
NOTE ON MARCH 25

DIFFERENTIAL GEOMETRY II

Tensor Calculus

This note is a brief introduction to classical tensor calculus, which is basically a notation for

doing local calculation of covariant derivatives. You can consult [A] for a complete treatment of

this method. We will demonstrate that the restriction of a Killing vector field is a Jacobi field.

Basic convention. Let (M, g) be a Riemannian manifold, and ∇ be its Levi-Civita connection.

Choose a local coordinate {xj}. Let gij be the coefficient functions of the Riemannian metric. For

simplicity, we abbreviate ∂
∂xj as ∂j . Given a vector field V = vj∂j , denote the components of its

covariant derivative by vj;k. Namely,

∇V = vj;k dxk ⊗ ∂j and vj;k =
∂vj

∂xk
+ Γj

ki v
i .

Curvature. The components of the second order covariant derivative of V are denoted by vj;k`.

That is to say, vj;k` is the ∂j-component of the following vector field:

(∇2V )(∂`, ∂k) = (∇∂`(∇V )) (∂k)

= ∇∂`∇∂kV −∇∇∂`
∂kV .

It is not hard to verify that

vj;k` =
∂vj;k
∂x`

+ Γj
`i v

i
;k − Γi

`k v
j
;i .

Let R`
kij be the ∂`-component of R(∂i, ∂j)∂k; namely,

R(∂i, ∂j)∂k = R`
kij ∂` .

We have the following commuting covariant derivatives formula:

vj;k` − v
j
;`k = Rj

i`k v
i .

Another commonly used notation is R`kij . It is

R`kij = g`mR
m
kij = g(R(∂i, ∂j)∂k, ∂`) .
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Dual to the cotangent bundle. The metric g induces an isomorphism between TM and T ∗M .

Applying it to the vector field V gives a 1-form αV . More precisely, αV is defined by αV (W ) =

g(V,W ) for any vector field W . The local expression of αV is gijv
j dxi. Let vi = gijv

j . Note that

vj = gjivi. Recall that the covariant derivative of αV is defined by

(∇UαV )(W ) = U(αV (W ))− αV (∇UW ) .

Denote the components of the covariant derivative of αV by vi;j ; namely,

∇αV = vi;j dxj ⊗ dxi or ∇uj∂jαV = vi;j u
j dxi .

You can check the following relations.

vi;j = (gik v
k);j =

∂vi
∂xj
− Γk

ij vk

= gik v
k
;j ,

vj;k` − vj;`k = Ri
jk` vi .

Killing vector field. Suppose that V is a Killing vector field. By (2.a) of Homework 2, it is

equivalent to

g(∇∂iV, ∂j) + g(∇∂jV, ∂i) = 0

⇔ gkj v
k
;i + gki v

k
;j = 0

⇔ vj;i + vi;j = 0 .

It follows that

vj;ik = −vi;jk = −R`
ijk v` +R`

kij v` + vk;ji

= −R`
ijk v` − vi;kj = −R`

ijk v` +R`
kij v` − vj;ki

= −R`
ijk v` + vk;ij = −R`

ijk v` +R`
kij v` −R`

jki v` − vj;ik .

By the Bianchi identity,

vj;ik = R`
kij v` .

Suppose that γ(t) = (x1(t), . . . , xn(t)) is a geodesic. Denote it tangent vector field by T .

We would like to compute ∇T∇TV . Since ∇TT = 0, ∇T∇TV = (∇2V )(T, T ), and is equal to

v`;ik ẋ
iẋk ∂`. We compute

v`;ik ẋ
iẋk = g`j vj;ik ẋ

iẋk = g`j Rqkij v
q ẋiẋk

= g`j Rp
kij vp ẋ

iẋk = g`j Rjikq v
q ẋiẋk

= g`j gpq Rqkij vp ẋ
iẋk = R`

ikq v
q ẋiẋk ,

which is exactly the ∂`-component of R(T, V )T . Thus, ∇T∇TV = R(T, V )T , and the restriction

of a Killing field on a geodesic is a Jacobi field.
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