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PID Control (Proportional, Integral, Derivative) Feng-Li Lian © 2020
® PID Control:

® Proportional: Simple Proportional Feedback

® Integral: Eliminating Bias Offset

® Derivative: Anticipatory

Dc(s) = kp ‘|‘ — ‘|‘ kp s

¥Y(s)

Plant
Gi(s)

Controller
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® Proportional Control

R(s)

¥(s)

Plant
G(s)

Controller
D cf (5)

u(t) — kp e(t)

U(s)
E(s)

Dcl(s) = kp

® No dynamics, a static controller
® [k, : Proportional Gain
® An amplifier with a “*knob” that can be adjusted up or down
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® Consider a 2nd-order plant:

Controller

Y(s)
Dy(s) ?

A R
e = 52+ a1s + as UGs) _ Dy(s) = k -
E(S) cl P

® [or the closed-loop system, the characteristic equation is:

Y(S) . kpG
R(s) 14 kpG

T(s) =

A

L+ kpGls) =0 1+kP82-|-a s+ a
1 2

= 0

82+a13—|—a2 + kpA =0

s°+a1s+ (ao+kpA) =0 5
Wn
= (ax + kp A) H(S)_32+2Cwns-|—

= for natural frequency, not damping




Proportional Control

® Consider a 2nd-order plant:

zeta=0.707; wn=1; A=1;

k=1.5;
sysy = k*A/(s"2+2*zeta*wn*s+wn”2+k*A);
[y,t] = step( sysy, t);

k=6;
sysy = k*A/(s"2+2*zeta*wn*s+wn”2+k*A);
[y.t] = step(sysy, t);
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?Wfs'l
? 1 o L) G
U(s)
= D = k
E(s) cl(S) P
Y(s) _ G
wW(s) 14 kp G
U(s) kp G
W (s) 1 + kpG
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) ?Wfs}
® Consider a 2nd-order plant: - -
pl A R Oy
G(s) = — T
sc+14s+1 U(s)
— Dcl(s) = kp

’l“(t) — 1(t) E(S)

zeta=0.707; wn=1; A=1;

k=1.5; 1.2
sysy = k*A/(s"2+2*zeta*wn*s+wn”2+k*A);
[y,t] = step( sysy, t); e e L

kp=6
k=6; 0.8
sysy = K*A/(s"2+2*zeta*wn*s+wn"2+k*A); | < L
[y.t] = step(sysy, t); = 06 :
0.4
0.2
00 2 4 6 3 10

Time (sec)
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® Integral Control

R(s) / Controller Plant Ks)
D(s) G(s)
t
w(t) = ki / e(r) dr
to
U(s) ky
- DCZ(S) = — Area
E(s) S
= u(ty) =k, ['e(r) dr =k, - area
® [k, : Integral Gain
® Sum of all past values of the tracking error
® Based on the “history” of the system error | o o N .

® A dynamic controller
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® The closed-loop system:

R(s) ’ E Controller ¥(s)
E(s) 1 B S m
R(s) 14 kg s + kr G Oan
A Us) — pus) = M
U(S) . ?I — k] E(S) cl
o k kr G
R(s) 1+ %G s + kj
T(s) Y (s) % G - kr G
°) = - k o kr G
R(s) 14 Mg s+ kg
® Unit-Step Reference Input: r(t) = 1(t), R(s) = 1/s
y(oo) = lim s 1 kG — k1 G(0) 1
s—»0 ss + kiG 0O + k; G(O)
. 1 s 0
e(c0) = Iim s — — — 0
s—0 ss + kG O + kj G(0)
u(oco) = Iim 51 k1 = i = GgO) =1

s=0 ss+ kG 0+ k;y G(0)



Integral Control

® The closed-loop system:
Y (s) s G
W(s) s + kG

U(S) kIG

W(s) s + kG

® Unit-Step Disturbance Input:

w(t) = 1(t), W(s) = 1/s

? W(s)

" [
R(s) Controller L Uls) +

S
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| Plant

W N
T—/ DL'F{S‘J

G(s)

, 1 s G
y(oco) = Iim s —
s—0 ss + kG
. 0 G(0)
0 + k; G(O)
u(oo) = Iim —81 ky &

zeta=0.707; wn=1; A=1;

% Disturbance with integral control

ki=0.5

sysy = s*A/(s"3+2*zeta*wn*s2+wn”2*s+ki*A)

[y,t] = step(sysy.t);

sysu = -ki*A/(s"3+2*zeta*wn*s"2+wn"2*s+ki*A)

[u,t] = step(sysu,t);

k; G(0)

0 + k; G(0)
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?Wfs‘ll
® The closed-loop system: R M v o
—(¥) " .(g::fﬂer Li é P()?I?? )[ -
Y(s) s G \r )
W(s) s+ kG O
U(S) . kl G 1
W(S) o S -l— kﬁIG _ 0.5%
® Unit-Step Disturbance Input: '
W(t) = 1(t), W(S) =1/s 03 5 10 . 15( 20 25 30
1 G
y(oco) = Iim s — i
s—0 ss + kG 0
. 0 G(O) IS N -0.5
0 + kyG(O) .
1 k G 13 5 10 15 20 25 30
U(OO) — ||m — S — ! Time (sec)
s—0 S S + k[ G (b)
kr G(O)

0 + k; G(0)



Derivative Control

Derivative Control

Controller

DL'."”J

w(t) = kp é(t)
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Plant
G(s)

U(s)

E(s) = Dy(s) = kps

kp : Derivative Gain

Rate feedback, know the slope of error signal
Anticipatory behavior

Improve the stability of closed-loop system
Speed up the transient response

Reduce overshoot

Amplify noise

¥(s)



Derivative Control

Derivative Control

almost never used by itself. R O_t@_, -

It is usually augmented
by proportional control.

Derivative Control
does not supply desired end state.

e(t) = constant
-->de(t)=0

G(s)
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oY

kp +¥+kﬂs

®—~ Gis)

Provide sharp response ]
to suddenly changing signals

By using velocity sensor (e.g., tachometer)

(b)

The closed-loop characteristic equations of (a) and (b) are the same.
But, the zeros from reference to output are different.
Because the reference is not differentiated in (a).
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® Pl Control

R(s)

¥(s)

Plant
G(s)

Controller
D cf (5)

t
w(t) = kpe(t) + k; /toe(T) dr
gg; — Du(s) = kp +

® Allow for a fast response

® | control raises the type to Type 1 and
reject constant bias disturbance
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® PID Control

R(s)

¥(s)

Controller
D cf (5)

Plant
G(s)

t

u(t) = kpe®) + ki [ e(r)dr + kpé®)

to
U(s) kr
E(S) Cl(s) P + 3 + D S
- . ki A
: k — 4+ kps =

® Characteristic Equation: 1+ (kp+ " +kp )SQ_I_CMS_I_@2 0

1+ Dy(s) G(s) =0
s°+ays+ar + A(kp + adl + kps) =0
S
sS+ais’+ass + A(kps + k; + kps®) = 0

s>+ (a1 + Akp) s° + (ag+ Akp) s + Ak; = 0

= 3 roots by 3 parameters (gains)
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® Example 4.5: PID Control of Motor Speed (from Ex 2.15)

® Parameters:

® /. : 1.13 x 1072 N m sec?/rad
® b: 0.028 N m sec/rad
® L,: 1071 H K=.0670; L1=0.1; J1=0.0113; R=0.45; b=0.0280;
® R,: 0450 N
® K,: 0.67 N m/amp dp=[L1*J1 R*J1+b*L1 R*b+K*K];
® K 0.67 V sec/rad dclp=[L1*J1 R*J1+b*L1 R*b+K*K+K*kp];
€ nclp=K*kp;
nclpw=[L1 R];
® Gain: dclpi=[L1*J1 R*J1+b*L1 R*b+K*K+K*kp K*kil;
nclpi=[K*kp K*ki];
® Kp: 3 nclpiw=[L1 R O[;
® K : 15 dclpid=[ L1*J1 R*J1+b*L1+K*kd R*b+K*K+K*kp K*Ki];
nclpid=[K*kd K*kp K*Ki];
® K. 0.3 nclpidw=[L1 R 0];
sysp = tf( nclp, dclp );
syspw = tf( nclpw, dclp);
syspi = tf( nclpi, dclpi );
Responses of P, Pl, and PID control syspiw = tf( nclpiw, dclpi );
to: (a) step disturbance input syspid = tf( nclpid, dclpid );
to: (b) step reference input syspidw = tf( nclpidw, dclpid );
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® Example 4.5: PID Control of Motor Speed (from Ex 2.15)

® Parameters:
® /n:
® D:
C
® R, :
® K, :
® K,

® Gain:
® Kp:
® K;:
® Kj,:

1.13x 1072 N m sec?/rad

0.028 N m sec/rad
1071 H

0.45 Q

0.67 N m/amp
0.67 V sec/rad

15
0.3

Responses of P, PI, and PID control
to: (a) step disturbance input

to: (b) step reference input

Amplitude

Amplitude

8

6

1.8
1.6
1.4
1.2
1.0
0.8
0.6
0.4
0.2

../'/P
n ' PI
I
b
1D
V
1 2 3 4 5 6
Time (msec)
(a)
PID
In\ PI
f A
LA X pan
: lUf VY
I
1 2 3 4 5 6
Time (msec)
(b)
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® Example 4.6: PD Control for DC Motor Position Control (From Ex 4.4)

T W(s)

(@) De(s) = kp

B

A

EfF— &
RW@% [ ] or (b) De(s) :

—hl

I
2y

z
|

(a) The closed-loop transfer function from W to E (where R = 0) is:

B
Tw(s) = = s(rs + 1) + Akph
= 5% T00(5) n=0
Akph
Kw,O — = ;
= Type O: Steady-state error to a unit-step disturbance input is:
B
€ss —

- Akph
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® Example 4.6: PD Control for DC Motor Position Control (From Ex 4.4)

T W(s)

(@) De(s) = kp

B
By b) D — k il
ot [ 1o (b) De(s) = kp + —
| —

(b) The closed-loop transfer function from W to E (where R = 0) is:

Bs
Tuls) = - s2(rs+ 1) + (kps + k;) Ah

n =1
Akrh
Kw,n — BI
= Type 1: Steady-state error to a unit-ramp disturbance input is:
B

€ss —

 Aksh
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® Example 4.7: Satellite Attitude Control

® /: moment of inertia + gt [ 14l
RoO—> K D) —2 o I 060=Y
® \W: disturbance torque )

® K. sensorand reference gain

(a)

® D.: compensator

(b) DC(S) — kp —|— ]CDS

k
(€) De(s) = kp + — + kps

Model of a satellite attitude control:
(a) basic system

(b) PD control

(c) PID control
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® Example 4.7: Satellite Attitude Control
(b) De(s) = kp + kps : |
1 Ro—s Kk |— D,(s) U+ % 2y ., 09=Yy
Tw(s) = -
w(s) Js2 + kps + kp
— Tw,O(S) @
n = 0 Kw,o —_ ICP =
T O 1 R ; k, +kps 4 ; # oY
H . (& _— + :
ype U 55 kp »
kr
(&) De(s) = kp + L + kps
S W
T S — + k /L I
'LU( ) JS3 _I_ kDSQ + kPS + kIR ) ky+ ZL+kps +® -2 oY
1
T S — —=1.0
w,0(s) Js3 + kps2 + kps + k;
(c)
n =1 Kw,n — kI Model of a satellite attitudé control:
1 (a) basic system
= Type 1: €ss — —— (b) PD control

kl (c) PID control



