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Stability
= Stability:
* An LTI system is said to be stable
If all the roots of the transfer function
denominator polynomial have negative real parts
(that is, they are all in the left-hand s-plane)

and is unstable otherwise.

= Stable System:
« A system is stable
If its initial conditions decay to zero and

IS unstable if they diverge.
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Stability Feng-LiLan © 2020
® Time functions associated with points in the s-plane
(LHP, left half-plane; RHP, right half-plane)
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* Bounded Input-Bounded Output Stability (BIBO Stable)
« A system is said to have BIBO stability
If every bounded input results in a bounded output

(regardless of what goes on inside the system).

System

h(t), H(s))
Input Output
(u(t), U(s)) (y(t), Y(s))
d —

= |f the system has
iInput u(t), output y(t), and impulse response h(t),

then

() = /_ Z h(t) u(t — 1) dr



Bounded Input-Bounded Output Stability Fera Lt Lion ® 2070
System
- ht), His)
S Input Output
y(t) = / h(t) u(t —7) dr (u(t, U(s) 1), Y(s)
—00 —_— —

= |f input u(t) is bounded |u()] < M < oo

= And output y(t) is bounded by

|y\=‘/oo h u dr §/_ ] |ul dT §M/_ |h| dT

= That is, output y(t) is bounded if /OO |h| d= IS bounded.

— G
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System
- ht), His)
S Input Output
y(t) = / h(t) u(t —7) dr (u(t, U(s) 1), Y(s)
—00 —_— —

= On the other hand,

suppose the integral is not bounded and the input is bounded,
“e.g., u(t-t) =+1ifh(z) >0

and u(t-t)=-1ifh(t) <0

yl= [ D) dr

* The output y(t) is not bounded.



Bounded Input-Bounded Output Stability

y(t) = / h(t) u(t —7) dr (o U(s)
oo s

Mathematical Definition of BIBO Stability

* The system with impulse response h(t) is BIBO stable

If and only if

the inteqgral o0
J / \h(T)| dr < o
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System
h(t), H(s))

Output

(y(t), Y(s))
—



Bounded Input-Bounded Output Stability
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= Example 3.31: BIBO Stabillity for a Capacitor

= h(7)

f_O:O h(7)| dr

1(t)

fOOdT — 0

, O — wiit)
u(f) '

® Capacitor driven by current source
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= Consider the LTI whose transfer function:

T(s) — Y(s)  bgs™4bys™m 4+ by b(s)
 R(s)  s"+aysml4--dan, a(s)

m .
K H::L:l(s — Z’Ii)’ m S n
H@:l(s pZ)

T
D> K el
1=1

= y(t)

= p; are the roots of a(s), denominator polynomial

= K; depend on the initial condition and zero locations
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System
h(t), H(s))

Input Output
(u(t), U(s)) (y(t), Y(s))
ﬁ —

= The system is stable

If and only if (necessary and sufficient condition)

every term goes to zero as time goes to infinity

= Pt 5 0, as t— oo, forallp,
= This will happen

If all the poles of the system are strictly in the LHP:

= Re{p,} <O

= This is called internal stability



Stability of LTI Systems
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System
h(t), H(s))
Input Output
(u(t), U(s)) (y(t), Y(s))
— —

Unstable
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= Consider the characteristic equation of an nth-order system:

a(s) = s"+a1s" T +ass" °+---+a, 1s+an

= A necessary (but not sufficient) condition
for stability of the system is that
all of the roots have negative real parts
which in turn requires that

all the { a; } be positive.

= Equivalent test were independently proposed
by Routh in 1874 and Hurwitz in 1895.
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= Routh showed that
a system is stable if and only if

all the elements in the first column of the Routh array

are positive. a(s) = s"+a1s" 1 4axs"?+- - +ap_15+an
* Routh array: 1
ROW n Sn : 1 a2 a4 . . det [ a2 ]
Rown-—1 s» 1 :]a .. = — 193
a1 az| as b1 =
ail
Row n—2 s" 2 :|by by b3 1 a
Row n—3 s 3 : ci Cp C3 --- det[ 4]
ail as
62 —_— —
ai
det [ al 36 ]
by = — 1 4

ai
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= Routh showed that
a system is stable if and only if

all the elements in the first column of the Routh array

are positive. a(s) = s"+a1s" T 4as" 2+ +a, 15+an
* Routh array:
Row n s™ det [ Zl 23 ]
Rown—1 g1 ‘1 = = b1 2
1
Row n —2 s 2
ROW n — 3 8n—3 det al a5
b1 b3
Cp — —
2 be

C3 bl
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= Routh showed that
a system is stable if and only if

all the elements in the first column of the Routh array

are positive. a(s) = s"+a1s" T 4as" 2+ +a, 15+an
* Routh array:

Row n s™ 1 ap ag
Rown—1 st 1 - aj] a3z as

Row n—2 s 2 : b1 bo b3
Rown—3 s 3 : ¢1 ¢ c3

Row
Row 2 52 : %
Row 1 S

* K* *

Row O sV
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= Example 3.32: Routh’s Test

a(s) = O+ 424+ 3%+ 253+ 2 +45+4

¢ -1 3 1 4
| 2 4 0

4 . 12-43 _ 5 4.1-4.1 __ 1.0—4-4 __
s =g =5 —7g =0 =4
3 - ~4.0-5/22 __ 5 - 4.4-5/24 12
: 52 52 5
2 . _5/2(-12/5)-2.0 _ _5/20-24 _ ,
2 2
. 5/2.(-12/5)-2.0 _ 76 0
5 - 2 — 715
0 . _0-(-76/15)4 __ ,

(—76/15)



Routh’s

= Example 3.33: Stability versus Parameter Range

Stability Criterion

® A feedback system for testing stability

FOo——

5+ 1

?7 K I 56+ D5 +6) | Y

= The characteristic equation for the system:

1 + K

s+ 1

s(s—1)(s+ 6)

1 K -6
5 K

(4K —30)/5
K
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s>+ 552 4+ (K-6)s + K =0

(4K —30) _

=

= K > 0

O

= K > 7.5
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= Example 3.33: Stability versus Parameter Range
® A feedback system for testing stability

+ s+1

r K — G+ Dis+6) [ o)
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TAEE L\
ST

W\ /N
—0.5 \..,/ \v/

—1.0
0

2 4 6 8 10 12

Time (sec)

® Transient responses for the system
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= Example 3.34: Stability versus Two Parameter Ranges
® System with proportional-integral (PI) control

+ K; ‘ 1
K (%j K +—+ 1 s+ 1Dis+2)

o

* The characteristic equation for the system:

K, 1
L+ B0 D6 +2)

s3 11 24+ K

82 : 3 KI
s : (643K-—K;)/3
SO : KI

s34+ 324+ (24+4K)s+ K; =0

1
= K>§K[—2

= Ky > 0
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= Example 3.34: Stability versus Two Parameter Ranges
® System with proportional-integral (PI) control

1
? 1 = K>-K;—2
Ro— K"‘? "5+ Dis+2) ‘ Y = 3 I
= Ky > 0

0.8 /
Y 06 I rdlink

|

/

/ 0.4
0 6 K, 0.2 :
a1 F
) 0 .

— 0 1 2 3 4 3 6 7 8 9 10

Time (sec)

® Allowable region for stability ® Transient response for the system



