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DIFFERENTIAL GEOMETRY 1
HOMEWORK 6

DUE: WEDNESDAY, OCTOBER 29

Consider the following (n — 1)-form on R™\{0}:

n
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where dzJ means that dz7-term is not there.
(a) Check that w is closed.

(b) Prove that w is not exact. [Hint: Consider the integral of w on S"~!. Note that

w|gn-1 = (|x|"w)|gn-1. You may invoke the Stokes theorem on the integration of the latter

(n — 1)-form over S"~1]

The main purpose of this exercise is to prove that H(lj(SQ) is trivial. Namely, any closed
1-form on S? must be exact.

(a) Show that any closed 1-form on R? is exact. [Hint: Let o be a closed 1-form on RZ.
For any P € R?, integrate o along a rectangular (directed) path from 0 to P. Does it depend
on the choice of the path?)

(b) Show that any closed 1-form on S? is exact.

Consider the two-torus T? = S' x S!. The main purpose of this exercise is to show that
HY(T?) = R% The following map is the quotient map from R? to T? = R?/Z*:

7: R?> — T?2=8!'xS§!
(oz,,@) — (627”'04’ e2m‘6)

There exist two trivializing sections for the cotangent bundle of T2, whose pull-back under
7 are da and df3, respectively. They are usually denoted by do and df on T?. It is an
abuse of notation, but turns out to be quite convenient. Any 1-form on T? can be written
as gda + hdp for g,h € C*°(T?;R). Note that the notation does not suggest that do and
dpB are exact on T2.

(a) For any 8 € R, consider
v: St = T?2=8!'x$s!

eQﬂ'ia — (6271'04’ e27ri,3)

Let o be a closed 1-form on T2. Prove that fsl Y50 is independent of §, where St is
oriented counterclockwisely.



(b) Let o be a closed 1-form on T?. Prove that o — ([q v50)da — (g1 740)dB is exact,
where 7, is defined similarly. [Hint: In any event, %0 is a closed 1-form on R?, and is
exact due to Part (a) of #2. However, o is exact only when that function on R? can taken to
be 1-periodic in both o and 3 variables.]

The above argument shows that dim HY(T?) < 2. A similar argument as that in #2 of
Homework 4 shows that any linear combination of da and df (with rational coefficients)
cannot be exact. It follows that HY(T?) = R2.

Since the de Rham cohomology is invariant under diffeomorphism, it shows that S? is

not diffeomorphism to T?.

(4) Construct three 2 x 2 matrices with real entries, A, B and C such that tr(ABC) # tr(BAC).

(5) [Suggested reading, not a writing homework] Let M be a compact manifold for simplicity,
and 7 : E — M be a rank k vector bundle. Then
e F can be realized as a subbundle of the trivial bundle M x R for any sufficiently large
¢
e for any sufficiently large ¢, there exists a map 1 : M — Gr(¢; k) such that the pull-back
of the tautological bundle is F.
The first item is in the last paragraph of [T; §4.1], and the second item is in [T; §5.2].
The second item means that the information of £ can be encoded in a map from M to a

Grassmannian manifold.

(6) [Appendix] Let a and b be two n x n matrices. What follows is another argument for

d 1
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To start, note that
d SC Sc
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ds
for any ¢ € M(n;R). Now,
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which finishes the proof for (7).



