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Figures and images used in these lecture notes are adopted from
Differential Equations with Boundary-Value Problems, 9th Ed., D.G. Zill, 2018 (Metric Version)
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= 11.1: Orthogonal Functions

s 11.2: Fourier Series
s 11.3: Fourier Cosine and Sine Series
= 11.4: Sturm-Liouville Problem (BVP)

= 11.5: Bessel and Legendre Series



11.1: ORTHOGOAL FUNCTIONS et L5018

e In R3 vector space

L = Yy — i, Y; € R

e Inner Product (Dot Product) of z and y in R3:

(-,-) : R x R° — R

(z,y) =



11.1: Properties of Inner Product

a:,y,zER3, ke R

(1)

(2)

(3)

(4)

(z,y) = (y, z)

(kz,y) =k(z,y) = (2, ky)

0
(z,2z) =0 onlyif =z = |0
0

0]
(z,z) >0 onlyif = # |0
0]

(z+y,2) =(z,2z) +(y,z)
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11.1: Def 11.1.1: Inner Product of Functions FergLi Linn 2015

f1, fo,: two functions on an interval [a,b]

(f1, f2) = /ab fi1(z) - fo(z) dx

(1) (fi,f2) = C(f2, f1)

(2) (kfi,f2) =k(f1,f2)=C(f1,kf2)

3) (fi,f1) =0 onlyif fi1 =0, Ve€la,b

(fi,f1) >0 onlyif f1 £ 0, Vz € [a,b]

4) (fi+ fo, 3) =C(Cf1, f3) + (f2, f3)



11.1: Def 11.1.2: Orthogonal Functions oot Lo 2015

f1, fo,: two functions on an interval [a,b]

IF (fla f2) = /ab fi(z) - fo(z) dz = O

THEN  f1, fo is said to be orthogonal on [a,b]



11.1; Example 1: Orthogonal Functions D Fera i Lo 2016

(a) fi(z) =22 folz) =27, on [-1,1]

() fi(z) =2%, fo(z) =2 on [-1,1]



11.1: Def 11.1.3: Orthogonal Set Diﬁéﬁ??;??@”ig . g
{é0(@), 61(2), 62(2), -}

a set of real-valued functions on |[a, b]

F (om@), @) ) = [ oG on@) de = 0, m#n

THEN it is an orthogonal set on [a,b]



11.1: Example 2: Orthogonal Set of Functions D Fera i Lo 2010

{1, cos(x), cos(2x), ---, cos(nx), } on I = [—m, ]



. P DE11.1-Orthogonal - 10
11.1: Definition of Norm Feng-Li Lian © 2019

a vector in R

e Norm of _
a function on [a,b]

ul
v = |uy | €R3 f(x) a function on [a, b]

us3

>

[l

1F@)ll =



11.1: Orthonormal Set DEéleﬁﬁritE?fnocgalzbisla

{é0(2), 61(2), d2(@), |1 on [a,t]

1) {oo@), 102, 62(2), -}

(2)  lon(2)|] = , n=20,1,2,---

if¢e=y
e,  (¢i(2), ¢j(x)) = 5

\ if ¢ %23



11.1: Examples 3 & 4: Norms & Orthonormal Set O et Lo 2016

{1, cos(x), cos(2x), ---, cos(nzx), } on I = [—m,«]
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| 11.1: Vector Decomposition & Orthogonal Series Expansion DEEQ,%;JL?g:gzmg

win R3

u =




o . . .1-Orth [-14
| 11.1: Vector Decomposition & Orthogonal Series Expansion DEEQ,%;JL?g:gzmg

y = f(z) on [a,b]

flz) =




llllllllllllllllllll

0.@)

n=0

_ Ja (@) - ¢n(z) da
JE $3(x) da

Cn

(@), en@))
(@), da@)

2
¢n(m)H




11.1: Def 11.1.4: Orthogonal Set/Weight Functions O et L 2016

{é0(2), 61(2), da@), - |

orthogonal with respect to a weight function w(x)

IF /b w(x) - dm(x) - dn(x)de = 0, m#*=n

a

f(x) = cogo(x) + c1 ¢1(x) + o do(z) + -+

_ Ja f(@) - w(@) - ¢n(z) do
f£ w(z) - p2(z) dx

Cn
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s = {eo(@), 61(2), 62(2), -}

IF the ONLY function orthogonal to ¢;(z) is ZERO function,

THEN S is a complete set

{1, cos(x), cos(2x), ---, }

{1, cos(xz), sin(x), cos(2x), sin(2x), ---, }
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Summary - 11.1: Orthogonal Functions Feng-Li Lian © 2019

f1, fo,: two functions on an interval [a,b]

® Inner Product of Functions

(f1, fz) = /b fi1(z) - fo(z) do

a

® Orthogonal Functions

(fla f2> = /ab fi(x) - fo(x)dx = O

® Orthogonal Set {¢0(33)7 $1(x), ¢p2(x), } :

F (om@), 0@ ) = [ om@) @) dz = 0, m#n

® Orthonormal Set {cbo(:c), o1(x), do(x), } :

| 1 ifi=j
e,  (¢i(z), ¢;(x)) = {O i



Summary - 11.1: Vector Decomposition et Lo 2010

® \ector Decomposition & Orthogonal Series Expansion

Yy — f(l') on [a,b] L fal? f(:l:‘) an(ib‘) Ao
00 n = ;
f(z) = Z cn dn(x) fa %(37) dx
"= (1@, ¢u@)

(@), 60(@) ¢n(m)“2

® Orthogonal Set/Weight Functions

{é0(2), 61(2), da@), - |

orthogonal with respect to a weight function w(x)

F [ () - om(z) - dn(@) de = 0, m#En

a

f(x) = codo(x) + c1 ¢1(z) + co Po(z) + ---

_ S f@) w(@) - ¢n(z) da
S w(z) - ¢2(x) do

Cn



