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DIFFERENTIAL GEOMETRY 1
HOMEWORK 1

DUE: WEDNESDAY, SEPTEMBER 24

Let (2,9, 2) be coordinates on R3. Let Y, be the set of points in R? at distanceﬂ r > 0 from
the circle

C:{(x,y,z) e R3 ‘ 224yt =1 ,z:O} .
(a) Let A= {r € (0,00) | ¥, is a smooth submanifold of R3}. Find out A.

(b) Let S! be the circle, and let S' x S! be the product manifold. Prove that Y, is
diffeomorphic to S! x S! for any r € A.

Let F : R? — R? be given by

F(.ﬁU,y,Z) = (ZE2 - yany7 Zl‘,yZ) .

Let S%2 = {(z,9,2) € R3 | 22 + y? + 22 = 1} C R3. Observe that f = F|g2 satisfies
f(z,y,2) = f(—x,—y,—=2), so that it descends to a map

f:RP? =8%/{+1} - R*.

Prove that f is a smooth embedding. [Hint: A bijective continuous map from a compact

topological space to a Hausdorff topological space is a homeomorphism.|

The main purpose of this exercise is to get you working on the Grassmannians (see [T,
§1.6]) hands-on. You are asked to work out Gr(4;2), the space of 2-planes in R%. As a
manifold, Gr(4;2) has dimension 4.

Endow R* with the standard Euclidean inner product. Let V C R* be a 2-plane, and let
7y : R* — V be the orthogonal projection. It has an open neighborhood Oy C Gr(4,2)
consisting of 2-planes V/ C R* such that 7y |ys : V/ — V is an isomorphism.

Denote the orthogonal complement of V by V1. As explained in [T, §1.6], Oy is identified
with Hom(V, V1), which is isomorphic to Hom(R?, R?) = R* in the current setting.

(a) Consider V' = {(&,7,0,0) | {&,n € R}. Work out the map explicitly

oyt R* 2 Hom(V,V+) — Oy € Gr(4;2) .

[Hint: Write R* as V @ V+. For any element in Hom(V,V+), the corresponding 2-plane is
it graph. Note that any 2-plane can be described by two linearly independent vectors. After
fixing a basis of R* (or of V and V1), elements of Gr(4;2) can be described by 2 x 4 matrices.
To sum up, you shall be able to realize 4,0(,1 as a map from R? to the space of 2 x 4 matrices,

which is isomorphic to R®.]

IThe distance from (u, v, w) to C is defined by inf sz 2yec /(U —2)2 + (v —y)2 + (w — 2)2. Note that the infimum

is actually minimum in the case.
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(b) Let U ={(0,p,0,v) | u,v € R}. The open neighborhood O and the coordinate map
ou : R* = Oy C Gr(4;2) can be defined in the same way. Find out the open set
gOV(OU N Ov) C R*z HOHI(V, VJ‘).

(c) Compute the transition function
YU o 90‘;1 : SOV(OU N Ov) C R4 — QDU(OU N Ov) C R4 ,

and check that it is a diffeomorphism between open subsets of R%.



