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Linear Models: Initial-Value Problems
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Figures and images used in these lecture notes are adopted from -

Differential Equations with Boundary-Value Problems, 9th Ed., D.G. Zill, 2018 (Metric Version)
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5.1.1: Spring/Mass Systems: Free Undamped Motion DES,?;_L?"E‘;‘?I%V;)}S;

‘e{free)Jundamped motion:

——

— free: no external force

e

— Hndampﬁd: no frictign

unstretched
—

e Hooke's law: )

Newton’s 2nd law: J YI\(K>> F‘
| N——_
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5.1.2: Spring/Mass Systems: Free Damped Motion DES,?;_L’;"E‘;?}%V;O}S;

Lo free@nped motion: — damped: friction




512 DE05.1-Model-IVP - 7
o Feng-Li Lian © 2019

(1) A —w? > 0 ( ()\/Q,Y ({WW() O( ER
= oa(t) = c,"‘,'*w? \\
mﬂ




- 5.1.3: Spring/Mass Systems: Driven Motion Fengedi Lin® 2015

. drive/ -maotion: — with external force
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o consider underdamped case:
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« IF E(t) =0 i&): em—k

= "9\/26 electrical vibrations of the circuit

e auxiliary eqn: L M+ Q MT ¢ 7

e [F R+#0, the circuit is

HVQY” damped if R2 — 4L >

Cf\f\(a\\g/damped if R2 _ % — 5

UU’\oQQrdamDed if R2 — % < 0
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o IF E(t) = Egsinrt
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dz? (1) dz(t) 5
F 2 = w” w(t) = f(t
dt2 | dt | ( ) f( )
e free undamped motion: O e

\ A [

= x(t) = e¢q coswt + co sinwt P

e free damped motion:
(1) X —-w?>0 ( overdamped ) e

Ny e

T3 Y .
= w{t) = e~ (cle AC—w*t + coe” AC—w t)

(2) M —w?2=0  ( critical damped )

= 2(t) = e (e1 + ent) z

(3) M —w?<0 ( underdamped )

= () = g~ (cl CcosS \/w2 — N\t + co Sin \/w2 — Azt)
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dz?(t) L o) dx(t)

l 2 _
- "2 4 w?a() = F)

e driven motion:

= z(t)

re(t) + CUp(t)

e Resonance

re(t) = ¢1 coswt + co sinwt
f(t) = F1 coswt + F» sinwt

= zp(1)

At coswt + Bt sinwt A /\




