TOPICS IN DIFFERENTIAL GEOMETRY: HOMEWORK 08

DUE APRIL 21

(1) Let g be a Riemannian metric on a surface ¥. Show that the Gaussian curvature of e?“g is
given by

Ky =e (K - Aw) .

(2) Let (M,g) be a Riemannian manifold, and V be it Levi-Civita connection. For a tensor
S =5 da’ ® dz?, its covariant derivative is V.S = Sijik dz* ® dz' @ dz’. In other words,
Sijsk = (V5,5)(0;,05). Similarly, Sijie = Sijieie = (Vo,(VS))(Ok, 0;,0;). This notations is
also defined in the same way for tensors of other types.

(a) For a vector field of compact support, V = V9;. Verify that i Vfid,u = 0 where dy is
the volume form of g.

(b) If S is symmetric, S;; = Sj;, verify that S, = Sjik.

(c) The connection Laplacian, also known as the rough Laplacian, is defined to be S =
9" S;;kedz’ ® dad. Note that the trace of S is tr(S) = ¢¥S;;. Verify that Atr(S) =
tr(3S).



