
GEOMETRY II: HOMEWORK 3

DUE MARCH 13

A local trivialization, E|U ∼= U × Rk, is equivalent to local trivializing sections, {sµ}kµ=1.

Each section sµ corresponds to the standard basis eµ for Rk. Given a connection ∇, ∇sν can

be expressed as a linear combination of {sµ}kµ=1, with the coefficients being 1-forms on U .

Namely,

∇sν =
k∑

µ=1

ωµν ⊗ sµ where ωµν ∈ Ω1(U) .

The expression is a section of T ∗M ⊗ E over U . Sometimes ⊗ is omitted.

Any local section can be expressed as
∑k

µ=1 α
µ sµ where αµ ∈ C∞(U). Due to the properties

of a connection,

∇(
k∑

µ=1

αµ sµ) =
k∑

µ=1

(dαµ)sµ +
k∑

µ=1

αµ∇sµ

=
k∑

µ=1

(dαµ)sµ +
k∑
µ,ν

ανωµν sµ =
k∑

µ=1

(
k∑
ν=1

dαµ + ωµν α
ν)sµ .

That is to say, ∇ in terms of the trivialization is d + [ωµν ] acting on Rk-valued functions.

(1) Endow E a bundle metric. A connection ∇ is called a metric connection if

d〈s, s̃〉 = 〈∇s, s̃〉+ 〈s,∇s̃〉

for any two s, s̃ ∈ Γ(E). Prove that a metric connection always exists. (Just do the

real vector bundle case.)

(2) Suppose that E is a real vector bundle with a bundle metric and a metric connection.

In terms of an orthonormal, local trivializing sections, what can you say about ωµν ?

What about the complex case with the Hermitian metric?

(3) For those two examples in the lecture (regular surface case, and tautological bundle

over CP1), is the connection a metric connection?

Basically, ωµν is given on some chart during the lecture. Do they obey the condition

you found in part (2)?
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