GEOMETRY II: HOMEWORK 04

DUE APRIL 10

(1) Let ¥ C RY be an n-dimensional submanifold, with the induced metric. Consider
the restriction of the coordinate functions {w”}ﬁf:l. Show that
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Hint: VE"w* is the standard basis vector for RY , €

(2) Let Q C R™ be a compact, connected region. For simplicity, assume 0f2 is a smooth,
(n — 1)-dimensional submanifold. Denote by n the unit outer normal vector field of
0f). Suppose that u is the solution to the following Neumann problem:

Au=cy onf),

ou _ 1 on 0f) .
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Here, Au = Z;;l Egu is the usual Laplacian on R™. The constant ¢ is determined

by the Green’s identity.
co Vol(Q2) = / Au = u = Vol(052) .
Q a0 On

Consider the usual gradient of u: Vu = (0yu,--- ,0,u). Define the lower contact
set of u by

Iy={z€Q:uly) —u(z) > (Vu(z),y — x) for any y € Q} .

It is the set of points x such that the tangent hyperplane to the graph u at x lies

below wu in all of 2.

(a) Regard Vu as a map from 2 to R™. Prove that B; C (Vu)(T',), where By is the
open unit ball in R™.

(b) The map Vu is (Oiu,--- ,0,u), and thus its derivative is the Hessian matrix of
u. It follows from part (a) that

Vol(B) §/ det(D(Vu))dz .

u

Use these to show the isoperimetric inequality

1
()" ' < ————
Vol(®)™ < n™ Vol(B)

Remark. Vol(0B;) = n Vol(B).

Vol(0Q)™ .



(3) (continued from (4) of HW3) Consider the Clifford torus in S®:

(cos o, sin «, cos 3, sin 3) } .

1
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Note that the unit normal v of ¥ in S° is

1 . .
v =—(cosa,sina, — cos f, —sin f3) .

V2

Suppose that there is a one-parameter family of surface in S3: 3, with

0%, 0*%,
—| =fv (and // y)
ot t=0 ot t=0

for some f € C*(X). Show that

2
Vol(%,) = / (V£ — 4]72) dvol .
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dt?

t=0
Note. By taking constant functions, ¥ is not stable in S®. In fact, minimal subman-

ifolds in the sphere cannot be stable. You saw this phenomenon for geodesics.



