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Laplace Transforms Fon L1 Lian © 2026

* The two-sided (or bilateral) Laplace Transform
F(s) = / T r(t)etdt

= The one-sided (or unilateral) Laplace Transform
F(s) 2 / T r (e dt
o
» The Fourier Transform s =0+ jw

Fjw) = /_O:O F(D)e 7 tdt
c{r®} = 7{rwe|
=c{s®}  =F{r®}="riw)

* The Inverse Laplace Transform

F(s)

s=jw s=jw

) =2 77 B(s)etds

7Tj og—700



Laplace Transforms of Step, Ramp, Impulse, Sinusoid FUNCHIONS oy Lane 2020

= LT of Step Functions
ﬁ{a 1(75)} = /ooa, 1(t) e *'dt = 2, Re{s} >0
0 S

= LT of Ramp Functions

clot1()) = /Ooob t1(t) e dt

b
vl Re{s} >0

= LT of Impulse Functions

cls)}) = /O Ts) e tdt = 1

= | T of Sinusoid Functions

L {Sin(wt)} = /(JOO Siﬂ(wt) e ldt = 2 in,Re{s} >0

L {cos(wt)} = fooo cos(wt) e *'dt = Re{s} >0

32-|—fw2’
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Table of Laplace Transforms Continued
Number F(s) flt),t=0 Number F(s) f(t),t=0
1 1 &(t)
b—a
I e—at . e—bt
2 s 1o = s +a)s+b)
3 st ‘ 14 = (1 - at)e~0t
i - 2 (s +a)?
! 2
a
— 1—e"%(1 +at
5 3!,’54 t3 15 S(S -+ 0)2 ( )
b—a)s
6 m!jsm""- tm 16 (— be—bt _ ge—at
. (s+a)(s+b)
7 —at a .
s+a € 17 TR sinat
1
g te—*ﬁ't A5
(s ta)E . 18 sz+_02 cosat
_* 1 j2p—at s+a w
< 5+ 0)3 2t 1E 19 m e at cos bt
10 L tm-—ie—at b
s +a)m (m—1)! 20 —— e~ sin bt
i a A (s +a)? + b2
s(s+a) 2 2
% a 1ot —14e-t) 21 %— y (cos bt + g sin bt)
si(s+a) a s[(s +a)¢ + b¢]

Fo41 % 5L Franklin 2015




Some Laplace Transform Pairs

TABLE 9.2 LAPLACE TRANSFORMS OF ELEMENTARY FUNCTIONS

Transform
pair Signal Transform ROC
1 8(1) 1 All s
2 (1) ; Refs} = 0
3 —u{—1) % Refst <0
=1 1
4 - il
TS u(t) o Relst = 0
5 - Lu(—r) ! i3t 0
] s els} <
‘ |
G &) —
e ™uli) i Rels} » —a
- 1
-Ilp ey ! - e
e "u(—1) ra Rels} < ~a
fu—l ot 1
8 T e~ u(r) Grar Refst = —a
el 1
9 S 33 o - _
TSV Gray | Seld<-a
10 8(r—T) g7 Alls
s
11 [cos wyt]u(D) m Refst =0
12 [sin wotlulf) ;l_—ﬂw% Refst = 0
e +
13 [e ™ coswpt]ult) {—S-_f%-:i—m% Rels} > —a
14 ~at g o _
[e™" sinewqt] (1) CEXIITT Rels} > —a
dro(i
15 (t) = = ﬂf s 5" All's
16 U_n(1) = ult) % % u(r) 1 MRels} =0
— — &

7t times
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| Some Laplace Transform Pairs ansg?ﬁ{ e 207

0 U 0) = Fo) 0 ELf () = Fls) ) Hs0) = o)
L1 k 38. Jo(kt) !
- vl e — . —
. " 18, ¢ sin kr Py o Ve T+ 2
. | e 3. & : ¢ lnj Z
. 1 - ar e —
e 19. e cos kt [T
- 2 4
n p o - . 4. 2(1 ::05 ki) s : K
30 prevt n a positive integer 20. ¢ sinh kt m
2(1 — cosh kt st — K
. 2 \f—T [— s—a 41, ( :Tm ) Ins -
. : . " cosh ki s
va 2 sin aft arctan (a)
™ 2k . s
5. (12 —x 22, rsinkt = ' '
2s (7 + k)2
I 1 43 sin at cos bt ! arctan atb + ! arctan 4z
(a + £-k sy 2 5 2 .
[ . = =1 v t 2 5 2 5
e 23. rcos kt @+ Ky .
“ 1 — PR
. k . 2ks? y
7. sin ki e 24, sinkr + kt cos kt m Vit Vs
a . s
5 ) ij 45. . e 140 e avs
8. cos kt o 25, sin kr — ki cos kr e 2Vt
—aVi
a e
) 22 ks 46. erfc (7)
9. sin® kt —_— i L 2V 5
sin RTETES 26. ¢sinh kr -y
24 47, 2, [ et — gerfe (-2 e
: 2 SR P2 aeel ey i
10. cos” kr EEyED 27. tcosh ki T
48. et erfe (h\/f + L) L
11, e ! 2 & I S ' 2V (Vs + b)
yoa a—b (s —a)s — b)
49, —ehePrerte (bw . L) _be
12. sinh kr - 29, 0" = be” s ’ Y (Vs + b)
=k a—b (s —a)s — b) a
+ 4
s p erfc (2 \ﬁ)
13. cosh kt ERE) 30. 1 — cos kt T
5 s(s* + k) 50, e f(1) Fis — a)
217 IS —as
- L .
14. sinh*kr e 31, kt — sin ke TR 51 UG — a) es
2 _ 2 . . — - —as
15. coshks ‘(52 _24";(2] 32, sin brz— b s;n ar i 1] —_— 52, f(r — )t — a) e “F(s)
sy ab(a® — b*) (s* + a’)(s* + b) 83, (VU — a) e SR gt + a)}
1 cos bt — cos at 5 . .
16. 1¢' — , SosOr — cosal -5 54, fU(r) SF(s) = s"Vf0) = - - — fO0(0)
(s = ar R (2 + @it + b)
an
n o 20 S5. 1" f(1) (=1~ F(s)
A ar L - - ds"
17. "¢ Goar n a positive integer 34. sin kr sinh kr Py
. k(s® + 2&%) 56. ff(‘r)g(l - 7dt F(s)G(s)
35, sin kt cosh kt T ar o
k6 — 20) 57. 8(n 1
. s =
36. cos kr sinh kr W 58, 3{! — to) e
3 -
7. cos kt cosh kr —_— p N H
sk fe s = A2 Zill 2009




Properties of Laplace Transforms

Superposition
Time Delay
Time Scaling

Shift in Frequency

Differentiation
Integration
Convolution
Time Product

Multiplication
by Time

Initial-Value
Theorem
Final-Value
Theorem
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Properties of Laplace Transforms

Number Laplace Transform Time Function Comment
— Fi(s) fit) Transform pair
1 aF1(5) + BFa(s) afi(t) + Bf2(h) Superposition
2 F(s)e—* fit—a) Time delay (A > 0)
1
3 HF G) fat) Time scaling
4 F(s+a) e tF(t) Shift in frequency
5 s™F(s) — " (0)
—5"2f(0) — ... — F™TD ) £t Differentiation
t
6 %F{S] [ fieyde Integration
J0
7 F1(5)Fz2(5) F1(t) # f7(E) Convolution
8 SEI'II:IESFHJ f(o™) Initial Value Theorem
9 lim sF(s) im fit) Final Value Theorem
5—0 t—00
1 [OcH
10 . [ F{{)F2 (5 — O)de F1(E)f2(t) Time product
2"_'t-.l.r ;i’?’c—jm
O e o
11 P Y{—jw)U(jw) dw Jg y(thu(t) dt Parseval's Theorem
I _-il'c\{:
d
12 —EF{S‘J ff(t) Multiplication by time

=41 % ¥t Franklin 2015




Properties of Laplace Transforms

Superposition
Time Delay

Time Scaling

Shift in Frequency
Differentiation

Integration

Convolution
Time Product
Multiplication

by Time

Initial-Value

Theorem

Final-Value

Theorem
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TABLE 9.1 PROPERTIES OF THE LAPLACE TRANSFORM

Laplace
Section Property Signal Transform ROC
x(1) Xis) R
.I!'l:f} X| ES} R|
(1) xz(ﬂ R;
9.5.1 Linearity ax (t) + bxx(f) | ak,(s) + bX:(5) | Atleast Ry N R,
09.5.2 Time shifting x(f —1y) - e Mo X(x) R
9.5.3 Shifting in the s-Domain &9 (1) X(s — 500 Shifted version of R {ie., 518
inthe ROC if 5 — 55 15 In R)
954 | Time scaling x(af) ﬁx(f) Scaled ROC (i.e., 5 is in the
i\ ROC if s/a is in R)
9.5.5 Conjugation x*'{r) X*(s%) R
9.5.6 Convolution X0 % x2(0) Xy (5)X5(8) At least By N R,
9.5.7 Differentiation in the ix{r} SXi(5) At least R
: : dt
Time Domain
9.5.8 Differentiation in the —tx(f} di X(5) R
s-Domain 8
. 1
9.5.9 Integration in the Time J x(7)d(1) ~X(5) At least R N {Refs} > 0}
Domain =
............................... e
Initial- and Final-Value Theorems
9.5.10 If x(r) = 0 for t < 0 and x(¢) contains no impulses or higher-order singularities at ¢ = 0, then

x(0*) = lim sX(s)
§—hes
If x(r) = O for t < 0 and x(¢) has a finite limit as r— =, then
IIﬂhn ;t{l:l = 1i|1|aj sX(s)
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Inverse Laplace Transforms
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= [nverse Laplace Transforms by Partial-Fraction Expansion

F(s)

f(t)

bos™ + b1s™ 1 + - + bm
s+ a1s" 4. 4 ay

BT(S_*W)(S“ZQ)”‘(S—‘%n) s = z;,
(s —p1)(s—p2) - (s —pn) s = p;,
anmzl(s—zi)
H?:l(s—pi)
C C c,
i A
S —P1 S — P2 S — Pn

Cq eP1' 1(t) + Co 2" 1(t) + - -+ + Cp e’ 1(¢)

Zero
pole



Inverse Laplace Transforms & The Final Value Theorem Fon LT L © 2020

= Example 3.11: Partial-Fraction Expansion: Distinct Real Roots

(s +2)(s+4)
Ys) = s(s+1)(s+ 3)
TE
= T r1 T 53
8 3 I —
y(t)zgl(t)—§€ 1(15)—66 1(¢)

= Example 3.12: The Final Value Theorem

3(s+2)
s(s2 4 2s+ 10)

32
y(oo) = sY(s) s — 10

Y (s)

= 0.6



Using Laplace Transforms to Solve Differential Equations Foro LT Lan © 2070

= Example 3.15: Homogeneous Differential Equation

ii(t) + y(t) = 0  where y(0) =a, y(0) =b

s°Y(s) —as — b+ Y(s)

|
o

(s° + 1)Y(s) = as + b

a s b

Y(s) 32—|—1+32—|—1

y(t) = [a cost 4+ b sint] 1(¢)



Using Laplace Transforms to Solve Differential Equations Fon LT L © 2026

= Example 3.16: Forced Differential Equation

() + 5y() + 4y(t) = 3 where y(0) = a, 7(0) = b

[SQY(s)—as—b]+5[3Y(3)_a]+4y(8) — g

s(sa+ b+ 5a) + 3

YO =T E DG+ 8
3 3—b—4a 3—4a—4b
— 4 _ 3 _I_ 12
S s + 1 s + 4
3 _3+b+4 3 — 4q — 4b
v = (+ +3+ O e FIO



Using Laplace Transforms to Solve Differential Equations Fon LT a6 2026

= Example 3.17: Forced Equation Solution with zero |.C.
y(t) + 5y(t) + 4y(t) = u(t) where y(0) = 0, y(0) = 0

u(t) = 2e % 1(t)

S2Y(s) + 5sY(s) + 4Y(s) = Siz
Y(s) = 2
s+ 2+ 1)+ 4)
—_— — 1 _|_ % _I_ %

s+ 2 s + 1 s + 4
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= Rational Transfer Function

bos™ +bys™m L4+ by N(s)

H — =
(S) Sn_|_a18n—1 + .-+ an D(S)
Plant (P)
m .. Input (u) Output (y)
= Zeros s = z;, ZEero H(S) = 0
= Poles s =p;, pole H(s) = o0

S=p;
= The Poles are the Modes of the System

= The Poles of the system determine
the Stability properties and the natural or unforced behavior.



Linear System Analysis Using Matlab Fon LT L © 2020

= Example 3.18: Cruise Control Transfer Function
0s° + 0s 4+ 0.001 0.001

H(s) = s?2 4+ 0.05s5 + O =S(S+0-05)

num=[000.001]
den=[10.050]
[z, p, kK] = tf2zp( num, den)

%z =[]
%p =[0-0.05] Plant (P)

%K = 0.001 Input (u) Output (y)




Linear System Analysis Using Matlab Fon LT L © 2026

= Example 3.19: DC Motor Transfer Function

H(s) 100 100
S — s
s3 4+ 10.1s2 4+ 101 s s(s2 4+ 10.1s + 101)

numb =[0 0 100 J;
denb=[110.1101];
[ z, p, kK] = tf2zp( numb, denb )

%z =[]
%p = [ -5.0500+8.6889j -5.0500-8.6889;j |
%K = 100

Plant (P)

Input (u) Output (y)



Linear System Analysis Using Matlab

= Example 3.19: DC Motor Transfer Function

100 s
s3 4+ 10.1 52 4+ 101 s

G(s) =

numb =[00 100 J;
denb=[110.1101];
[ z, p, k] =tf2zp( numb, denb)

%z =[]
%p = [ -5.0500+8.6889j -5.0500-8.6889j |
%K = 100

s=tf('s");
sysb = 100*s/(s"3 + 10.1*s"2 + 101*s);
t = 0:0.01:5;

y = step( sysb, t);
plot(t,y)

CS31-LaplaceT - 17
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100

(2 +

Input (u)

ﬁ

10.1 s + 101)

Plant (P)

Output (y)
H(S) |y



Linear System Analysis Using Matlab ST

= Example 3.19: DC Motor Transfer Function

100 s 100
G(s) = — 2 — 2
s> 4+ 10.1 s¢ + 101 s (s + 10.1s 4+ 101)
1.4
1.2
o [\
g 08
3
< 06
0.4
0.2 Plant (P)

04 1 . . ; . Input (u) Output (y)
Time (sec) ﬁ H(S) q



Linear System Analysis Using Matlab

= Example 3.21: Satellite Transfer Function

0,0002 Input (u)
numG =[0 0 0.0002 |,
denG=[100];
s=tf('s")
sysG = 0.0002/(s"2)
t=0:0.01:10;
% ul

ul =[ zeros( 1, 500 ) 25*ones( 1, 10) zeros( 1, 491 ) |;
[yl ]=Isim(sysG, ul,t);

ff = 180/pi;

yl = ff*y1,;

plot(t, ul);
plot(t, y1);

Plant (P)

H(s)

CS31-LaplaceT - 19
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Output (y)

q
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= Example 3.21: Satellite Transfer Function Plant (P)
I _0,0002 Input (u) Output (y)

® Transient response for satellite:
(a) thrust input (b) satellite attitude

25 0.16
0.14
20
0.12
L 15 L
z % 0.08
=
= 10 0.06
0.04
5
0.02
0 0
o 1 2 3 4 5 6 7 8 9 10 o 1 2 3 4 5 6 7 8 9 10
Time (sec) Time (sec)

(a) (b)
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= Example 3.21: Satellite Transfer Function Plant (P)

0, 0002 Input (u) Output (y)

Hs) = —5 m—p] H(S) |

numG =[0 0 0.0002 |;
denG=[100];

s=tf('s")
sysG = 0.0002/(s"2)

t=0:0.01:10;

% u2

u2 = [ zeros(1,500) 25*ones(1,10) zeros(1,100) (-25)*ones(1,10) zeros(1, 381) ];
[y2 ] =Isim( sysG, u2,t);

ff = 180/pi;

y2 = ff*y2;

plot( t, u2);
plot(t, y2);
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= Example 3.21: Satellite Transfer Function Plant (P)
_0,0002 Input (u) Output (y)

® Transient response for satellite (double pulse):
(a) thrust input (b) satellite attitude

25 0.035
20
0.03
15
10 0.025
u: 3 0.02
z 0 &
= s 0.015
—10 0.01
—15
q
20 0.005
—25 : 0
0o 1 2 3 4 5 6 7 & 9 10 0o 1 2 3 4 5 6 7 88 9 10
Time (sec)

Time (sec)
(a) (b)



