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Review: DCS11-SSModel-2

= System Modeling at Control Tutorials for Matlab & Simulink:

* http://ctms.engin.umich.edu/CTMS/index.php?example=Introduction&section=S
ystemModeling

System Models in LS:

* http://cc.ee.ntu.edu.tw/~fengli/Teaching/LinearSystems/97 1IsNotePhoto080924.
pdf

Solving 1st-order Differential Equations:
* https://case.ntu.edu.tw/CASTUDIO/Files/speech/Ref/{CS0101S1B02_03.pdf

Systems of Linear 1st-order Differential Equations:
* http://case.ntu.edu.tw/CASTUDIO/Files/speech/Ref/CS0101S1B02_16.pdf

Solving State-Space Equations:

* http://cc.ee.ntu.edu.tw/~fengli/Teaching/LinearSystems/97 1IsNotePhoto081001.
pdf
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Introduction: Digital Signals and Systems
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Introduction: CT and DT Plant-Controller FSEQS?;L;?M@C),ES.T
rt)  e(t) u(t) y(t)
C(s) |=—> G(s)
G(s) C(s)
= Transform CT plant into DT plant G(s) C(s)
= By DT plant, design DT controller
= By CT plant, design CT controller G(z) C(z)

= Transform CT controller into DT controller
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Introduction: From CT Plant to DT Plant Feng-Li Lian © 2019
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rt) et u(t) y(t) ikl elk] uk] ylk]
—?—* Cis) [—* Gk) T —?—» Clz) |[—>{ C@ T»
= Plant (CT): = Plant (DT):
* Input-Output Model: * Input-Output Model:
y(1) ylk]
Y (s Y(z
G(s) = 1 G(2) = ¥4

» State-Space Model:

%(t)
y(t)

Ax(t) + Bu(t)
Cx(t) + Du(t)

+ State-Space Model:

x[k + 1]
y[k]

Fx[k] + Hulk]
Cx[k] + Dulk]

vy ¥3¥

Introduction: Example - Mass-Spring-Damper System

r»x
=
|—>x
D~
m e [
L —
-$
X = .
€T
_fB _—E.’E
[ o
- | _k
| m
. 0
- | _k
| m

Feng-Li Lian © 2019
DCS11-SSModel-6

F(t) —bx(t) — kx(t) = mz(t)

F(s) —bsX(s) — kX (s) = ms?X(s)

X(s) 1 _Y(s) _

F(s) = ms24+bs+k —UG) — G(s)
y =z = {1 O] [$]+[O]u
T
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Sampling a CT Signal
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Sampling a CT Signal DCS11-SSModel-8

Zz{"',—1,0,1,2,"'} /\'\M
e Sampling Period: h (sec) : .

1 2h  kh t'e R

e Sampling Rate: fs =3 (Hz)
e Sampling Frequency: ws = 2% (rad/s)

e Sampling Instants: t
T = {t;, = kh,k € Z}

e CT Signals: f(t): f(t) eR,te R

e DT Signals: f(ty) : f(ty) € R,t, € T
f(ty) €D
e DT Signals: f[k]: fl[kl e R,k € Z
flk] € D
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= Consider the following LTI system:

x(t) = Ax(t) + Bu(t)

. _ 4
y(t) = Cx(t) + Du(t) x(t) = 7 (1)

x(t) € R" A € RXn
. B € R™"

u(t) € R.’ C ¢ RIF For SISO system,

y(t) € R” D e RPXT r=1lp=1

| See: Solution of 1st-order DE

d
—x(8) = Ax(t) + Bu(®)

= x(t) = eA(t_tO)x(to) + /tt €A(t_T)Bu('r)d'r
Jtg

Let ﬁ=tk+1=k‘h+h & to =t = kh
kh+h

” eA(kh+h_T)Bu(T)dT

— x(kh+h) = AWx(kn) +

Sampling a CT State-Space System: Piecewise Constant Input Lo o © 2

Let w(7) be piecewise constant A==

through h u(kh) |—
u(t) = w(kh), kh<t<kh+h :

h
= x(kh4+h) = eAhx(kh) + ( L eA”dnj Bu(kh)
h
let F =AY & H = (/O eA’-'?dn)B

— x((k+1)h) = Fx(kh) + Hu(kh)

Fx[k] + Hul[k]
Cx[k] + Du[k]

Then, x[k 4 1]
ylkl

Franklin et al. 2002




Sampling a CT State-Space System: CT (A, B) to DT (F, H)
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u(t) y(t) ulk] yIk]

—>! G(s) > —_ G(z) —>
x(t) = Ax(t) + Bu(t) x[k + 1] = Fx[k] + Hul[k]
y(t) = Cx(t) + Du(t) ylk] = CxI[k] + Dulk]

1 Actuator : :
= No approximation
= Control signal = Piecewise constant _I uw(kh) r

Ah hoA E
F = ¢ & H = e™dn | B N = :
0 E=kh  f=kh+4h
h
= F(h) = A & H(h) = (L eA”dn)B

Sampling a CT State-Space System: CT (A, B) to DT (F, H)
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= F(h) = A & H(h) = ( /OheA’-’?dn>B

d d 1 —_ 1 —
= %F(h) = %(GAI) = A(EA}) = AF(h)
= (*MHA = F(h)A
¢ h
N %H(h) — (ji(/() eA”dn)B MN % NM
= (eAh)B = F(h)B 7 BF(h)
d | F(h) H(h F(h) HC(/ A B
R ORNLEDI
7] - o (53]

S0 T

1 n [F(h) H(h) ]
h 0 I




Sampling a CT State-Space System: CT (A, B) to DT (F, H) Feng-Li Lian © 2019

%(t) = Ax(t)+ Bu(t) x[k+1] = Fx[k] + Hulk]
y(t) = Cx(t)+ Du(t) » gkl = CxI[k] + Dulk]

= F(h) = A & H(h) = (/OheAndn>B
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Sampling a CT State-Space System: Example
= Consider the following SS Model (Double Integrator):

. _ o1 0 = Ax+ Bu
=003
y = |1 0]x — Cx
23,2
F =AM = T4 A4+ 4
2!
011%,,
10 01 00"
= o 2]+ [ o]+
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Sampling a CT State-Space System: Example
= Consider the following SS Model (Double Integrator):

X = [8 é]x-l—[?]u = Ax+Bu
y = [1 O} X — Cx
h 2 _2
H = (/o eA”dn)B AT = 1_|_AT_|_A T+
0o Akpk+1
= (i 1)!
00 Akhk-l—l h3
H = - B = Th A B AQ—B
kgo(k-i-l)! + + + -

e~ (L0 7| [00]%) 11 =lh72]

Sampling a CT State-Space System with Time Delay il

u(t-d) y(t)

= Consider the LTI system

with delayed input: 0<d<h
- u(t) A
x(t) = Ax(t) 4+ Bu(t—d) w(®) |
y(t) = Ox(t) + Du(t—d) N
Del | :‘d ‘1 !
sgnal o 1 T
= x(1) = AU70x (1) u(t—d)| "t =

+ / eA(t_T)Bu('r—d)dT
to

T - . l
kh - h kh kh+h kh+2h t

Let ﬁ=tk+1=k‘h+h & t0=tk=kh

kh—+h
= x(kh+h) = eA(h’)X(kh) + /k:h eA(kh+h_7)Bu(T—d)dT

kh—+h kh+d kh—+h
I R
kh kh kh+d
kh+d

kh—+h
-+ o eA(kh+h— T)B‘u,('r d)dr +/

A(kh+h*T)Bu(T—d)dT
kh—+d
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Sampling a CT State-Space System with Time Delay

— x(kh + h) . = o
= eA(h)x(k‘h) © e
S u®) | —
+ € (kh+ _T)Bu('r—d)d'r 3 1' 3
w((k— D) =ulk—1]  u(t-d) ©
kh-+h E ;
+/kh+i eA(kh_'_h_T)Bu(T—d)dT ; n e
(1L
u(kh) = ulk] u[h B 1] u[k]

— Fx(kh) + Hyu((k—1)h) + Hou(kh)

d
H, = /];”’ereA(th—fr)BdT — eA(h—d)/O e(AMBdy
kh—+h h—d
Hy = / eAh+h=T)Bqr = / e(ADBdn
kh—+d 0
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Sampling a CT State-Space System with Time Delay

t-d t
= x[k + 1] u( )G(S) y(t)
= Fx[k] + Hyulk—1] + Houlk] ” —
— :

) u) |
H; = eA(h—d)/o e(An)Bd‘n | e

h—d — :
Hy = /O (AN B u(t=d) .__T

x[k+1]| _ |F H x[k] H
RURRE 01”u[k“11]+[ IO]“”“]

= Homework 2-4




Sampling a CT State-Space System with Longer Time Delay oo 't5 227

u(t-d) y(t)

= Consider the LTI system
with longer delayed input:

Ifd>h
Then, d=(m —1)h+n

0<n<h

me N
= x(kh 4+ h) = Fx(kh)

+ Hjiu((kh — (m —1)h)) + Hou(kh —mh)

Hy = f DI Ak h-)p g
kh+(m—1)h
H, — fkh—l—(m—l)h—l—heA(kh_l_h_T)BdT
kh+(m—1)h-+d
x[k + 1] - x[k]
u[k_(m_l)] F Hl HO O --- 0 11[1<:—m] 0
u[k'—m] -0 0 IO ? ulk—m —1] |+ 0 u[k]
u[k] | 0 0 7 u[k.—l] | I

Sampling a CT State-Space System with Inner Time Delay 79050227

= Consider the LTI system with inner time delay:

u(t) = u1(t) y1(t) u2(t) y2(t) = y(t)
—p| S| | o5 ] S2 |y

S1: x31(t) = Aixi1(t) +Biui(?)
y1(t) = Ci1x1(t) + Diu(t)

S2: x5(t) Aoxo(t) + Bous(t) B
ys(t) = Coxo(t) + Dous(t) us(t) = y1(t—d)

= By using sampling interval, h, and 0 <d <= h

Then, the sampled-data representation is as follows:
x1(kh 4+ h) = Fi1(h)x1(kh) + Hi(h)u(kh)
x2(kh 4+ h) = Fo1x1(kh — h) + Fa(h)x2(kh)
+ Hoju(kh — h) + Ha(h — d)u(kh)




Sampling a CT State-Space System with Inner Time Delay [ 209297

= \Where
F;(n)

DCS11-SSModel-21

Al § =12

51(n) = /On eA25B,C1ef1(n—9)gs

Hy(n)

= /On eAlSBlds

H>(n) = /077 eA2SB201H1(T — s)ds

Foi
Hoq

= Referenc

= F5,(h)F1(h —d)
= F3,(h)H1(h —d) + F5,(h — d)H1(d)
+Fo(h — d)Ho(d)
e.

» Bjorn Wittenmark, "Sampling of a system with a time delay,”
IEEE Transactions on Automatic Control, Vol. 30, No. 5, pp. 507-510, May 1985.

> https://ieeexplore.ieee.org/document/1103985 = Homework 2-1
Solution of DT State-Space System B
ulk] y[k] —
ca) x[k + 1] = Fx[k] + Hulk]
y[k] = Cx[k] 4 Du[k]
x[K]
x[ko + 1] = Fx[ko] + Hulko]
x[ko + 2] = Fx[ko+ 1] + Hulko + 1]

= F {Fx[ko] + Hulko]} + Hulkg + 1]
= F2?x[ko] + FHulko] + Hulko + 1]

X[ko + (k — ko)]

x[k]

y[K]

= FrFox[ko] + FF—*0—1Hulkg] 4 - - - + Hulk — 1]
k—1
= FrFFox[ko]l + Y FF/~THulj]

J=ko
k—1

= CFFPox[kol + Y CFFI71Hu[j] +Dulk]
J=ko




