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Figures and images used in these lecture notes are adopted from
Differential Equations with Boundary-Value Problems, 9th Ed., D.G. Zill, 2018 (Metric Version)
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Linear Differential Equations: Basic Theory

. 4.1.@|itial-@lue and @oundary(%lue Problems

= 4.1.2: Homogeneous Equations

n 4.1.3(\Nonhomogen|eous Equations
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s 44
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= 4.0:
s 4.7
= 4.8:
= 40:

Reduction of Order

Homogeneous Linear Egns w/ Constant Coefficients
Undetermined Coefficients — Superposition Approach
Undetermined Coefficients — Annihilator Approach
Variation of Parameters

Cauchy-Euler Equations

Solving Systems of Linear Equations by Elimination

Nonlinear Differential Equations



'4.1.1: INITIAL-VALUE & BOUNDARY-VALUE PROBLEMS P80t e s
e nth-Order Initial-Value Problems (IVP):

Solve—. \

I A\dy() I i1 e o |

{ pAT) dz" an—1(z) d’LJ' . o@) xR = |9(z)
= ~ 4

Subject to: = 0

n

Solution: Y0 (4'
- @C’e%&@g -"3 x




4.1.1: Theorem 4.1.1: Existence of a Unique Solution oot Lian © 3015

g . ‘3 __: ) " —_
0 W e Ve @ @L@ @
subject to: y(zo) @ ¥ (o) (1) v (x0) =<y2,>---, y ("1 (z0) =(yn,_1)

| n+
o Let an(z), ap-1(2), ---, a1(2), ao(z) &@

T
be Contiuous on "TE >—B %
e And an(:t?)#»o ;V/)Cé@ ]

e Then IVP exsits a unique solution y(x) on‘I >

—

N

S
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4.1.1: Boundary-Value Problems
e 2nd-Order Boungdan
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-Vatue Prohlems (BVP):

Solve as (s @

Subject to: ‘ gg)

Lt b :

L

:Q

+ )+ a0

3

A

@Y= g(z) é’-

b %)
Ve

Other possible BCs:

JCO)

X

= ¥y

y(b)

Y1,

General BCs:
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e A BVP may have:
(1) ‘%VM solutions
or (2) o WMZ‘_“Q solution

or (3) nu solution

y(z) 4 y(z) ¢ 4,

Y1 T 7\4 |

yo =T Yo
[ - T | -
4 €T
a b a b
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4.1.1: Example 3 Feng-Li Lian €20

@-Jr 16 2) = 0 z(t)

= solution: ;(-(-'-): C, (‘\75@"’ Csin @S}_)_

2

O

(a){ *@ =0 (bt 0=0= C":—f X< C243h(a)7
B =0 om0 =2 050
__ _~ = = C:
(b){ @Q = 0 = C+0=0= == ° 0((1-):_ o
"”(;%_) =0 = Ot+c,=0= (C»=0

(1 &b\

(c>{$j
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“ly(z) (z)
+ ap—1(x) @"‘ R al(x)@ ap(z) Y(x) —cl_;

}\moﬁenooms eqh

n—1
Fana@ TV b ai@) D 4 () () =
x dx

- g(z) Z 0
eqpn ~

e associated homogeneous equation:
\,\/\/v—’

F(a:,y,y’,--- ,y(n)) =‘9($) s

=

F(m,y,y",...’y(n)) = 2 A \’\E

"
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e In the following, we assume on some common interval I

(1) a;(z), iz:E,},--«,n, are COhleKDMS ’FD)’ X&E L

—
a— <

(2) g(x) is Q/O}TEM(AOMS ’J?lh’/)(é—__[_

GX@#O /ﬂv Xé@) '__r,(i'w)

1= (=%, "2)

_|LJ




4.1.2: Differential Operators




4.1.2: nth-Order Differential Operator / Polynomial Operator — *=" 7 = 1o

w

L= Qux) D" + a,\,(x)D” 4+ )P+ Ol

=

= L(y) L { ﬁ nkx —}3 +a.4-,tx)f—§_—, 4ot a‘(x)j +0dx)

oh” o

—

for example,

r;[’_ = (z+5)D + wJ L: QX’D) D2+ ()(7]7{_ £in X

—— oE—

= L (y) = (A@‘E g\gf“" IX\Q/

—

e homogeneous equation: L = 0O

e Nnonhomogeneous equation: L (y) = ? (X)



4.1.2: nth-Order Differential Operator / Polynomial Operator = e e

e [ is a linear operator

fi{f@@g(_f)} = D) 5 -I-D{am}
P cf(:c)} = C ’D[’}(X)ﬁ
or D {af(a:) + bgl(:r:)} — Q D{)—{)&)\]—\/ 13 D{‘a’ogj

-

= [, IS a linear operator

e ——

> L {af@ + bg@} = © 1—‘”00(] + b L{jb‘)}




4.1.2: Thm 4.1.2: Superposition Principle — Homogeneous Eqn "7 e 5010

o Let y1(z), yo(z), -+, yp(x) be %lurf/« onS o—f L_E_U)j’_) on L
—

e Then y(z) = (Ciul@)+ G )+ Ceyr(z)
isalso QO éollFfw‘Y\ D‘F L(ﬂ/LD , on I
where C C5 -- C’,é are arbitrary constants

e Proof: )-.(-j’) -0 l;=' ';",’é_
L(_C % \': C‘l j_(j )
‘L(Z_Qigt‘): zC J—(ﬁ )—‘5(’:“":0

\l

O
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= 2XInX + X
O * Qb
(\,- 2 X +2X T

+ |

\ _
y1($j@ / = X +2+]:

— 22 In on (0, =) 3:’— 2%
= V——-—)g?é“?@*%
/‘61/: 29? o)-)XQX)'HL%\L”"O

= \608+ Cs ')?—/@"‘)9

/.
%”; Q fre2 5,60 €




4.1.2: Def 4.1.1: Linear Dependence / Independence L Lion @ 2019

o { f1(x), fo(z), -, fn(zc)} IS said to be ’0%""'“‘”147 on _.-Z

o If there exist constants ¢, G " Cn nuy( a(l equed t O

esuchthat Cf f1(x) + (3 fole) + - + Cy fule) = O WAL

~—~ . — S

o If {h(ﬂﬂ), folx), -, fn(:v)} is NOT Iill*lear depedent
AN ——

e Then, the set of functions is bhea\/lﬂ ‘hdalp"dml
e Thatis, (Q=C3=Cy=--=Cu=0 VX&L



4.1.2: Examples

(CIsm(zx) (B 5in0Ienshe) = 0

‘ -2
o {Srin(Qac),/Sin(:c) CIOS(.’]D)} MJ do j I = (—00,00)
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e Suppose each of f1(x) f'%gx),. - f@ has at least y -
——(*/\-' | ) (‘,QQY)\M\"(A S }) TF {) 70 )
e Define: —— Q .
OVEY %
Wb g 2| Ot {D
cealay | @ /J)
-ﬁ,\ﬂcflbh /07

as the an 6\/!M\ of fi(z), fo(x), -, fn(x)

J/\Jmnslé; -




4.1.2: Thm 4.1.3: Criterion for Linearly Independent Solutions = F; =i 0te

o Let y1(z), yo(x), -+, yﬁaﬂ) be n éb,V\T(IY'é D—f TL(‘_']): O& on L

= —
e Then {91(58), yo(z), - yn(ib‘)} is E nf’wll'»l ’Y‘M 40]‘4—57"]5
— v on 1

e IFF (if and only if)

WCh 4y 4a) 2O 0 XL




4.1.2: Thm 4.1.3: Criterion for Linearly Independent Solutions °=* /.- ooy 20

c1y1(x) + coya(z) + - -+ + enyn(z) =0
Clyi_(ﬂ?) + Cz’yég(ﬂ?) + -+ Cny;:,(x) =0

Cly[(m) + CQ?J (33) + -+ Cny (-T) =0

C1(.9'(L N )($)+'92?J§i1_1)($)+' : '+Cnyr(1n_l)($) =0

@) we) - wee) | T .
vy (x) yo(z) o yn(x) .
fi@) @) ) N
(n 1)( ) ylkn 1)(33) y?(z,n_l)(:ﬂ) |t Cn




4.1.2: Thm 4.1.3: Criterion for Linearly Independent Solutions 7= =T =eY s

f —1, Y B
an g + ap—1 dpn—1 + o+ a i +agy = 0
dfn_'ly dy d™y
nlgml T T Mg T V= —dn
d"—1yq dyq - d"yq
On—1— o1 + 4 o T + agy1 = —an Ton
d" 1y, dy d"yo
An—1 dpn—1 + o+ oag dr + apy2 = —an )
d" 1y, ] dyn, d"y
An—1 ’%K% + + a1 d_n + apg Yn — — an T &
[ (n—-1)  (n—2) / 1 | I (n) ]
Y1 Y1 Y1 Y1 an—1 —anlyYq
(n—1)  (n—2) - ap—2 (n)
Ys Yo Yo Y2 " —anyY,

(n)

y?{z Yn ag —AanYn
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e Remark:

e Given y1(z), yo(xz),---, yn(x) be n solutions Qf'E(y) = Okon I

W(f1, f2,--- . fn) is:

either  nohzewd \(//)(61

FF {yl(a:), yo(@), - yn(a:>} s e g foponoles
/
or \ M(raﬂd Zzero  Jyxe 1

IFF {yl(ff?): y2(z), -+, yn(fff)} is \T\’\W‘Y(j db]’f/”&;/



4.1.2: Def 4.1.3: Fundamental Set of Solutions L Lion @ 2019

(1@, 0@, w@) s Sumdoveatal 501 - Ghicng

c—
-

01‘\_

eIF (1) y(a),i=1,2,---,n are  Lolutime G—P L(YEDL

G—

—

(2) {yl(ﬂﬂ), yo(x),- -, yn(ﬂ?)} s \'mmrlau ‘M(QP'%J‘J
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4.1.2: Thm 4.1.4: Existence of a Fundamental Set Feng-Li Lian © 2019
e [ here exists a fundamental set of solutions
for the homogenéous linear nth-order DE on [ L(_‘j)—’ O

dm. n—1ly(x) d
(D 2+ TG+ + DD+ (w0 =

—
Pl

(:l)@ +=0,1,---,n, are continuous on [
P — Pl —

(2) an(z) # 0, Vxel P

——
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e [11(@). 12(@). - ya(@)}

———

_ I
a\ fundamental set of solutions Eg)r the DE on [

\ ———

e [ he general solution is L( U)-> O

R

G——

y(x) = (O n@) + Crup(@)+---+ C

) C——

N

a—

/

C, ,C.-Cu Costets



4.1.2: Example 7
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T= (—%M} H o{ €3>(

ZX :
{l @ ; Q CD éolurm\n s @ [nenly idipod

X X

DO EEON
lv._;(_% € )= det >< = (5)5/%

- BQ}X —B?X —3 '\ 2
- I=C&)="1




s: Thm 4.1.6: General SolutiBHS cng: L iang s0a

dy(w)

) 4t @)

where 'DI uton

(1) {y1(af') yz(m) -,yn(w) 7[)0\/»\0()\@0& 4@1’ Ddz solutms

) @) __(QZ)

(3) C’MZ—]-:“-': y TV
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4.1.3: Thm 4.1.7: Superposition Principle — Nonhomogeneous %ﬂﬁ% ng-Li Lian ® 2019
° ]F

(:c) v+ a1 @y 4 a@y “0(“3)] b)) "

L 82 B 0(
has a
e THEN %\’3 D()—

Isi0e €
@Y + @D b+ w@ '+ a@y = ()

=% 4lx)

has a /jP > %/IPL(\Q
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—\3;”—313;’-#43;: 1622 4+ 24+ — 8 'é")[:@
1"”_33”"'4_?4((@‘_3205) =) y/g;‘\ f'g/i L“\P);@




Summary - 4.1: Initial-Value & Boundary-Value Problems e Lion © 201

e 2nd-order DE:

Solve: 2. ¢
d<y(x) dy(x)
az(z) ——— + a1(z) + ag(z) y(z) = g(x)
dx dx
Subject to:
e Initial Condition e Boundary Condition
y(zo) = yo { a1 y(a) + B1y(a) =7
v (zg) = y1 ap y(b) + B2y'(b) = o
y(x)
A

i
>

oS
N o |
1 i

__|_— > T




Summary - Thm 4.1.1: Existence of a Unique Solution L Lion @ 2019
. dy(x) d"ty(z) dy(z)

an(@) ——= + an-1(2) —=== + -+ + a1(@) —— + ao(@) y(z) = g(2)

subject to: y(zo) = o, ¥'(z0) = 1, ¥P(x0) = v, -, ¥ V(o) = yn_1

o Let ‘an(l’): an—-l(gj): R CL]_(.CE), aO(:U) & 9(33)

be continuous on I

e And ap(z) #= 0, Ve el, zg€l

e Then IVP exsits a unique solution y(xz) on I



Summary - Thm 4.1.5: General Solutions — Homogeneous Eqri¥™r; =i b01o

n, n—1, (¢,
d"y(z) Y@ L () B®)

an(x) —
n(2) dx™ drn—1 dx

+ an-1(z) + ao(z) y(z) = 0

(1@, 2@, @)}
a fundamental set of solutions for the DE on I
(1) yi(xz), :=1,2,---,n are solutions
(2) {yl(:cr), yo(x), -+, yn(:c)} is linearly independent

Y1 Y2 nee Un

ﬁk y’l y’z .o y,
%% n
(y]_v Y2, sYn) — det E 7& 07 Ve el
B ST el

e [ he general solution:

y(z) = cry1(x) + coyo(z) + -+ + cnyn(x)



Summary - Thm 4.1.6: General Solutions — Nonhomogeneous EdRG. 1 ane 2016

[ ) d"ly(z) dy(ﬂf)

n(r) —on T on-1(@) — =T 4 a1 (z) + ao(z) y(z) = g(=)

g(z) # 0

e T he general solution:

y(z) = cry1(z) + coyo(z) + -+ cnyn(z) + yp(z)



