
DIFFERENTIAL GEOMETRY I

HOMEWORK 9

DUE: WEDNESDAY, NOVEMBER 19

(1) Consider the n-sphere Sn = {(x1, . . . , xn+1) ∈ Rn+1 |
∑n+1

j=1 (xj)2 = 1} with the metric g

to be the restriction of
∑n+1

j=1 (dxj)2. Let p = (0, . . . , 0, 1), then TpS
2 can be identified with

the hyperplane {(u1, . . . , un+1) ∈ Rn+1 | un+1 = 0}.
(a) For u = (u1, . . . , un) ∈ TpSn with |u|2 =

∑n
j=1(u

j)2 < π2, find out expp u.

(b) Calculate the metric gij of the Gaussian coordinate centered at p, and check that

n∑
j=1

(gij(u)− δij)uj = 0 and |gij(u)− δij | ≤ c|u|2 .

(2) Consider the disk B = {(x, y) ∈ R2 | x2 + y2 < 1} with the Poincaré metric

g =
4

(1− x2 − y2)2
(
(dx)2 + (dy)2

)
.

Let p be the origin, then TpB is naturally identified with the xy-plane.

(a) For v = (v1, v2) ∈ R2, identify it with 1
2(v1 ∂

∂x + v2 ∂
∂y ) ∈ TpB. Find out expp v.

[Hint : In Homework 8, you almost find the geodesics. Also, note that g|p = (2dx)2 + (2dy)2.]

(b) Calculate the metric gij of the Gaussian coordinate centered at p, and check that

2∑
j=1

(gij(v)− δij)vj = 0 and |gij(v)− δij | ≤ c|v|2

on a small neighborhood of the origin.
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