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(fla fz) — '/ab fi(z) - fa(z)de = O

Figures and images used in these lecture notes are adopted from
Differential Equations with Boundary-Value Problems, 9th Ed., D.G. Zill, 2018 (Metric Version)
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= 11.1: Orthogonal Functions

= 11.2: Fourier Series
s 11.3: Fourier Cosine and Sine Series

= 11.4: Sturm-Liouville Problem (BVP)

= 11.5: Bessel and Legendre Series



' 11.1: ORTHOGOAL FUNCTIONS " FongLiLian © 2015

‘e In R> vector space

_ X Y,
X
v =" y = | zi, Yi §R)
% 4,

e Inner Product (Dot Product) of z and y in R3:
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11.1: Properties of Inner Product Feng-Li Lian © 2019

az,y,zER‘o’, k€ R

(1) (z,y) = (y, )

2 Kz, y) =Xz, y) = (=,®y)

(3) (z,z) = 0 onlyif (z)=

0]
(z,z) > 0 onlyif 3:@ 0
— 0

=

@ (@) = (@2 By 2)



11.1: Def 11.1.1: Inner Product of Functions e pe

f1, fo,: two functions on an inter@
b
(fla f2) — /a@fg(a? dx

(1) (f1,f2)—(f2,f1)

(2) @flan)—Oflan)—(flng)
3 (. h )%o only if {71 ©0) va e la

(f1, f1)(>)o onlyif h@o, vz € [a, b]

@) (W@ f3) =1, f3) R fz)



11.1: Def 11.1.2| Orthogonal Functions ° Pangd] B 201G

f1, Jf2,: two functions on an inter
b
IF (fla fQ) — /a f1(x) - fo(x) d:}:

THEN fq, fo is said to be F)rthogonaﬂ on |a, b]




| 11.1: Example 1: Orthogonal Functions DEFLL'_;_'SF[?:[?%”S'O};,_

- (@) AR = foe)=g% on[-L1]
J‘ .0 Y = f ygalx.- -—-9(4/_/ z(l—(—')‘)—b

iC e DYUZ\HQD}?A/Q \!ij _\%C_QZ%

| ®) file) =22, fole)=2% on [-1,1]




11.1: Def 11.1.3: Orthogonal Set e pe

{d0(@), $1(2), go(@), -+ |

f real-valued functions (gvnig,l)ﬂ
" (uo 6 ) o [Jon@ranter ae € 0) iy

THEN it is an orthogonal set - on la, b]

o ——




11.1: Example 2: Orthogonal Set of Functions D'EFLL‘;_'STEE?@”SBQS_;

| g C(E(gj), co_fi’?gg), wnw 5 COS(RE), } on I o[-, ] J
ko s - o) dX s [T s dx

7 l
= %S:hmil%k =‘r\[0—0=
1 -
&N _;( Cod X S WY A :{;;'— | CaS(th)’\l-f-Obé(m—ﬂ\?(] %%
7 |
d \ T _’ ) L
= Yn‘\""\ S (mHh)/X l__’[ t5 o %(WQXl_-ﬂ

o)) = o

= oxfb\oamaﬂ 469_ A
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a vector in R"

‘e Norm of ,
a function on [a,b]

u = Z; c R3 f(x) a function on [a,b]
| u3 |
lu|| = \Wﬁufw% - mu)
>
lf@I = F,—Q) :«( T:ﬁ B 5
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11.1: Orthonormal Set Feng-Li Lian © 2019

{#0(), 1), 62@), -+ |1 onlatl otk onmmd] sof
(1) {eo(@), 61(@), da@), - | (ﬂ’&’L\ogv}wQ scof

@) @)l = §_, n=01,2,-

( 1 if i =

O iz

i'e'! (Qb@(ira), ¢j($)) — 4




11.1: Examples 3 & 4: Norms & Orthonormal Set DET!. 1g-;OL 10go @2-013’

| {1, cos(z), cos(2x), ---, cos(nz), } on I = [__LI_]_

| LY _-_-Aw;r 1 X _,-X o ﬁ

“%“" ,\(ﬂ QS NY coth&X ,(f( ( H-s 2n9dX
= AX._L_ (ZzA)  ~ J 7

JO (2X)

@écx
= { =
(,Q_ﬁllﬂ@fW(A ;(2

iOY‘H'\D noYy mcu 4-639_7 73(
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11.1: Vector Decomposition & Orthogonal Series Expansion Feng-Li Lian © 2019 |
| vy
w in R3 /t.\
u = OV +CaW +s __mg Vs

(U )V )= ( eh+GL+ G W, U,

= ¢, (AT OG(Y (/2\2)""(3}9}/7/)

- 0\ (rv\,'\)‘>
U, ) U,
Cr= ( "'L /
(V)W) V| =

C. — ﬁLu\\)2> - (U)VDL
2 (ruz)-\))) 'M/v I} < l




11.1: Vector Decomposition & Orthogonal Series Expan8|on

y = f(z) on [a,?]

0 = o AR (P /

L bY‘C)’\vm’Yma/Q
[ ) Boodx = f(CQ@* 67~ (§,)4X

— Co %&){,\- C\ | ,nd’)(‘l"-"'

.1-Orthogona
Feng-Li Lian © 2019




(@), @)

¢n(x)

=)

(6@, dn(@) )=



' 11.1: Def 11.1.4: Orthogonal sotions D |

{¢0(33)> d1(z), do(2), } :

orthogonal with respect to a weight functio @

IF

E—

@ _ k& f(:c) - ¢n(z) d
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| 11(!- Complete Sgts Feng-Li Lian © 2019

" G
m-
7".

[
j | 7N YN
IF the ONLY function orthogonal t¢ ¢;(x) .-.\
N——

| {1, cos(z), sin(x), cos(2z), sin(2z), ---, } @

—————————— e e e~




' Summary - 11.1: Orthogonal Functions  Fomidi L 207

f1, f2,: two functions on an interval [a,b]

| ® Inner Product of Functions
A b
(fr) 2 [ h@) he)ds

o fOrthogoEI Functions

(h, fz) = /ab filz) + folm) dfb‘@
‘@ Orthogonal Set i¢o($)@, @ } :
F (oG 0@ ) = [ om@on@ de € ) men

o Oﬂmet {q‘ﬁo_(_x),—célga:), (;-5—2:_(—-5'8)’ } :

-~

| 1 ife=7
e, (¢i(z), ¢i(z)) = g if i £ 5




- Summary - 11.1: Vector Decomposition  noil |l @12016

' ® Vector Decomposition & Orthogonal Series '
8= Fa an [as0] @ _/fé’ f(@) - ¢n(x) da
@) = I 3(a) da

(@), én(@)

® Orthogonal S@unctions (cgﬁn(w), on (:13))

{é0(2), 61(2), ¢2(2), -+ |

orthogonal with respect to a weight function w(:c)

/@Q"m(ﬂ?) dn(z)dr = 0, m#*n

f(x) = co ¢o(x) + c1 ¢1(x) + c2 po(x) + -

_ f(:r) @qﬁn(w) da

¢z (z) dx

y,
@n(x)H




