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Differential Equations

Unit 05.1
Linear Models: Initial-Value Problems

Feng-Li Lian
NTU-EE
Sepl9 — Jan20

Figures and images used in these lecture notes are adopted from
Differential Equations with Boundary-Value Problems, 9th Ed., D.G. Zill, 2018 (Metric Version)
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| 5.1.1: Spring/Mass Systems: Free Undamped Motion DEgﬁgﬁ“{'ﬂgi'gg@ig’

e free undamped motion:

— free: no external force
— undamped: no friction

unstretched

equilibrium
position
mg —ks=0

e Hooke's law:

e Newton’'s 2nd law:
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dt2
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5.1.2: Spring/Mass Systems: Free Damped Motion  FomLl Lian® 2015

e free damped motion: — damped: friction

d2z
m—
dt2

= mio =
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(1) M2 —w? 0 ( )T 4

= z(t) =

Vv

(2) A2 — w? O ( )

S 4

(3) A2 —w? 0 )

or z(t) =

Vv




| 5.1.3: Spring/Mass Systems: Driven Motion
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e driven motion:

— With external force

d2z
= m—
dt?




: DEO0S5.1-Model-IVP - 9
5.1.3:

Feng-Li Lian © 2019
e consider underdamped case:

o IF F(t) = Fpsinrt

= x(t) =
= xp(t) =
= z(t) =

X (t) = transient
+ steady-state

Fransient




5.1.3: DE of Undamped Motion with External Force oot Lian © 2015

e Resonance

= A =

d?x

= —
dt2

= xc(t) =
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/1 2
= Ip + wrp =

= xp(t) =

= x(t)

= x(t)
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5.1.4: Series Circuit Analogue Feng-Li Lian © 2019

SR

- d;(t) + Ri(t) + = /z(t)dt = E(1)

dg®(t) | ,da(t) | éq(t) E()

= L= dt -
di?(t) di(t) 1 . dE(t)
OR L= T B~ + Ez(t) T4t
2
z°(8) | 5 dm(t) + kz(t) = f(t)

dt?
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e IF E(t) =0

= electrical vibrations of the circuit

e auxiliary eqgn:

e [F R#A0, the circuit is

damped if R2 — % 0
damped if R2 — % 0
damped if R2 — 4L 0
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e IF E(t) = Egsinrt

= electrical vibrations of the circuit
dg?(t) dg(t) | 1 .

= L R —= —q(t) = Epsinrt
o + o + Cq() osSinr

= qc(t) =

= qp(t) =

= ip(t) =
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dz? (1) dx ()
dt? 2 dt

+ w?z(t) = f(t)

e free undamped motion: #f  uidped

\ ﬁ(

= z(t) = ¢1 coswt + co Sinwt

e free damped motion:
(1) X —w?>0 ( overdamped ) O~
= 2(t) = e M (cle )\Q—wat + coe” V )

(2) M —w?=0 ( critical damped )

= z(t) = e~ A (c1 + cpt) /
(3) M —w?2<0  (underdamped )

= z(t) = e M (cl COS \/w2 —A°t + cosin \/w2 — >\2t)
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dz? (1) dx ()
dt? T 24 dt

+ w? z(t) = f(t)

e driven motion:

= z(t) = zc(t) + zp(t)

e Resonance

re(t) = c¢1 coswt + co sinwt
f(t) = Fy1 coswt + F5 sinwt

At coswt + Bt sinwt

= zp(l)
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