NOTE ON MARCH 25

DIFFERENTIAL GEOMETRY II

TENSOR CALCULUS

This note is a brief introduction to classical tensor calculus, which is basically a notation for
doing local calculation of covariant derivatives. You can consult [A] for a complete treatment of
this method. We will demonstrate that the restriction of a Killing vector field is a Jacobi field.

Basic convention. Let (M, g) be a Riemannian manifold, and V be its Levi-Civita connection.

Choose a local coordinate {27}. Let g;; be the coefficient functions of the Riemannian metric. For
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covariant derivative by ’UJ; - Namely,

simplicity, we abbreviate as ;. Given a vector field V = v79;, denote the components of its
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Curvature. The components of the second order covariant derivative of V' are denoted by v]:kﬁ.

That is to say, v’,, is the d;-component of the following vector field:

(V2V)(0r,0k) = (Va,(VV)) (k)
=Vy,Vy,V — Vvaéakv .

It is not hard to verify that
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Let Rii- be the 0p-component of R(0;, dj)0k; namely,

J
R(9;,0;)0 = Ry; 0; -

We have the following commuting covariant derivatives formula:

J J o _ pi o,
U;kﬁf“;ék—ka” .

Another commonly used notation is Ryy;;. It is

Rurij = gem Ryi; = 9(R(9i, 0;) 0k, Op) -

1



Dual to the cotangent bundle. The metric g induces an isomorphism between T'M and T M.
Applying it to the vector field V' gives a 1-form ay. More precisely, ay is defined by ay (W) =
g(V, W) for any vector field W. The local expression of ay is g;jv? da’. Let v; = g;;v7. Note that
v) = ¢7%v;. Recall that the covariant derivative of ay  is defined by

(Voav)(W) =Ulav(W)) — ay(VoW) .
Denote the components of the covariant derivative of ay by v;,;; namely,
Vay = v, dz? @ da’ or Vujaj ay = Vjj W dzt .

You can check the following relations.
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Vjske = Vjstk = Ripg vi -
Killing vector field. Suppose that V' is a Killing vector field. By (2.a) of Homework 2, it is
equivalent to
9(Va,V,05) + 9(Vp,V,0;) =0
& Gkj vkz + gri vk;j =0
& vt =0.

It follows that
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Ujsik = ~Vijk = —Riji, Ve + Ry V0 + Vgsji
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= —Rjj, 00 — Uik = —Ryjp 00 + Ry ve — Vjiki
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= _R’L]k‘ vy + Vksig = —ka. vy + R’%J Vp — R_]k’L Ve — Vjiik -

By the Bianchi identity,
Uj;ik — Ril] Uy .

Suppose that (t) = (z'(t),...,2"(t)) is a geodesic. Denote it tangent vector field by 7.

We would like to compute V7VrV. Since VT = 0, VrVrV = (V2V)(T,T), and is equal to

0 ik
() &'" 0p. We compute

0 ik 2 4k 2 -1k
Vi ' = g7 g 3t = g7 Rgpijv?d'a
_ U5 pp 1k _ 4y 0k
—gJRkijUp$$ = g7 Rjipqula's
0 ik ¢ ik
:gjgquqkijvpx-T :Rikqvql‘l‘ ,

which is exactly the dg-component of R(T,V)T. Thus, VoVrV = R(T, V)T, and the restriction
of a Killing field on a geodesic is a Jacobi field.
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