
where Fi(2) = 725 f(5)= ™

Z{f+gt = (Z2/)(Z29)

k
frxg= "3 f(n)g(k—n)
n=0

Astrom & Wittenmark 1997




The z-Transform: From State Space to Pulse Transfer Function

{ z(k+ 1)
y(k)

{ z (X (=) —z(0))
Y(2)

Cz(k) + Du(k)

FX(z)+HU(2)
CX(2) +DU(2)

= 2X(z) —FX(2) = zzx(0)+ HU(2)
= (I-F)X(z2) = zz(0)+ HU(2)

= X(z) = (I-F) 1[z2(0)+HU(?)]
= Y(z) = C(zI—-F) 1zz(0) + HU(2)] + DU(2)

C(zI-F)1zz(0)
+(C(I-F)"'H+ D) U(z)

= G(2) = CGI-F)"IH+D

= Y (z2)

Lian © 2019

. A ng-Li
The z-Transform: From State Space to Pulse Transfer Functioff""';=0 22"

y(k) +ary(k— 1)+ 4+ any(k — n)
= bou(k) + bqu(k — 1)+ --- 4+ bpu(k — n)
e Take z-transform of both sides:

— -1 -2
[" +a1z" P+ Fan] Y(2) = [bo2"b12" 022" 2 4+ by U(2)
A(2) B(z)

= ‘28 is the pulse transfer function: v — y

e The corresponding state-space form:

1 o .- 0 0
2(k+1) = e e+ D | uk)
1 0 0

y(k) = [b1 by -+ bn]x(k)




The z-Transform: From State Space to Pulse Transfer Functio

e [ heorem 2.5:

e The pulse response g(k) and
the pulse-transfer function G(z)
are a z-transform pair,
that is, Z{g(k)} = G(2)

= The Pulse Response for the D.T. system:

0 k<O
g(k)={ D k=0
CFF-1H Kk >1

= Pulse Transfer Function

G(z) = CI-F)"IH+D

Fiang-Li Lian © 2019
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ulk] ylk]
x[K]
u(0) y(0)
W) |y | v
w(N —1) y(N — 1)

The z-Transform: Computation of G(z) from G(s)

e Method 1:

e Make state-space realization
e Calculate F and H
e Find G(2)

{ z(k+1) = Faz(k)+ Hu(k)
y(k) Cx(k) + Du(k)

= G(z) = CI-F)"H+D
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The z-Transform: Computation of G(z) from G(s) b el

e Method 2:

I 1 I wilkhMN
e (kh)} [ Zero-order | () y(t) o y(kh)}
"1 hold -l G(s)

- G(2) .

e Step response of G(s)

e z-transform of %‘3)

e Divide by the z-transform of step function
= Y(s) =)

= Y(2) = Z2{£71Y(s)}

= G(z)=>0-2"HY(2)

The z-Transform: Computation of H(z) from G(s) e
e Method 2: r ] "
w(kh)} [ Zero-order | #(#) y(t) i y(kh)}
"1 o - G(s)
G(2)
[ -]

z—1 1 [ytico esh Q(s)
—/ ds

z 2w

= G(z) =

N—ico z—eSh s
e If G(s) goes to zero at least as fast as |s|~1 for large s

e and G(s) has distinct poles, none are at the origin

Res {eSh — 1} G(s)

= G(z) = Z

_ p8h

where s; are the poles of G(s)
and Res denotes the residue.
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The z-Transform: and Shift-Operator Calculus DCS13.9T13

= Example:
= Consider the difference equation:

ylk + 1] + ay[k] = ulk + 1] + au[k]

By using z-transform, Its pulse-transfer function:
z4+a
z4+ a

But, the solution of the difference equation is:

G(z) =

=1 = ylk] = ulk]

ylk] = (—a)*y[0] + ulk], k>1

That is, by using the shift-operator calculus:
(¢ + a)ylk] = (¢ + a)ulk]

la| < 0 stable mode
la] > 0 unstable mode

Different conclusions for: {

The z-Transform: Modified z-Transform Feng-LiLian © 2019

DCS13-zT-14
e Use modified z-transform
to study the intersampling behavor
e Defintion: The Modified z-Transform
_ s @]
F(z,m) =Y 27" f(kh — h 4+ mh)
k=0 0<m<1

e [ he inverse transform:
1 n n—1
f(k‘h—h—l—mh):—,/F(z,m)z dz
2w JI

where the contour I encloses

the singularities of integrand.
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Poles and Zeros
e Poles and zeros

Y(2) = [C(:I-F)"'H+D|U(z)
G(z)

e Poles:
e The points p € C where G(p) = ¢
are the poles of G(z)
e T hey are eigenvalues of F
and determine stability
e Zeros:

e The points p € C where G(p) =0
are the zeros of G(z)

Feng-Li Lian © 2019

Poles and Zeros DCS13-7T-16

e Interpretation of poles and zeros

e Poles:

e A pole z = a is associated with
the time function z(k) = a*
e A pole z = a is an eigenvalue of F

e Zeros.
e A zero z = b implies that
the transmission of u(k) = bF
IS blocked by the system
e A zero is related to
how inputs and outputs are
coupled to the states
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Poles and Zeros DCS13-7T-17

e Poles determine stability
e All poles of G(2) =C(:I-F)"1H+D
are eigenvalues of F

e The matrix F can always be written as:

)\‘;‘_’ *

U1 FFr =y U1

0 Ay
e The diagonal elements )\, are the eig(F)

e F* decays exponentially iff |\;| < 1, Vk

Feng-Li Lian © 2019

Poles and Zeros DCS13-7T-18

e Zeros: blocking of signals

B(2)
A(z)

and G(z) "l haspoleat z=1b, b< 1

M a 1

e Assume that G(z) =

0.5 0.8
[Oy=]

_.._G(z)—l_.. o

0.4 ]

0.5]

0.4

0z 0.z =]

o [=3=3E =T === R =Y R~ N o
o 5 10 o 5 1o

e The pulse response of GG(z)~1 decays as bF

1 i a

0.8 0.8

oep o =} G(Z) 0.5

0.4 o 0.4

0.z =} 0z

Q [ v g w i w  w  w o R
o a 10 0 5 10

o u(k) =bF to G(z)= zero output
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Poles and Zeros DCS13-2T-19

e Non-minimum phase

e Unstable zeros are sometimes called
non-minimum phase zeros

e Because:
s—3 and 8+3
(s+1)(s+2) (s+1)(s+2)

have Bode diagrams with equal amplitude:

liw — 3| = \Jw? + 33 = |iw + 3]

e But the first has more phase lag

e This is similar to a time delay
and make control harder

Feng-Li Lian © 2019

Poles and Zeros DCS13-2T-20

e Non-minimum phase zeros make control harder

e [0 get a pulse as output,

one should use an input
which is the impulse response of 1

e If there are non-minimum phase zeros,
the input needs to grow exponentially

e For a stable system with one unstable zero,

the step response will initially have
different sign than the stationary value.

= T his make control harder
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Poles and Zeros DCS13-2T-21

e Mapping between s & z } O 1@
-D-D-D—D-D—-CUN’
e Because F = exp(Ah) )

S AN(F) = AR eseoliny
Yoo l

= z = eSh ::I:, ’ §
+-—oy
l

Feng-Li Lian © 2019

Poles and Zeros DCS13-7T-22

e Alias Problem

5 = eSh = Several points in the s-plane
map into the same point in the z-plane

= The map is not bijective

3rx/h |
xlh
P1X PX
So Pix - -
_ _xlh X

3n/h




Poles and Zeros

e Sampling of a second-order system

’UJ02

s2+4+2¢wos+wgp2

e Poles of the D.T. system:

224+ a1z+a>=0

where

ai

as o —2Cwoh

Feng-Li Lian © 2019
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—2e~Swol cos (\X 1-— C2w0/3,>

Poles and Zeros

e Sampling of a second-order system

Feng-Li Lian © 2019
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z2+a1z+a2=0

a _ _QJ—Crr'QJr fq1 _ ~2 .
1 = e cos | 1= (“wgh

— (’,_2" woh

Imaginary axis

-1 -0.5 0
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DCS13-zT-25
d Zd
e Transformation of zeros 1 1 d = #(p) - #(2)
2 z+1
o 3 2Z2+4z+1
e More difficult than poles 4 AL112 4+ 11241
5 zt+262°+662°+26z+1

e In general,
more sampled zeros than continuous zeros

e For short sampling periods z; & esih
e For large s then G(s) ~ e @
where d = deg A(s) - deg B(s)

e Ther=d—1 zeros
introduced by the sampling
go to the zeros of the polynomials z,4

Poles and Zeros Feng-Li Lian © 2019

DCS13-zT-26
n-1 n-2 , ..
= Example: H(g)= 29 _*+ba" "+ +bn
q" +aig" '+ - +a,
= Consider the CT transfer function: y _ b—e ) —a(1- et
- (1
b-a
2 (s+a‘-;i3' +b) by = u{l_e—hh}e—m‘r_b(l_e-uh)e—hh
8 2= b=
(S + 1)(S+2) a#b @ = —(e* 4 ¢t a

as = e~la+blh

The zero of the pulse-transfer function:

B (1 . 8—2:’1)6—}1 . 2(1 . e—h.)e—Qh.
2l —e ) —(1—e2h)

When h is small:
z~—1+4 3h

When h approaches 0:
z— —1

When h increases:
z—0
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DCS13-zT-27
+ )
| &)
f()
| 0
0 ilr' ’2[T 3I'r _:
= [aplace transform:
o0
ﬁ{f(t)} — F(s) 2 /0 F() et at
ﬁ{f(t)} — s F(s)
= z-Transform: A X .
z{rm} = F) & Y flK =
k=0
Z{f[k:—l]} = 2 ! F(2)
Franklin et al. 2002
In Summary Feng-Li Lian © 2019
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Analysis of discrete systems by the z-transform:

ylk] + a1 y[k — 1] + ap ylk — 2]

= boulk] + by ulk—1] + bo ulk — 2]

= YR) + a2 YR + a2 2 Y(2)

= boU(2) + b1 2 1 UR) + by 2 2 U(2)

Y (2) . b0+blz_1+b22:_2 . b022—|—blz+bg
U(z) 14+ a1zt 4+ a2 22 4+ a1z + ao

Franklin et al. 2002
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In Summary DCS13-2T-29

= The z-transform inversion:
* Long division

Y(z) 1
U(z) 1 —az1!

e For a unit pulse input: u[0] =1, & u[k] =0,k#0

= U(z) = 1
1

1 — az1

= Y(z2) =
= 1 4+ ar ! +a%22 4+ o373 + ...

= ylo] + y[1lz7" + yl2]e72 + yBla7 + -

Franklin et al. 2002
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TABLE 10.2 SOME COMMON z-TRANSFORM PAIRS
= The z-transform
Signal Transform ROC
Inversion: 1. 5[] 1 Allz
2. uln] ; _l__, lo| = 1
* The z-transform table 2
3. —u[-n—1] ] _l___, lo <1
&
4, 8[n—m] ™ All z, except
0@fm= 0 or
= (if m < 0)

" 1 -

5. a'uln] T= a7 |2 = e
" — - —l

6, —a"u[—n —1] E——— |z < la
7. neeuln) m |Z| = CY|

T az”
8 —na"u[—n—1] A= ez |z < la

1 — [cos wplz™!

9. [coswon]uln] [~ Rooswgle! T 22 lel =1

. [sinwylz”! .
10. [sinawqn]ulr] ST |z] =1

p 1 — [rcoswplz™! S
11. [r" coswon]ulna] [~ Dorcoswyle 772 |z =7

.o -1

12. [ sinwonluln] Ir sinwqlz l2| > r

1 - [2rcoswylz™! + riz72

Oppenheim et al. 1997




In SuMmMm: Laplace Transforms and z-Transforms of Simple Discrete Time Functions Lééig:f;o;?
Fis) is the Laplace transform of f(¢), and F(z) is the z-transform of f(kT). Note: f(r) =0
fort=0.

No. F(s) FlkT) F(z)
1 Lk=0:0,k#0 1
2 1uk"_—ku:09k #ka Z_k”
1 z
5 1(kT) =1
! Tz
4 Z kT - 7
1 1 2 T ziz+ 1)
5o 1 (kT) ~ [—(Z 7
1 1 s T |22 +42+1)
6 31 k1) 6 [ Z=1)
1 i _l)m--l . (_1 m—1
7 e lim, g f(‘m_-—l}‘ lim,, .o o =T)"
gt e—akT gm-! z )
[-jam—l aam—l 7 — e—a?
1 - -
8 573 et o
—al
N SR kT —akT Tze_a__
? Grar ¢ -y
—alT
1 L T2e— kT T_ze—rﬂ'z (z4+e” :
T A e e
1 1 () Gl A G i O G Y el O LB ?_)
(s +a)" (m =1L ggm-! m—I1\gg"tz—e™

»T: sampling period

Franklin et al. 2002

In Sumnm~~-
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—akT — N
l-e -1z —e™)

12 g
(s ta)
e
13 (s +a)
b—a
L e
15 —-5'2_
(s +a)
2
e ST
16 s(s —1—(1)2
h—a)s
17 s+ta)ys+b)
Boae
4 |||'
13 s 4a?
20 ——4ta
(5 +a)” +h
B
(5+a)y +&
2 __al+h

s[s +a)” + 7]

L@kt — 1 4 7
—akT _ ,—BkT
(1 — akT)e T

1 - e *T(1+akT)

be—kk!’ _ ag—ﬁ.ﬂi"

7[(@T —1+eyz+(1

L= e—rﬂ' S arive—:r]"}]

az— 1z —

(-?_“ T )

(E,'_GT._ e—bT)z
z—e iz —¢")

z[z —_ e_“.ﬂl 4+ GT}]

(2 _e—a'l')z
Z[Z(l s e.va - aTe—aT) +e—'lu'f _ e—aT +HTL&'T1
(z— Dz —eT)
Z[Z(b T (be—n'!' _ae—br)]
(@~ Ya—e™")

2 zsinal
sinakT 22— (2cosaT)z+1
cosakT 2(z — cosal)

ZZ—(2cosal)z+1

ad

=T cos bl T 2z —e™" coshbT) =
2* — 267 (eog bT )z + ¢~ 47
e %7 sin bk T e “T sinbbT

1 — g—akT (-::os bkT + ‘—; sin bk T)

[

2 —2e7 (08 bT )z + 7

2(Az + B) ) _
D[z" = 2¢ % (cosbT)z + ¢ -’H’J

A=1—e"TcoshT — %r I sinbT

., | r . - 2 . - .
B =gl 4 :,.i e T sinbT — =7 cosbT

=T: sampling

period

Franklin et al. 2002
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In Summary DCS13-2T-33

» Properties of the z-transform:
1. Definition: 5 Initial-value theorem:

F(z) = ioj Flk]z7F fI0] = lim F(z)
k=0 6 Final-value theorem:
If (1 — 2 1)F(z) does not have
k] = Lj{p(z)zk—ldz any poles on or outside
27 the unit circle:
lim flk] = lim (1 — 2" 1) F(2)
k—oo z—1

7 Convolution:

Z{q—nf}zz—np Z{f*g} = (Z2f)(Z9)

2. Inversion:
3. Linearity:

Z{af +bg} = aZ{f} + bZ{g}
4. Time shift:

k
Z{¢"f} = 2"(F — Fy1) fxg=>Y_ flnlglk —n]
where Fi(2) = y=3 f[jl= "=

Astrom & Wittenmark 1997

In Summary Feng-Li Lian © 2019
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= Properties of the z-transform:
Section Property Signal z=Transform ROC
x[n] X(z) R
xi[n] Xi(2) R
xa[n] Xo(2) R,
10.5.1 Linearity ax;[n] + bxy[n] aX,(z) + bXa(z) At least the intersection of R, and R,
10.5.2 Time shifting xln — ng) z "X (z) R, except for the possible addition or
deletion of the ongmn
1033 Scaling in the z-domain efeon x[n] X(e img) R
Zain] x(z) wk
a"x[n] X(a'z) Secaled version of R (i.e., [a|R = the
set of points {|a|z} for z in R)
1054 Time reversal x[—n] X(z™h Inverted R (i.e., R™' = the set of
points z ', where z is in R)
) . x[rl, n=rk . P VE 1 T
1055 Time expansion xwln] = for some integer r Xz R {i.e., the set of points z'*, where
Q, n+rk zisin R)
10.5.6 Conjugation x*[n] X'(z) R
10.5.7 Convolution x1[n]# xa[n] X1(2)X2(2) At least the intersection of R, and R;
10.5.7 First difference x[n] — x[n—1] (1-z7")X(z) At least the intersection of R and
|z] =0
10.5.7 Accumulation > X[K] 1—_—%:)( () At least the intersection of R and
gl =1
dX
105.8 Differentiation nxlnl -z di‘ﬂ R
in the z-domain
10.5.9 Initial Value Theorem

If x[n] = 0 for n < 0, then
x[0] = LimX(2)

Oppenheim et al. 1997




In Summary
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= Example — Use z-Transform to find system response
= Consider the difference equation:
1 1
ylk] — zylk — 1] = ulk] + Sulk — 1]
2 3
1 1 1 1
= ¥Y{z)— 5% Y(z) = U(z) + 3% U(z)
i, | 1.-1
= G(z2) = i :132: = 11 + 32:1
—EZ_I | —52_1 1 —§Z—1
1
1 3 1
— -+ 3 z=
—%2_1 i = %—2_1
1 1
PO | P s e
. 2 = 2
1
z 52
— 3 -1
il T e
2 2
Feng-Li Lian © 2019
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= Example — Use z-Transform to find system response
gy ow . 1. 8[n] 1 Allz
= [f u[k] = unit impulse function: s | "
3. —u[-n—-1] ]J_,I 2l <1
:> U(z) — 1 4. 8[n—m] : All z, except
Q(fm > 0)or
= (ifm<0)
5. a’uln] _] 5 lzl = la|
= ¥Y{z) = G(2)U(2) e ; e
: 1-az!
1 .
P o N FUkT) F(z)
— 1 + 3 1% 1 Lk=0;0k#0 1
“9 “=%5 Lk=k: 0k #E, 7o
1 1(kT) ]
1 3 i
—_— + 3 z e~ T —E 7
1—%2:_1 l—%z_l z—e




In Summary
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= Example — Use z-Transform to find system response
. . 1. 8[n] 1 Allz
= |f u[k] = unit step function: s ! "
A 3. —ul-n—1] ]7'[ lzl <1
:> U(Z) — 4. 8[n—m] F : All z, except
z — 1 0Gf m > 0) or
= (ifm<0)
5. a’uln] -112 T lzl = la|
= Yi(2) = G2)U(2) A b o
: 1T—az! S
z + % > FUkT) F(z)
— 1 1Lk=0:0,k#0 1
g & 1 Lk =k 0,k £k, 2t
. s 1(kT) =
— —§2$ + §Z o—kT —Z
z— i z—1 e
2
5 2 38 s
- (9= +6)
3 L = i 3 A 1
5\ /1\* 8
< = () () (s

In Summary

= Example — Use z-Transform to find system response
= Step Response:

()@ an+ @)

= |mpulse Response:

= yslk] =

1 k 1 71 k—1

= yilk) = (5) skl +35(5)  sle-1
k ys yi
0 1 1
1 11/6 5/6
2 27/12 5/12

Feng-Li Lian © 2019
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» Relationship between s and z:

1

s+ a

= Pole: s = —a

f&) = e t>0 = F(s) =

fIkT) = e T keN = F(z) = Z {e_a’kT}
- 2
oz —eal

=T: sampling period Franklin et al. 2002
Feng-Li Lian © 2019
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= Pole location and response between s and z:
S plane Z plane

STABLE UNSTABLE

M W i

L |

LHP

Figure 8.5 Time sequences associated with points in the z-plane

Franklin et al. 2002
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= Dynamic Properties between s and z:

S Qlane t Imish i 5 Imix) + lmis) Im(sh

N

Rc[.v—! Re(s) Rels) R

(@) () (3] (d)

c=el 5= —fw, zjw, V1 -

7 = sumpling period

1.0

ity

.r«
k4

Z plane

08

06

02 |+

\

il1 0 -0.8 0.6 —n4 =0.2 o 02

1.0 Relz)
Figure 8.4 Natural frequency (solid color) and damping loci {light color) in the z-plane; the portion below the Re(z)-axis .
(not shown) is the mirror image of the upper half shown. Franklin et al. 2002
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Description of corresponding lines in s-plane and z-plane

s-plane Symbol z-plane
§ = jw X X X |zl =1
Real frequency axis Unit circle
s=0=0 OO0Oo z=rz1
s=a<0 olele z=r0=r=<1
s=—tw, -{-jwn\"l — ¢t AAA z = re’ where r = exp(—¢w, T)
=-a+,b =e T,
Con;tant damping ratio PN T\."‘l _g2 — bT
if ¢ is fixed and @ 4 N
: g Logarithmic spiral
varies

s=%f(x/T)+ 0o, o <0 zZ=—r

s-plane z-plane

(@) (b)

Franklin et al. 2002
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» Relationship between s and z:

jow k s plane I'm

z plane

§:§1

Demrable
region

////

/ |

—j @y

oY

Y

o A

Ogata 1995
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Final Value Theorem:

lim z(t) = zss = lim s X(s)
t—o00 s—0
If all the poles of s X(s) are in LHP
lim z[k] = zss = lim (1 —2"1) X(2)
k—o0 z—1

If all the poles of (1 —21) X(2)
are inside the unit circle

Franklin et al. 2002




