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DIFFERENTIAL GEOMETRY I: HOMEWORK 11

DUE DECEMBER 16

On R™ with the standard flat metric, show that if
a= Z oqdacil Ao Adxt ,
1< <ip
then

Aa = a1 ) gt . A dai

1< <ig J

Suppose that (M, g) is compact, oriented, and boundaryless; denote by dy, the volume form.

(2)

On a Riemannian manifold, the divergence of a vector field is the function
div(V) = (Ve V,e)
where {e;} is a (local) orthonormal frame. Show that [, div(V)dug = 0 for any vector
field V.
It is not hard to verify that for functions C*°(M;R) > f,
Af == w(V2f) == (VeVe = Vel ) -

)

Show that for any 8 € QF(M) and f € C°(M;R),

—te(VA(f - B)) = —f - tr(VB) = 2V B+ (Af) - B
The Green operator G : Q¥(M) — (H¥)* is defined by setting G(a) to be the unique
solution of Aw = a — 7 (a) in (H¥)*, Prove that G takes bounded sequences into
sequences with Cauchy subsequences.
Consider A acting on QF(M) for some fixed k. A real number X is said to be an
eigenvalue of A if there exists a non-trivial k-form « such that Aa = Aa, and « is

called an eigenform, The eigenforms corresponding to a fixed A constitute a subspace
E¥(M) of QF(M), which is called the eigenspace of the eigenvalue .

a) Prove that the eigenvalues are non-negative.
b) Prove that the eigenspaces must be finite dimensional.
¢
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(c) Prove that the eigenvalues have no accumulation point.

(d) Prove that eigenforms corresponding to distinct eigenvalues are L2-orthogonal.
For the existence and further properties, see [Warner, ex. 16 in ch. 6].
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