TOPICS IN DIFFERENTIAL GEOMETRY: HOMEWORK 01

DUE FEBRUARY 24

Notation: Zy ={j € Z: j > 0}.

(1) For p = 2, the Sobolev spaces are not only Banach spaces, but Hilbert spaces. One
can also define them by using the Fourier transform.
A smooth function u defined on R™ is said to be of Schwartz class if for any a € Z;
and k € Z,, there exists some C, j > 0 such that
|Du(z)| < Cor(1+|z|)™* for any z € R™ .
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Denote the space of these functions by .. The

Fourier transform

a(€) = (2m)3 / =iy 7) da

n

defines an isomorphism (A) .S — . It obeys

u(x) = (Qq)*% / ei<x’€>ﬁ(£) d¢  (Fourier inversion formula) ,

Dgu(€) = £™a(¢) ,
zou(€) = Dga(€)
/ w(x)v(z) de = / a(€)o(€)d¢  (Plancherel’s identity) .
For any k € R, define the L} norm by
lull; = [ @+ leh™aP ac
R

The L? space is the completion of . in this norm.

(a) When k € Z,, explain that the above norm is equivalent to the one defined in
Moore’s book.

(b) For any ¢ € Z with £ < k — %, prove that there exists a constant C}, > 0 such
that

lullee < Crellullrz

for any u € .. (Hint: Try to use the Fourier inversion formula.)

(2) Let ¥ be a cornpactﬂ, oriented surface. Show by an example that a function in
L3(%,R) needs not to be continuous.

ICompactness is not important here.



