GEOMETRY II: HOMEWORK 11

DUE JUNE 5

(1) Check that the Fubini-Study metric is indeed positive definite. Namely,

w= m (Z(l + |z]* — |2"]?)de? A dE* — ZZ“z”dz“ A dZ”)
z
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is positive definite at any z € C".

(2) Suppose that F is a holomorphic vector bundle over a complex manifold M, with a
Hermitian metric. Suppose that {e,}, gives a local, holomorphic trivialization of E,
and denote (e, e,) by H,;. Find a “simple” formula for the first Chern form of the
Chern connection, 5= tr(FV).

Hint: We already see that in the rank 1 case, the Hermitian bundle metric is given
by an R, -valued function H, and the first Chern form is —%85 log H.

(3) Construct a Kéhler metric on Gr(2;4). Work out the Kéhler form on a coordinate
chart, and verify your answer is positive definite.

Hint: For Gr(k;n), there is a tautological C*-bundle over it, which is a subbundle of
the trivial C™-bundle. You may try to imitate the construction of the Fubini-Study
metric. Exercise (2) may be helpful.

(4) Suppose that L — M is a holomorphic line bundle with a Hermitian metric. Check
that 001og H is globally defined.

Hint: H is only locally defined. What do you know about the functions H for different
holomorphic trivializations?



