DIRAC SPECTRAL FLOW ON CONTACT THREE MANIFOLDS II:
THURSTON-WINKELNKEMPER CONTACT FORMS

CHUNG-JUN TSAI

ABSTRACT. Given an open book decomposition (¥, 7) of a three manifold Y, Thurston and
Winkelnkemper [TW] construct a specific contact form a on Y. Given a spin-c Dirac operator
D on Y, the contact form naturally associates a one parameter family of Dirac operators
D, =D — 2 cl(a) for 7 > 0. When r >> 1, we prove that the spectrum of D, = Dy — % cl(a)
within [—%r%, %r%] are almost uniformly distributed. With the result in Part I [Ts1|, it implies
that the subleading order term of the spectral flow from Dy to D, is of order r(logr) 2. Besides
the interests of the spectral flow, the method of this paper provide a tool to analyze the Dirac
operator on an open book decomposition.

1. INTRODUCTION

Suppose that (Y, a) is a contact three manifold, and D is a spin-c Dirac operator on Y. It
naturally associates a one parameter family of Dirac operators D, = D — % cl(a) for r > 0. The
spectral flow from Dy to D, appears in the study of contact geometry [T1]. In Part I [Tsl], we
analyze the eigensections of D, along the Reeb vector field and on the contact hyperplane, then
relate the spectral flow to certain spectral asymmetry property of small eigenvalues of D,..

This article focuses on the case when Y is given by an open book decomposition and a is the
Thurston-Winkelnkemper contact form [TW]. We introduce another Dirac operator D, over a
fibered three manifold. The Dirac operator D, captures the spectral properties of D,., and the
spectrum of D, is easier to handle. It can be used to study the spectral asymmetry and the
spectral flow of D,.. Besides the interests of the spectral flow, our construction provides a tool
to analyze the Dirac equation on an open book decomposition.

1.1. Dirac spectral flow. Let (Y,ds?) be an oriented Riemannian three manifold. A spin-c
structure on Y consists of a rank 2 Hermitian vector bundle S and a bundle map cl : TY —
End(S) such that:

e cl(v)?2 = —|v|? for any v € T,)Y ;

e if |u| =1, then cl(v) is unitary;

o if {e1,e2,e3} is an oriented orthonormal frame for T,Y, then cl(e;) cl(ez) cl(es) is the
identity endomorphism of S|,,.
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The bundle S is called the spinor bundle, and the map cl is called the Clifford action.

A spin-c connection on S is a Hermitian connection V : C*(Y;S) — C>*(Y;T*Y ® S) which
is compatible with the Clifford action in the following sense: for any tangent vector field v and
any section 1 of S,

V(cl(v)y) = cl(VEC0)Y + cl(v) Vo

where VIC is the Levi-Civita connection. Given a spin-c¢ connection, the associated spin-c
Dirac operator D is defined to be the composition:

Co(Y;S) -5 CX(Y; T'Y ©S) ™™ cooy 7y @ 'S) - ¢°(Y;S) .

Atiyah, Patodi and Singer |[APS1,/APS2,|APS3|] pioneered the study of the Dirac spectral
flow. What follows is the basic idea. Suppose that D is a spin-c Dirac operator. Let {Ag} s€[0,1]
be a one parameter family of real valued 1-forms. Consider the one parameter family of Dirac
operators {Da, = D — icl(As)}seio,1)- In other words, they are Dirac operators associated to
the spin-c connections V — i A ll, where I is the identity endomorphism. For simplicity, assume
that D4, and D4, have trivial kernel. The Dirac spectral flow is the count of the total number
of zero eigenvalues of {D4,} sefo,1] With sign. More precisely, the eigenvalues near zero move in
a continuously differentiable manner if {As}s¢(o,1) is suitably generic. The Dirac spectral flow
is equal to the number of eigenvalues which cross zero with positive slope minus the number
which cross zero with negative slope. The resulting count turns out to be path independent
and so depends only on the ordered pair (Ag, 41).

In particular, if there is a real valued 1-form a, we can consider the spectral flow from Ay =0
to Ay = a for r >> 1. This spectral flow can be regarded as a function of r, and will be
denoted by fo(D,r). In [T1, §5] and |[T2], Taubes studied this spectral flow function f,(D, ).

Theorem. (|[T1, Proposition 5.5]) Suppose that Y is a compact, oriented three manifold with

a Riemannian metric ds®. Suppose that D is a spin-c Dirac operator on'Y. Then, there exist

1

a universal constant § € (0, 5) and a constant cy is determined by ds? and D such that

2

’fa(D,r) - 32#2 /Ya A da’ <cyrat?

for any 1-form a with ||a||cs <1 and any r > c;.

This theorem specifies the leading order term of the spectral flow function, and gives a bound
on the subleading order term. Recently, Savale [S] improved this theorem by showing that the
subleading order term is of o(r%).

1.2. Contact three manifold. A 1-form a on an oriented three manifold is called a contact
form if anda > 0. A contact form determines a vector field v by da(v, -) = 0 and a(v) = 1. This

vector field is called the Reeb vector field. A contact form also defines a two plane distribution by
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ker(a) C TY, which is called the contact hyperplane or the contact structure. By the Frobenius
theorem, a A da > 0 implies that the contact hyperplane is everywhere non-integrable.

Given a contact form, it is a convenient normalization to take an adapted metric to consider
spin-c structures and Dirac operators. A Riemannian metric ds? is said to be adapted to a if
la| =1 and da = 2 x a, where * is the Hodge star operator. Chern and Hamilton |[CH] proved
that such a metric always exists.

Suppose that D is a spin-c Dirac operator on a contact three manifold (Y, a). It turns out
that the zero eigensections of the Dirac operator D, = D — % cl(a) is closely related to the
geometry of the contact form:

e their derivative along the Reeb vector field is close to the multiplication by ir/2;

e on the contact hyperplane, they almost solve certain Cauchy—Riemann equation.

The precise statements can be found in [Tsl, §3]. The main goal is to understand more how D,
is related to the geometry of the contact form. The following question is the first step in this
direction: when a is a contact form, is the subleading order term of f,(D,r) of order r? Note
that it is impossible to obtain an estimate on the subleading order term beyond O(r) (see for
instance [S, §5]).

In this paper, we confirm the answer for certain types of contact forms, with a slightly larger
order.

Main Theorem. Suppose that a is a Thurston—Winkelnkemper contact form [TW] on an
open book decomposition. Let D be a spin-c Dirac operator. Then, there exists a constant co
determined by the contact form a, the adapted metric ds®> and the Dirac operator D such that

2

,
3272

‘fa(D,r) — / a da‘ < CQT(IOgT)% )
Y

for any r > cs.

The Thurston—Winkelnkemper contact form will be explained momentarily. The celebrated
Giroux correspondence [G] implies that each isotopy class of contact structures admits such
a contact form. In other words, the theorem asserts that the subleading order term of the
spectral flow function is of order r(log 7")% for certain types of contact forms in each isotopy
class of contact structures.

1.3. Open book decomposition. We now review the necessary background on the open book
decomposition and the Thurston—Winkelnkemper contact form. The reader can find a complete
discussion on the open book decomposition in |OS| ch.9] and [E|. The notations set up here will
be used throughout the rest of this paper.

1.3.1. Open book. An (abstract) open book consists of (X, 7) where

e Y is a Riemann surface with non-empty boundary, and 9% is a finite union of circles;
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e 7: % — Y is a diffeomorphism such that 7 is the identity map on a collar neighborhood
of 0¥. The map 7 is called the monodromy.

An open book (3, 7) gives a three manifold Y as follows:
Y =(Sx,8) U (] 5" x B) (1.1)
03]

where |0X] is the number of boundary components and B is a two dimensional disk. The
component ¥ x, S! is the mapping torus of 7,

¥ x [0,27]
(7(2),0) ~ (x,2m) °
Since 7 is the identity map on 9%, the boundary of ¥ x, S! is (%) x S!. The gluing map ¢
identifies the boundary of ¥ x, S* with the boundary of H‘ o3| S x B. It is determined uniquely

Y x, S =

(up to isotopy) by the following properties: for each boundary component of ¥,

e ¢ takes (0%) x {y} to the longitude of (S x B) where y € S*;
o ¢ takes {z} x S! to the meridian of 9(S! x B) where z € 9%.

Note that there is an S! family of ¥ in Y, which are called the pages. The cores ]—[Iaﬁ\ St x {0}
of the attaching handles are called the bindings. The term ‘near the bindings’ refers to the
attaching handles H‘ o3| S! x B. Tt is a particular tubular neighborhood of the bindings.

It is useful to describe the gluing map ¢ in terms of the local coordinate. Let {pe’ | 1 <
p < 1+ 500,e" € S'} be a coordinate on a collar neighborhood of 9%. By taking ¢ to be
sufficiently small, we may assume the monodromy 7 to be the identity map on this chart. The
mapping torus ¥ x, S' carries a canonical map to S'. Denote this map by e?. It follows
that {(pe®,e®) | 1 < p < 14 506} parametrize a collar neighborhood of (%) x S!. Let
{(e®, pe?) | p < 14 508} be the coordinate on S' x B. The gluing map ¢ is defined by
identifying the corresponding coordinates.

1.3.2. Contact form. Given an open book (3, 7), Thurston and Winkelnkemper [TW]| construct
a contact form a on Y. To start, choose a 1-form ¢ on ¥ such that

e d( defines an area form on X;
e 2( = (2 — p)dt on the collar neighborhood {1 < p < 1+ 506} of O%.

There always exists such a 1-form (; see [OS] p.141].
Let x(0) be a smooth, non-negative function of 6 € [0,27] such that x(f#) = 1 near 0 and
X(0) = 0 near 27. For any 6 € [0, 27],
wp = x(0)d¢ + (1 = x(0))77d¢
is an area form on Y. Let V be a positive scalar such that

9 2((O) ATy 10

7<(1+ |4 wp -9

=< (1.2)
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on ¥ and for any 0 € [0,27]. With x(0) and V' chosen, the contact form on the mapping torus
¥ x, S! is defined by

a=Vdo+2x(0)¢+2(1—x(0)7*C . (1.3)
A direct computation shows that

da = 2(wg +X'(0)d0 A (¢ —77C)) |

1 CAT*C
ia/\da: (V +2x'(0) o )do A wp .
It follows that the Reeb vector field is
AT*C -1, 0 _ .
(v +2x(0) L) (2 0~ 7)) - (1.4

we 00
The above expression is written on ¥ x [0, 27|, and % is the coordinate vector field. The vector
field w;l(C — 7*() is defined by w@(wgl(g —7%(), ) = (=70 ().

To extend the contact form to the attaching handles HlﬁEl St x B, choose two smooth
functions f(p) and g(p) of p € [0,1 + 500) such that

e f(p)=V and g(p) =2 — p when p € [1 — 500, 1 + 500);
o f(p) = p* and g(p) = 2 — p* when p € [0,504];
e for any p € (0,14 508), f'(p) >0 and ¢'(p) < 0.

It is not hard to see the existence of f and g. The contact form near the bindings is defined by

a = f(p)dd + g(p)dt . (1.5)

When p < 500, it is equal to xdy — ydx + (2 — 22 — y?)dt in terms of the rectangular coordinate
x + iy = pe't. Therefore, a is a smooth 1-form on H|82| St x B.

1.3.3. Adapted metric. The Main Theorem requires a specific adapted metric. The metric is
set to be

1
a®+ (dp)” + 2 (f'(p)d0 + ¢ (p)dt)” (1.6)
near the bindings. Such an adapted metric always exists.
Here is a parenthetical remark. The attaching handles HI oz S 1'x B admits a S x S'-action:
(St xsh x (StxB) — (S' x B)
((e¥,e®) (M pe) o (0, pel®H)
Near the boundary of the mapping torus ¥ x, S!, the first S* factor rotates the boundary of
¥, and the second S! factor flips the pages. The method of this paper should apply to any
adapted metric which is invariant under this S x S* action. However, adapted metrics are not

the main interests of this paper. We only considered the metric (1.6, and did not try to work

out general (locally S* x S! invariant) metrics.
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1.4. Contents of this paper. Spin-c structures can be described more geometrically on a
contact three manifold. §2|is a review of the construction. We also recall the results from Part
I [Ts1] that will be used in this paper.

contains the key geometric construction. Suppose that Y is given by an open book (3, 1),
and a is the Thurston—Winkelnkemper contact form. Let D be a spin-c Dirac operator on Y.
Denote D — % cl(a) by D,. In §3[ we construct another compactification Y of & x, S, and a
one parameter family of Dirac operators {D,},>0 on Y. They have the following significance.

e In contrast to the open book 1 , Y admits a canonical map to St
° ET on ¥ x, S c Y is exactly the same as D, on ¥ x, S C Y.
e The Bochner—Weitzenbdck formula of f)r is very similar to that of D,..

The canonical map ¥ — S! can be viewed as a gauge transform. With such a gauge
transform, Vafa and Witten [VW| have a brilliant argument to estimate the gap of spectrum of
a Dirac operator. By combining with the Bochner—Weitzenbock formula, we prove that small
spectrum of D, are almost uniformly distributed. This is done in

In §5| we introduce two kinds of Dirac operators on S? x S'. They mimic the behavior of
D, on Y\(X x, S') and D, on }7\(2 %+ S1), respectively. The eigenvalues and eigensections of
these Dirac operators on S? x S! can be solved fairly explicitly.

With D, on Y and the Dirac operators on S2 x S, one can imagine that their spectrum
approximate the spectrum of D, on Y. is devoted to compare these spectrum. The precise
statement is Theorem It is proved by gluing eigensections.

In §Z| we calculate the spectral flow from Dy to D, with the help of the above models, and
prove the Main Theorem.

Remark 1.1. The constants c(.) in this paper are always independent of r. In other words, they
only depend on the contact form a, the metric ds? and the unperturbed spin-c Dirac operator.
The subscript is simply to indicate that these constants might increase/decrease after each step.
The subscript will be returned to 1 at the beginning of each section.

Acknowledgement. The author is very grateful to Cliff Taubes for bringing [VW]| to his atten-
tion, and for many helpful discussions. He would like to thank the Department of Mathematics
at Harvard University, where part of this work was carried out. He would also like to thank
the anonymous referees for providing useful references.

2. DIRAC OPERATOR ON CONTACT THREE MANIFOLD

Suppose that (Y,a) is a contact three manifold with an adapted metric ds?. As in [T1} §2.1],
the spin-c structures and spin-c connections can be described more geometrically. It works for
a stable Hamiltonian structure as well, of which a contact form is a special case. We will also

work with stable Hamiltonian structures in this paper.
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2.1. Stable Hamiltonian structure. Suppose that Y is a compact, oriented three manifold.
A stable Hamiltonian structure is a pair (b,w) where b is a 1-form and w is a 2-form such that

dw =0,
bAw>0,
ker(w) C ker(db) .

This notion was identified in [BEHT §2] and [CM, §2]. Given a contact form a, the pair (a, da)
is a stable Hamiltonian structure. A stable Hamiltonian structure determines a vector field v
by w(v,-) = 0 and b(v) = 1. We still call v the ‘Reeb vector field’.

Such a structure needs not to come from a contact form. Here is a standard example. Suppose
that N is a compact surface with a symplectic form w, and 7 is a symplectomorphism of (NV,w).
Let df be the pull-back of the standard 1-form on S! by the projection N x, S' — S!. Since
7 is a symplectomorphism, the 2-form w descends from N x R to N x, S'. Then, (df,w) is
a stable Hamiltonian structure on the mapping torus N x, S!. Since ker(df) is everywhere
integrable, it is different from a contact form.

2.1.1. Conformally adapted metric. In Part I [Tsl], a slightly more general type of metric is
also considered. Suppose that (b,w) is a stable Hamiltonian structure on Y. A Riemannian
metric ds? is said to be conformally adapted to (b,w) if

b=0Q7'  and xw=20""1h
for some function Q € C*(Y;R) with
Dol
10— — 9

The particular bounds are just convenient normalizations; any other fixed bounds would do the
job. The operator * is the Hodge star operator of ds2. Note that Q2ds? is an adapted metri(ﬂ
The function €2 is called the conformal factor. Such a metric always exists. The argument of
Chern and Hamilton |[CH| applies to a stable Hamiltonian structure as well. It is equivalent to
an almost complex structure J on ker(b) such that Q2w(-,J(-)) defines a metric on ker(b).

2.1.2. Spin-c structure. With the metric fixed, (b,w) determines a canonical spin-c structure.
The spinor bundle is given by C@® K !, where C is the trivial bundle and K ! is isomorphic as
an SO(2) bundle to ker(b) with the orientation defined by w. More precisely, for any u € ker(b),
let J(u) be the metric dual of Q%w(u, -). The local sections of K~ consists of u — iJ(u) with
u € ker(b).

The Clifford action is defined as follows. The Clifford action of the Reeb vector field v acts
as i©2 on C and as —i€2 on K~!. In other words, C @ K ! is the eigenbundle splitting of cl(v).

INamely, [b| = 1 and *w = 2b with respect to Q~2ds>.
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Let 1 be the depicted unit-normed section of C. For any unit vector u € ker(b), the Clifford
action of u is defined by

cl(u) : 1 — %(u —iJ(u))
%(u —iJ(u)) — -1 '
and the Clifford action of J(u) is defined by
cl(J(u)) : 1 — %(u —iJ(u))
L (u—iJ(u)) il

V2
It is straightforward to check that it does define a spin-c structure.

The set of spin-c structures has a free transitive action of H2(Y’;Z), see [LM, Appendix D].
The action is given by tensoring with a complex line bundle E. It follows that a spinor bundle
can be written as £ @ EK ! for some Hermitian line bundle E. The Clifford action is induced
from that on the canonical spinor bundle, and the splitting £ @ EK~! is the eigenbundle
splitting of cl(v).

2.1.3. Spin-c connection. The canonical spinor bundle C ® K~! carries a canonical spin-c con-
nection, which we denote by V,. It is the unique spin-c connection whose associated Dirac
operator D, annihilates Q7 '1, the depicted section 1 rescaled by Q~!. The proof for its exis-
tence and uniqueness can be found in [H, Lemma 10.1].

The canonical connection can be written down explicitly in terms of a local trivialization.
Let e1,es, e3 be an oriented, orthonormal local frame for TY, where e3 = Qv is the Reeb
vector field multiplied by Q~!. Using the trivialization 1 and %(el — iez), the local sections
of C® K~! are identified with C? valued functions. With respect to this trivialization, the

canonical connection is given by
1 [ _
Vot =dy + o > 05 cl(ej) clex)dh + 5(9% — Q%% d(Q7'))y (2.1)
Jj<k

where 0;-“ is the coefficient 1-form of the Levi-Civita connection, i.e. ViCe; = 3, 0;-“ ® er. We

leave it to the reader to check that the expression does define a spin-c¢ connection (see also
[LM] I1.4]).

It follows from ker(w) C ker(db) and the structure equation that
03(e3) — Qe (Q) =0, and 03(e3) — N lea(Q) =0 .
It follows from dw = 0 and the structure equation that
03 (e1) + 03 (e2) +2Q te3() =0 .

Using these relations, a direct computation shows that Dirac operator associated to (2.1) anni-

hilates ¢ = (271,0). Hence, (2.1)) defines the canonical connection.
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With this understood, any spin-c connection on a spinor bundle E@® EK ! can be expressed
as V, ® Ap where Ap is a unitary connection on FE.

2.2. Results of Part I. We now recall the results of Part I [T'sl]. Suppose that (Y,a) is
a contact three manifold with a conformally adapted metric ds?. Suppose that £ — Y is a
Hermitian line bundle with a unitary connection Ag. For any r > 0, consider the one parameter
family of Dirac operators on E @& EK ! defined by

Dy =cl(V,® Ap — %a) .

Denote by f,(r) the spectral flow from Dy to D,. In Part I [Tsl], we obtained the following
estimate on f, (7).

Theorem 2.1. There exists a constant c1 determined by the contact form a, the conformally
adapted metric ds®> and the connection Ag such that for any r > 2c1,

2 9 r
’fa(r) ~ 39,2 /Ya A da‘ < cir(logr)2 + |n(r)| + cl‘ /1 ﬁ(r)dr‘ .

The function 1n(r) is defined by

-

2

1,
) =1~ logr Z /)\‘S e—20( _1logru Z /1 % e—20( r~!logr)u? du) (2.2)

Yevd wevy T8t

where VI consists of orthonormal eigensections of Dy whose eigenvalue belongs to (0, 31'2) Vo
consists of orthonormal eigensections of Dy whose eigenvalue belongs to (—%r%,O), and Ay 18

the corresponding eigenvalue. The function 7j(r) is defined by

i(r) = (2 logr) Y (Agpe 2007 leEnIX) (2.3)
YEV:

. . . . 11
where V, consists of orthonormal eigensections of D, whose eigenvalue belongs to (—%rz, %7“2).

Proof. 1t follows from Proposition 5.7 and Proposition 5.6 of [Tsl]. O

2.3. Main result. Theorem reduces the spectral flow estimate to ?’7( ) and 7j(r). These

two functions measure certain spectral asymmetry of D, within (—%rz , %m) The main goal of
this paper is to show that the spectrum within (—37’2 §r2) are almost uniformly distributed

when a is the Thurston—Winkelnkemper contact form. The rest of this paper is devoted to the
proof of the following theorem, and its conditions (i) and (ii) will be assumed throughout the
rest of this paper.

Theorem 2.2. Let (X,7) be an open book. Denote the three manifold by Y, and denote

the Thurston—Winkelnkemper contact form by a. Suppose that
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(i) ds? is a conformally adapted metric which is equal to (@ near the bindings, and
whose conformal factor ) is equal to
/ *
(1+2XV(9)CAWZ C) L
this factor appears in and , and is equal to 1 near the bindings;
(ii) the unitary connection Ap on E —'Y is gauge equivalent to the trivial connection near

(2.4)

the bindings; note that any bundle is topologically trivial near the bindings.

Then, there exists a constant co determined by a, ds®> and Agp such that

and ii(r) < cologr

1
2

0(r) < cor(logr)

for any r > cs.
By combining this theorem with Theorem there exists a constant c3 such that

2
|fa(r) 3272

9
2

/ aAda| < egr(logr) (2.5)
Y

for any r > cs.

The technical conditions (i) and (ii) of Theorem are not crucial for the spectral flow
function f,(r). The reason goes as follows.

(i) As explained in [Tsl, §2.1], the spectral flow function f,(r) is invariant under the
conformal change of metric. It follows that the spectral flow estimate works for
any adapted metric that is equal to near the bindings. Notice that we do not
claim that 7(r) and 7j(r) are invariant under the conformal change of metric.

(ii) According to [Tsl, Proposition 5.9], different choices of Ag lead to a O(r) difference
of the spectral flow function.

With this understood, we conclude the following theorem.

Theorem 2.3. Suppose that a is a Thurston—Winkelnkemper contact form |[TW|. Suppose that
ds® is an adapted metric which is equal to (@ near the bindings. Let D be a spin-c¢ Dirac

operator. Then, there exists a constant cy determined by a, ds®> and D such that
2

| fa(r) — 3;TQ/YCL/\da! < 04r(logr)% .
for any r > c4.

Remark 2.4. The conformal factor of Theorem (1) shows up naturally. In the construction
of §1.3.2] there are two volume forms on ¥ x, S

1
ia/\da and do N wy .

Their ratio defines a function which is equal to V on the boundary of ¥ x, S'. This particular

conformal factor plays a key role in the proof of Theorem below.
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3. FroM OPEN BOOK TO MAPPING TORUS

Under the setting of Theorem the main purpose of this section is to construct a model
which captures the spectrum of D, = cl(V, ® Agp — %"a). For simplicity, assume from now on
that 3 has only one boundary component . If ¥ has more than one boundary components, one
simply needs to duplicate the construction and the argument.

The model consists of the following objects (which will be introduced momentarily):

e another compactification Y of ¥ x, S, which is a surface bundle over S?;
e a stable Hamiltonian structure (a, 2w) on Y, and a conformally adapted metric ds? on
Y;
e a spinor bundle (E @ EK~')® L, — Y, and a Dirac operator D, on it.
For brevity, the model (Y — S',a,&,ds?, (E @ EK~') ® L,, D,) will be denoted by (Y, D,).
The Dirac operator D, has the following salient features:
(i) on ¥ x, St, D, is identically the same as D

(ii) the “small” spectrum of D, is almost uniformly distributed; the precise statement
appears in Theorem

3.1. The mapping torus. To start, compactify > by attaching a disk to its boundary. To
be more precise, let {pe' | p > 1,e* € S'} be the coordinate on a collar neighborhood of 93.
The attaching disk is given by B = {pe®|0 < p < 1+ 506}. The compactification is done by
identifying the coordinate. Denote the resulting closed surface by 3.

Since T is the identity on a collar neighborhood of 9%, it naturally extends to a monodromy
7 of ¥ by 7|g = I5. Let Y be the mapping torus ¥ x; S*. Equivalently,

Y = (= x-S U ( H B x S
195]=1

where B is attached to ¥. It is a surface bundle over S'. Denote the fibration map ¥ — S* by

et?,

3.2. The extension of the 1-form a. The 1-form a can be extended to Y. The extension
will be denoted by a.

Near the boundary of ¥ x, S!, the 1-form a (1.3) is equal to Vdf + (2 — p)dt. Choose a
smooth function g(p) of p € [0,1 + 509) such that

g(p) =0 when p <506 and g(p) =2—p when p>1-—500 .
On the attaching handle B x S', the 1-form a is defined by
a=Vdo+ g(p)dt . (3.1)

It is clear that @ is a smooth 1-form on Y. Notice that @ is no longer a contact form on Y.
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3.3. The extension of the metric. Near the boundary of ¥ x, S!, the metric (1.6)) is equal to
a?+(dp)?+(3dt)?. For any scalar o € (35, 1), choose a smooth function ho(p) of p € [0,14506)
such that

o ho(p) = %pQ when p < 506;
o ho(p) =0+ (p—2) when p > 1 — 506;
e 1/ (p) >0 for any p € (0,1), where k. (p) means the derivative of hy(p) in p.

Moreover, the functions {4 (p)} o »< 1 have uniformly bounded C*-norm for any non-negative
10 10

integer k. Namely, there exist constants c; such that

sup sup 8’1§L(,k(p)‘ < ¢ (3.2)
oe(%,1L) p€[0,14500) P
The metric on the attaching handle B x S' is taken to be
ds? = a4 (dp)> + (K, (p)dt)? , (3.3)
and its volume form is
B (p)dO Adt Adp . (3.4)

It is clear that the construction gives a smooth extension of the Riemannian metric on ¥ x, S*
to Y. The precise choice of o will be made later.

3.4. The stable Hamiltonian structure. The 2-form %da also admits an extension w by:

%da on ¥ x,; 8,

h.dt Adp on Bx S'.

o =

It is straightforward to check that (&, 2w) forms a stable Hamiltonian structure, and the metric
defined in §3.3]is conformally adapted to it.

3.4.1. The canonical spin-c structure. As explained in §2.1.2] there is a canonical spin-c struc-
ture determined by (@, 2&) and the metric ds®>. Denote the canonical spinor bundle by
CaoK1!1oY.

It is convenient to fix a trivialization of K~! — B x S$' C Y. Consider the unitary vector
field

V20 = 12 9, + (0, Lay) . (3.5)

The expression is smooth when p > 0. When p < 506, it is equal to %(876 —40y) in terms of

the rectangular coordinate x — iy = pe™.
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3.4.2. The extension of E. The Hermitian line bundle £ — Y is assumed to be trivial near
the bindings, and the connection Ap is assumed to be the exterior derivative. It follows that
the bundle and the connection can naturally be regarded as being defined over Y. Denote the
bundle by E = 17, and the connection by Az.

3.5. The degree r bundle. The purpose of this subsection is to construct a Hermitian line
bundle L, — Y with a unitary connection A, for any r > 20. The curvature of A, supports
only on the attaching handle B x S!, and is proportional to r.

Since r > 20, 1% < [:—] < %. Set the constant o to be

o= [7“] . (3.6)

Although o depends on r, the function IN"LU(p) is independent of r in the sense of |i

To construct I~/T, consider the trivial bundle over ¥ x, S' and B x S'. Let 1y, and 15 be the
depicted unitary sections, respectively. On the overlap region {1 < p < 1+ 500}, identify the
bundles by the transition rule

el 1y, =15 . (3.7)
The unitary connection A, is defined as follows:

e over ¥ x, S', the connection flr is d with respect to 1x;
e over B x S', the connection A, is d + ir(hy + £g)dt with respect to 1p.

When 1 < p <1+ 506,

-
ir(he + §§)dt =i(ro)dt = i[r]dt .

It follows that A, obeys the transition rule 1' and hence defines a connection on L.

3.6. The Dirac operator on (E® EK~')® L,. The bundle (E® EK ') ® L, — Y is also a
spinor bundle. Let V, be the canonical connection on C & K. The connection Vo®Ap® flr
is a spin-c connection on (C@® K1) ® E ® L,. Perturb the connection by —2G, and consider
the corresponding Dirac operator. Namely,

i

—a

2 )

~ - ir
D, =clo(V,® Az ® Ay — ga) .

V, =Vo® Az 0 A, —
(3.8)
The Weitzenbock formula for D, reads

D20 = V35,6 + 7(0) + CI(Fy — i) ()

13



where F,« is the curvature of flr. Here & consists of the scalar curvature, the curvature of V,

and the curvature of Az; in particular, £ is an operator independent of 7. On ¥ X, St
~ T
cl(Fy — 5da) = irQ L cl(a)

where € is the conformal factor (2.4). On B x S*,

~/

cl(F - Z'—rdd) =cl (ir(ﬁ’ + g—/)d Adt — irg—d A dt)
T o T )P 9 P
= drcl(hl dp A dt) = irQ  cl(a) .
It follows that the Weitzenbock formula becomes
D2y = ViV, + k() +irQ L cl(a) () . (3.9)

The operator i cl(@) acts diagonally on (E®EK 1) ®L,. It acts as —Q~! on the FL, summand,
and acts as Q7! on the EK 'L, summand.

Remark 3.1. The spinor bundle (E & EK 1) ® L, is topologically trivial over the attaching
handle B x S1. The bundle E is trivialized by an A g-parallel, unit-normed section. The bundle
L, is trivialized by 15 as in §3.5 The bundle K1 is trivialized by V205 . They induce
a unitary trivialization of (E @& EK ') ® L, over B x §! C Y, and the sections on B x S' can
be identified with C? valued functions.

4. EIGENVALUE DISTRIBUTION OF DT

The main purpose of this section is to show that the “small eigenvalues” of D, are almost
“uniformly distributed”. The strategy here is learned from Vafa and Witten [VW]. They applied
the Atiyah—Patodi-Singer index theorem [APS1,APS3| to prove that there cannot be large gaps
in the Dirac spectrum.

The following proposition gives an integral estimate on the eigensections.

Proposition 4.1. There exists a constant c1 determined by the stable Hamiltonian structure
(@,0), the metric ds* and the connection A such that the following holds. For any r > c1,
suppose that ¥ is an eigensection of D, whose eigenvalue \ satisfies |\|? < %r. Then

[iseert [19sp <ar [P
1% Y 1%
where o is the EL, component of ¥, and B is the EK L, component of 1.

Proof. With the Weitzenbock formula (3.9), the proof is exactly the same as that for [Tsl,
Proposition 2.2]. O

Here comes the main result about the spectrum distribution.
14



Theorem 4.2. There exist constants co and c3 determined by the stable Hamiltonian structure
(@,®), the metric ds® and the connection Ap with the following significance. For anyr > ca, let

{\j}jez be the spectrum of Dy, which are arranged in ascending order. Then for any I\ < %r%,

1 _1
Niti =N = 7l S e
where j =r([3d0 A©D) +c3 > 0.

Proof. Regard the fibration map Y — S' as a gauge transform. The Dirac operator e D,e~% =
D, — icl(df) is gauge equivalent to D,, and hence has the same spectrum as D,.. Consider the

one parameter family of Dirac operators defined by
D, =D, —is cl(d)
for s € [0,1]. Arrange the eigenvalues \;(s) of ©, in ascending order,
—00 < -+ < Ajo1(8) < Aj(s) < Ajpa(s) < - < o0,

and normalize the index so that at s = 0, A;(0) is the smallest non-negative eigenvalue. Since
Dy is gauge equivalent to D1, there exists an integer j such that A\;(1) = \;4;(0) for any j € Z.
According to |[APS3, section 7], the integer j is the spectral flow of the family {®}o<s<1, and
can be computed by the index formula |[APS1} (4.3)].

(The spectral flow computation) Since Dy is gauge equivalent to D1, the boundary contri-

bution of the index formula at s = 0 cancels with that at s = 1. It follows that
. 1 Yo 1 ~
j :/ (zef(KTTERLE) - ﬂpl([o, 1] xY)) .
[0,1]xY

Here, p; is the first Pontryagin class of the metric. It is constructed from the Weyl curvature
p1 = ﬁ(\WHQ — |W_|?), and hence vanishes on [0,1] x Y (see [APS2, p.421]). The first Chern
class of K _IEQi% is given by
i ~ . . 1, . ~
%(fFK +2F + 2F, —irda — 2ids A df) = %(szf( + 2iF; + 2r&o +2ds A df) .

More precisely, the differential forms are pulled back by the projection map [0, 1] x Y 5 Y
except ds. It follows that

r

. ~ 1 . .
It is not hard to see that d0 A @ > 0. Thus, j > 0 provided r is sufficiently large.

(The spectral gap estimate) The second step is to estimates the difference between A;(0) and
Aj(1). Since Dy is D, perturbed by a closed 1-form, ®; obeys a similar Weitzenbock formula

as (3.9). As a result, Proposition also holds for ©; for any s € [0, 1].
15



Let 9;(s) be the unit-normed eigensection of D, with eigenvalue \;(s). Then

3(5) = | (icl(@0)us(s).,(5) (1.2

and thus [X}(s)| < ¢4 for ¢4 = supy [df]. In particular, if 1A;(0)]2 < Lr, then |\;(s)[> < 3r for
any s € [0,1]. It follows that Proposition applies to 1;(s) for all s € [0,1]. By (L.4), (3.1
and (33),

Ao =Vv~'Qa+ (components in the metric dual of ker(a)) .

Therefore,

1

(=i cl(d)j, ;) = V(\ag’\Q —1B*) + (b(ay), B;) — (67(8)), ) (4.3)

where a; and 3; are the EL, and EK 'L, components of 1j, respectively, and b and bl are
the off-diagonal components of —i cl(df). The endomorphisms b and b' are independent of r.

According to (4.2), (4.3) and Proposition there exists a constant cs such that

1
if |X;(0)] < r2, then |N(s) — V\ < c5r2 for any s € [0,1] .

N

Integrating this inequality from s =0 to s = 1 gives

1 1
[Aj+3(0) = Aj(0) = 7l < 72

The inequality and (4.1) complete the proof of theorem. O

The following corollary is a direct consequence of the theorem.

Corollary 4.3. There exists a constant cg determined by the stable Hamiltonian structure
(@,@), the metric ds* and the connection Ap with the following significance. Suppose that
r > cg, and A_, Ay € [—%r%, %r%] are any two numbers with A — A_ > % Then, the total
number of the eigenvalues (counting multiplicities) of D, within [A_, 4] is less than or equal

to csT(Ay — A2).

5. Two LocaL MODELS

The model Y constructed in §3|is useful for analyzing eigensections of (Y, D,) on the mapping
torus ¥ x, S'. The main purpose of this section is to introduce two Dirac operators on S? x S*.
They are useful for studying the eigensections of (Y, D, ) near the bindings, and the eigensections

of (Y, D,) on the attaching handle.
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5.1. The local model for the open book. The main object of the first model is a contact
form on S? x S1, which was introduced in |Ts, §4.3]. The model consists of the datum (S? x
St a,ds?,C® K, D,). It will be denoted by (S = S* x S', D,) for brevity.

Let (p,e?) € [0,2] x S be the (re-parametrized) sphericaﬂ coordinate for the S? factor,
and let e be the coordinate for the S' factor. The orientation is determined by the 3-form
dp AdO Adt for p € (0,2).

5.1.1. The contact form and the adapted metric. Choose two smooth functions f(p) and §(p)
of p € ]0,2] such that

e when 0 < p < 1+ 50, the functions f(p) and §(p) coincide with the functions f(p)
and g(p) constructed in §1.3.2]

e when 2 — 508 < p <2, f(p) = (2—p)? and g(p) = -2+ (2 — p)?;

e for any p € (0,2), the functions f and f'g — f§' are positive.

It is not hard to see that there always exist such f and g.

With these two functions chosen, the 1-form

i = f(p)df + g(p)dt (5.1)

is a contact form on S% x S!. The metric
1 .
ds* = a” + (dp)” + 7 (f(p)d0 + g (p)dt)? (5.2)

is adapted to the contact form da.

5.1.2. The Dirac operator. As explained in §2.1.2]and §2.7.3] the contact form @ and the adapted
metric ds? determine a canonical spinor bundle C@® K ~! and a canonical spin-c Dirac operator

D, on it. The bundle K~ is also a trivial bundle. It can be globally trivialized by the unit-

normed section

o 2 (G0 — Jar)) (5.3)

N T |
Together with the depicted section 1¢, the sections of C @© K~ are identified with C? valued
functions on S? x S'. With respect to this identification, let Sk,m be the space of smooth

sections whose C component have frequency k in € and m in e, and whose K ~! component
have frequency k + 1 in € and m in €. Namely,

Sim = {0 = (o, B) €C®(S* x SH,C@ K™Y) | gt = iktp +i(0, B) and dptp = imap} |

2To be more precise, choose a positive smooth function x(p) of p € [0,2] such that x(p) = 1 when p < 15 or
p > %, and f02 x(p)dp = 5. The parametrization of the standard sphere is given by z = Sin(fop x(s)ds) cos b,
y = sin( [ x(s)ds) sin 6, z = cos( [ x(s)ds) cos.
17



Remark 5.1. When 0 < p < 1+ 500, the contact form and the metric are the same as that
near the bindings of the open book, S' x B C Y. It follows that 1c and also trivialize the
canonical spinor bundle C@® K ! over S! x B C Y. Together with an Ag-parallel, unit-normed
section of E, the sections of E® FEK ! over S' x B C Y are identified with C? valued functions.
This provides an identification of sections of (E® EK ~')|g1 5 with sections of (COK 1)|g14 5.
Moreover, the Dirac operator D, is identified with D, = D, — % cl(a).

For any r > 0, consider the Dirac operator D, = D, — % cl(a). The following notion is useful
to describe the eigenvalues of D,.

Definition 5.2. Observe that the function g/ f is monotone decreasing in p € [0,2]. For each
positive integer k and integer m, there is a unique gy, € (0,2) such that kg(pr,m) = mf(ﬁkm).
Let 4y m be

) 2mf! (Prm) — 2kG (Prm) 2k 2m

T P o) Fok) 9Pk >4

The last equality only makes sense at where g(p,) # 0. If K =0 and m > 0, set py , to be 0,

and set Yy, to be m. If k =0 and m <0, set g, to be 2, and set 4 ,, to be —m

The spectral properties of D, are summarized in the following proposition.

Proposition 5.3. There exists a constant c1 determined by the contact form a and the metric

ds? with following significance.

(i) DT(Sk,m) belongs to Si y, for any k and m, and the eigenbasis of D, can be chosen so
that each eigensection belongs to some Sy, .

(ii) For anyr > c1, D, has at most one eigenvalue \ within (—(%r)%, (%r)%) on each Sk,
If there does exist such an eigenvalue, then k > —min{1,|m|} and

r—= ;Yk,m
2

A— !§01

Moreover, the corresponding eigensection can be expressed as Py m = <p§w)n+ (p,(gzn with

the following properties.

(a) Prm, gb,(g;n and gb,(:,zn are smooth sections. If 206 < prm < 2 — 200, the support
of gb,(f?)ﬂ is contained in {|p — prm| < 20} If prm < 2068, the support of gb,i??n is
contained in {p < 408}, If prm > 2 — 206, the support of @,({(7)2,1 s contained in
{p >2—406}.

(b) The L? integrals satisfy

[ 1ornl? = [ome =0, [P <arT

where the integrals are against the volume form %d A da.
18



(c) Lﬁg)zn s an approrimate eigensection in the sense that

/ 15,20, PO J2 < e
S

(iii) On the other hand, for any positive integer k and integer m with |r — g m|* < %r, D,
on Sm does admit an eigenvalue \ satisfying

|A_T_7k,m

5 ‘Sq.

This proposition was proved in |Ts, §5]. We will give the precise reference of each assertion

W

5.2. The local model for the mapping torus. The main object of the second model is a sta-
ble Hamiltonian structure on S? x S*. The model consists of the datum (S? x S', a,®, ds?, L,&®
L.K~',D,). Tt will be denoted by (S = S? x S*, D,) for brevity.

Let (p,e') € ]0,2] x S! be the (re-parametrized) spherical coordinate for the S? factor. Let
e be the coordinate for the St factor of S? x St. Note that the roles of # and ¢ are switched
from the convention in

5.2.1. Geometric structures. Choose a smooth function §(p) such that

e when p < 1+ 500, g(p) coincides with the function g(p) defined in
e when p > 2 — 500 , §(p) is equal to 0.

For any o € (45, 15), choose a smooth function he(p) such that

e when p < 1+ 508, hy(p) coincides with the function he(p) defined in
e when p > 2 — 500, ho(p) = 20 — 1(p — 2)%;
e its derivative in p is positive k. (p) > 0, at any p € (0,2).

With these two functions chosen, the Riemannian metric on S? x S is taken to be
ds? = a% + (dp)? + (b (p)dt)? (5.5)
where
a=Vdo+ g(p)dt .
The orientation on S? is determined by
& = h(p)dt Adp,

and the orientation on S2 x S is determined by & A df = R (p)dp A d A dt.

The pair (a,20) constitutes a stable Hamiltonian structure. The metric ds? is adapted to
it. According to 92.1.2 and §2.1.3 they determine a canonical spinor bundle C ® K1 with a

canonical connection V,.
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The symmetric 2-tensor (dp)? + (k. (p)dt)? defines a metric on S2. The metric with the

symplectic form & determines a complex structure on S2. Let K ;21 be the anti-canonical
bundle. It is not hard to see that K ! is isomorphic to the pull-back of KS_21 by the projection
map.
5.2.2. The degree 2r bundle. Suppose that r > 20. Set o to be [TL] as before. In order to study
the Dirac operator introduced in consider the Hermitian line bundle L, over S? defined
as follows. Take the trivial bundles over {0 < p < 14500} and {1 < p < 2}. Let 1_ and 14 be
the depicted unitary sections, respectively. On the overlap region {1 < p < 1+ 504}, identify
the bundles by the transition rule

62i[r]t . 1+ — 1_ .
Define a unitary connection A, on L, as the following:

e on {1 < p < 145068}, the connection A, is d+ir(hs(p) + 14(p))dt with respect to the
trivialization 1_;

e on {1 < p < 2}, the connection A, is d + ir(hs(p) + 33(p) — 20)dt with respect to the
trivialization 1, ; note that the term —2¢ guarantees the smoothness of the connection

near p = 2.

On the overlap region {1 < p < 1+ 506}, the first expression is d + i[r]d¢, and the second
expression is d—i[r]dt. They obey the transition rule of Ly, and hence A, is a smooth connection
on L,. Tt is easy to see that the first Chern number of L, is 2[r], either from the transition rule

or the curvature computation.

5.2.3. The Dirac operator on L, ® L, K. Consider the connection and the Dirac operator
A A i
V, =V, A, — 5&
D, =clo(V,® A, — %a)

on f)r ® ﬁrf( ~1. Here ﬁr is pulled back as a bundle over S? x S*.

To study the Dirac spectrum, consider the S' action on the S! factor of S? x S'. Namely,
R (p, ez‘t, ei@) — (,0, eit7 ei(@’—i—@)) _
This action preserves the stable Hamiltonian structure and the metric. It does not change the

projection map onto the S? factor.

With the help of the S! action, the Dirac equation is reduced to a Cauchy-Riemann equation
on S2. Suppose that

¢ = \/lz—weike(dkaﬁk) (5.6)
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is an eigensection of D, with eigenvalue A\, where &y, is a section of L, — 52 and Bk is a section
of i}TK§21 — S52. To derive the equation for & and Bk, trivialize the bundles ﬁr and I:J% -1
over {0 < p < 2} by the sections
1. and 1-® Le”(@ + i((91; - g@g)) (5.7)
Ve Y v
respectively. The latter expression can be identified with %e“(dp + iﬁ;dt), and defines a local

section of K ;21. With respect to this trivialization, the Dirac operator reads

) 09 —e™ (9 + (0 — £ 05))
Dr - . . ~ i
(B — (0~ £09) i
1 ’ eit /7 15 . . (5-8)
. 2 i (ho +39) L1 fo 2eta -2k
o A - .
o (ho + ) -1 20, |0 q
It follows that the Dirac equation D, = A reduces to the following equations on S2:
r k.. = B .
(5 - V)alc + V2055 = Ay,
\/»5 r k g/ . R (59)
2 v — (= — — — - - /\ .
- kOl (2 v th)ﬂk Br

Here, ér,k Ly — ﬁTK§21 is the usual Cauchy—Riemann operator associated with
Vop = A, — iﬁgdt .
’ v
In other words, perturb the connection A, by the globally defined 1-form —i% gdt. The operator
5:# is the L?-adjoint operator of 5,n7k.
With this reduction, the eigenvalues of D, can be found by the Riemann—Roch formula and

the vanishing argument.

Proposition 5.4. There exists a constant co determined by the stable Hamiltonian structure
(a,0) and the metric ds® such that the following holds.

(i) For any r > ca, the spectrum of D, on L, & L, K~ that lies within [7(%7“)%, (%T)%]
consists of

r k r k 1 .1

(ii) For any r > c2 and any integer k satisfying |5 — €| < (%r)%, the corresponding

eigenspace has dimension 2[r| 4+ 1, and is isomorphic to ker 5,,7;9 via the identification
_ 1 .
&y € ker 8r,k — 76’%9(5&]6,0) .

Vor

21



Proof. Suppose that 1) = %eikg(&k, Bk) is an eigensection of D, whose eigenvalue \ lies within

[—(%r)%, ( %r)%] Integrating the Bochner—Weitzenbock formula for fj gives

a¢ A 12 5 A2 iF4, A2
2 [ 1A = [ 9B+ [ (2wl
92 S2 S2 w
where x is the Gaussian curvature. The left hand side is equal to 2 [ g2 (5r7k(§:’k3k, Bk) Using
1| to replace 57“7;65;" kﬁk, the equation becomes
r k

— o 42 r - hy2 h2 !i/ A9
O/SQWT,kﬂk\ +/s? ((2 V) +(r—2A +ﬁé’)\)+"5)|/8k’ :

Since |A| < (%r)%, there exists a constant c3 such that fj, vanishes for any > ¢s. It follows

from Bk =0 and 1' that

r k 1 1
- — < (= 2
|2 V‘—(BT)Z Y

87"7,{;6% =0.

According to the Riemann—Roch formula, it suffices to show that the kernel of 5;% is trivial
to conclude that the dimension of ker 9, is 2[r] + 1. The vanishing of ker 9%, follows form the

same Bochner-Weitzenbock formula and the condition |5 — §| < (%r)% This finishes the proof

of the lemma. O

We need the following notion to describe the eigensections of D,.

N|=

Definition 5.5. There exists a constant ¢4 such that for any r > ¢4 and |5 — %] < (ir)z,
- r k
h. +(z—=)3 >0

for any p € (0,2). For any r > ¢4 and any integer n € (—2[r],0), let py, € (0,2) be the unique

solution of

. 1., k.. .
7(ho(Prn) + 59(Prn)) = 79(Pen) + 1 =0
For n =0, set pin to be 0. For n = —2[r], set py,, to be 2.

Proposition 5.6. There exists a constant cs determined by the stable Hamiltonian structure

(@,0) and the metric ds? with the following significance. For any r > c5 and any integer k with

L — %\ < (%T)%, ker 9,1, has an orthonormal basis {Gy., = &,(COT)Z + éz,(le},gmgngo satisfying the

following properties.

(i) With respect to the trivialization 1_, Oy p = in éy p, S0 do o}](COZL and 025521.

(ii) If 200 < prn < 2 — 200, the support of d,(le is contained in {|p — prn| < 20}. If
Prn < 200, the support of (34,(;)7)I is contained in {p < 406}. If pgn > 2—200, the support

of d,(f;l is contained in {p > 2 —400}.
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(0)

(iif) &, ) almost solves Oy in the sense that

[ BadaO < v <.
52 ’

(€)

(iv) The remainder term &y, obeys

/ |Ozk ‘2 < 0567% < 657"_7 and /2<dk,na@](§7)l> =0.
S2 S

(v) If In— & + [r]] < £(480), the support of d,(g??l is contained in {|p — 1| < 500}, and thus
can be regarded as a smooth function on S? (with respect to 1_). It is proportional to

(0)

the approximate eigensection " n4lr] given by Proposition . More precisely,

_(0 1, . (0
Blonslr] = Norh M OOy

for some scalar ¢y, with |cgp,—1| < C5€_é. Here @l(COZLHr] is identified with a C? valued

function by .

The condition of (iv) |n — % + [r]] < (48kd)/V transforms to |m — §| < (48kd)/V by
m = n + [r]. They are equivalent to that |py, — 1| < 485 and |pg, — 1| < 484, respectively.

v

The proof of the proposition is basically by solving ordinary differential equations with integral
factor. The proof appears in §A.2]

6. GLUING EIGENSECTIONS

The main purpose of this section is to prove that the “small eigenvalues” of (Y, D,) is almost
the same as that of (Y, D,). The strategy is to divide [—77"2, %7‘2] into sub-intervals about of
unit length, and to show that the total number of eigenvalues of D, and D, are same within

each sub-interval.

Lemma 6.1. There exist constants ¢y and co determined by the contact form a, the metric ds?,
and the connection Ag with the following property. For any r > c1, there exists a sequence of

numbers {v; : —[%r%] <j< [%r%]} such that
(i) for any j, |v; —j| < 10, and thus —%r% << ]/j <y << %r%
(ii) for any j, there is no spectrum within [v; — car™t,v; + cor 1] for (Y, D,), (8,D,) and

(§7 ﬁ?”) ;
3
(iii) for any j, there is no spectrum within [v; — cor™2,v; + car 2] for (Y, D,).

Proof. For any j € {—[3r %] +1, —[%r%] +2,---, [%r%] — 1}, consider the interval
1 1
U; =[j
e According to Corollary and Proposmon [6.4] there exists a constant ¢z such that

the total number of eigenvalues of (Y, D,) and (S, D) within U; is less than car.
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e Since (S, D,) is constructed from a contact form with an adapted metric , [Ts1,
Corollary 3.4] implies that the total number of eigenvalues of (S, D,.) within Uj is less
than c4r for some constant cy.

e Due to [Tsl, Corollary 3.3(i)], there exists a constant c¢; such that the total number
of eigenvalues of (Y, D,) within [—%r%, %r%] is less than csr2. It follows that the total
number of eigenvalues within U; is bounded by 057"%. The metric is only conformally
adapted, and [Ts1, Corollary 3.4] cannot apply to (Y, D).

Let cg = max{cs, c4}. Divide U; into sub-intervals of length between (60cgr)~! and (30cer) .

There are at least 4cgr sub-intervals. Let {U; 1 }1<r<xi be the sub-intervals which do not contain
any eigenvalues of (Y, D,), (S, D,) and (S, D,). Tt follows from the pigeonhole principle that
K > 3cgr.

Let %Uj,k be the sub-interval of Uj ) with the same midpoint and of half length. Further
divide each 1Ujx into sub-intervals of length between (6005)_17“_% and (5065)_17‘_%. The total
number of sub-intervals is at least

50
20cer X (50esr2) > csr

Hence, there exists some sub-interval which does contain any eigenvalue of (Y, D,). Choose any

(3cer) X

one of such a sub-interval, and set v; to be its midpoint. It follows from the construction that
v; satisfies the assertion of the lemma with ¢y = 5 (max{cs, cg}) 1. O

Item (ii) of the lemma guarantees spectral gaps of 2cor~!. This allows us to invert the Dirac
operator. It plays a key role for gluing eigensections.

Definition 6.2. Let ¢; be the same constant of Lemma For any r > ¢q, let {v; : —[%r%] <

Jj< [%T%]} be the sequence given by this same lemma. With this sequence, introduce the

following sets of eigenvalues for any r > ¢ and —[%r%] <j< [%r%] —1:

Z; = {\ € spec(D,) ‘ vi <A<Uvjq1},
I = {xe spec(D,) | vj <A<vjp}.

The definition abusesﬂ the notation: the multiplicity of eigenvalues is counted. Also introduce
the following index sets:

Zj ={(k,m) € Z>o X Z | spec(DT|5k’m) N (vj,vjs1) # @, and k <mV'} |
. k k
Z; ={(k,n) €ZXZ | Vj<g—v<l/j+1, andv—[r]<n§0}.
The condition that & < mV is equivalent to pi,, < 1. The condition that & < (n + [r])V is

equivalent to py , < 1.

3The set-theoretically correct definition is {(\k)eRxN ’ A € spec(Dr), v; < XA <vjy1, k < dimker(D, —

AD}.
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As explained in the proof of Lemma there exists a constant c; such that
#ij + #ij + #i] <crr and #Ij < C7T‘% (6.1)
for any r > ¢7 and —[%r%] <j< [%r%] —1.

Theorem 6.3. There exists a constant cg > c1 determined by the contact form a, the metric
ds? and the connection Ap with the following property. For any r > cg, let {v; - —[%T‘%] <j<
[%r%]} be the sequence given by Lemma . Then,

#I; — #1; = #1; - #1;

D=

for any r > cg and —[%r |<i< [%r%] — 1. As a consequence, #L; < 2crr.

The proof of this theorem occupies the rest of this section. It is organized as follows. §6.1}is
devoted to construct approximate eigensections of (Y, D,) corresponding to #Z; — #fj. In
we prove that these approximate eigensections have small L?-norm near the bindings, and hence
are approximate eigensections of (}7, [?T). contains a linear algebra lemma which gives a
precise estimate on the difference between genuine eigenvalues and approximate eigenvalues. In
we coznbine t?e above results to prove that (#Z; — #fj) + #fj < #ij Another direction,
(#Z; — #I;) + #1; < #I;, can be proved by the same argument.

6.1. Approximate eigensections for #7; — #fj. The first step is to construct approximate
eigensections of D, corresponding to #Z; — #fj.

Lemma 6.4. There exist constants cg > ¢1 and c19 determined by the contact form a, the
metric ds? and the connection Ap with the following significance. For any r > cg, let {v; :

7[%7“%] <j< [%T%]} be the sequence given by Lemma ﬂ Let

Vj = span{v | D) = X for some X € Z;} and
V; = span{@y), | (k,m) € Z;}

where gb,(cor)n is the approximate eigensection given by Proposition . Since the elements of f/j

only support on {p < 1}, they can be regarded as smooth sections of EBEK 1 —'Y by and
Remark . Then, Vj and f)j satisfy the following properties for any —[%r%] <j< [%r%] - 1.
(i) Let pr; be the L2—0rﬂvwg0nal proje?tion onto V;. The dimension of prj(f/j) is the same
as the dimension of Vj, i.e. pr; : Vj = V; is injective.
(ii) Let ]}jb be the L?-orthogonal complement of prj(])j) in Vj. The space f)]h admits a
L?-orthonormal basis {@Z’jyf}lgﬁg#lj—#fj such that

Diipjo = pjepje+ %(?
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or some scalar p;¢ € R and w € pr; V;). They obey the estimate:
75 7 E J

_3 _3 €)|2 —6
vitcar 2 < g <vjyr—cor 2, and /1/|1/)‘§’2| < cyor

for any 1 <0 < #I; — #jfj.
iii) Moreover, let prit: pr;(V;) — V; be the inverse map of that in item (i). Then
j i\Vi J

/Y\Pr}l(lbj(-,eg))—%(g)! <er .

Proof. (Assertion (i): pr(V;)) For any (k,m) € Z;, let Ay, be the corresponding eigenvalue of
D, on ¢j . According to Lemma (ii), Vi + cor™l < Mem < Vjg1 — cor~!. Due to Remark
and , Drgbg)n on Y is the same as DT@,(S%% on S. By Proposition (ii.b) and (ii.c),
there exists a constant c¢1; such that

/ 1D~ Mm@ P <enr ™S, and |1 / g0 Pl <enr ™. (6:2)
Y Y

(0)

In terms of the spectral decomposition induced by D,., write ¢, as

(0 0 -
Blom = P (Biom) + i + P (63)
where pr(gb,gozn) is the L2-orthogonal projection of gb,g 7)n onto Vj, gbzm is the L?-orthogonal

5(0 )

onto the space spanned by eigensections whose eigenvalue is greater than
Vjt1, and @, is the L?-orthogonal projection of @g)zn onto the space spanned by eigensections

whose eigenvalue is less than v;. It follows from Lemma [6.1{(iii) that

,Q o
: / Gl < / (D = M) B )

projection of by,

3 _3
<ot [ 10 = Mgl + 5ot [ 0L
C2
Then appeal to (6.2]) to conclude that
C11 3
. 6.4
J 16t < (6.4

Similarly, [, |¢,,|* has the same upper bound.

Proposition (ii) implies that {gb,(cozn | (k,m) € Z;} are mutually orthogonal to each other
with respect to the L2-inner product. It together with (6.3 and (6.4) finds a constant cy5 so
that

1 _/ ‘pf@g@”z‘ <cpor?,
}/Y<pr(¢7;(€) pr(@p)) !—Z!/ B D)
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for any (k,m),(k’,m') € fj and (k,m) # (k’,m’). On the other hand, the dimension of
Vj is no greater than crr . Based on these facts, a linear algebra argument shows that
{pr; (cp](goin) | (k,m) € Z;} still forms a linearly independent set. This proves Assertion (i) of the

lemma.

(Assertion (ii): f/]h) It follows from the construction that D,(V;) C V;. Let Di’j : f)Jh — f}j
be the restriction of D, on f/]h composing with the L?-orthogonal projection onto f/]h The
2 self-adjointness of D, implies the L? self-adjointness of DEJ. The construction of Di ;s
done within V;, and it is simply a finite-dimensional linear algebra. Hence, there exists a L?-

orthonormal eigenbasis {1 ¢}, of Dh on Vh Denote the corresponding eigenvalue by p; . By
, Yie € V C Vj is not only L2—orth0gonal to pr(@éo) ), but also L?-orthogonal to cp( )

Let @D](Eg) = Dypj o — pjetbje. It follows from the construction that any @b](.’g belongs to the
~ ~. 3
L?-orthogonal complement of V]h- in Vj, which is pr;(V;). To show that vj + cor™2 < pjp <
Vjt1 — 027“7%, express fije as [y (Dpthje,¥j4). An elementary linear algebra argument shows
that

inf7; < sup fY D:v, ¢)

<supZ;,
vevnioy  Jy [P ’

and the desired bound on ;¢ follows from Lemma ii).
(0)

km) is a smooth

It remains to estimate the L?-norm of ¢ . Suppose that ZI ckmpr (go

section in pr; (V;) with unit L2-norm. Due to ., . and
0 2 (0 2 (0
1= !ck,m\zfy\pr @O = 3 cmtem / (pr; (B40), b1 (240))
Z;

(kym)€Z; (K, ’)
#(k,

>Zrckm\2/\pr @ -5 3 Z (ctml? + lewmel? \/ pr; (60, b, (B0,

(k m)eZ; (k',m’)
)

23 JREE AT (ckml FRCICEARAC )

(km)eZ; gf('k ';

> (1—ci3r™?) Z |k m

I
for some constant c13 > 0. It follows that

Z |ckm|? < 14 2e13r72 . (6.6)
1
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Consider the following L2-inner product:

’/ jgazckmpr Z|ckm”/ 1‘71)], ,Ujﬂzjjé,pr (90](“)71)>|
—mer!/ Doty = |ckmr|/ (Wit el )
_ , _ (0)
—jzj|ck,m”/y<w],£a(Dr Ak,m)¢k7m>‘ .

By and (6.6),
| 3 ek oA < (leknP)enr™ (X [ Ipruan(so)?)
I

fj fj P>
<enr*(1+ 2013""_2)/ [l -
Y
Here, v | <1 is regarded as a local section of C & K~1 — S by Remark H, and pry, ., is the

projection onto Sy, defined in § Since the estimate holds for any unit-normed section in
2 -
¥ |

pr;(V;), we conclude that [, |w 20117"_6.

(Assertion (iii): pr_l(zpﬁ))) Proposition (ii.b) and 1@' imply that

J e < (200 [ e

for any ¢ € prj(f)j). Since [, [¢|* = [, (pr ) for any ¢ € pr; V),

/Y ’PTj_l(%bJ(‘,gz)) - 1/1§7Eg)|2 = /Y | Prfl(l/fj(-?)|2 - sz)’z < 26137”2/Y |¢j(‘,€£)|2 < dcezr™®

This completes the proof of the lemma. O

6.2. Almost vanishing near the bindings. The main purpose of this subsection is to prove
that the approximate eigensections constructed by Lemma have small L?-integral near the
bindings.

Lemma 6.5. There exists a constant ci5 determined by the contact form a, the metric ds®> and
the connection Ag such that

/PSP055

for any ;, produced by Lemma (z’z’) and py € [%, 1]. (p is the coordinate near the bindings

as in §1.3.1,)

P <as(r®+ 7”1/ [5.0%)
P<po
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Proof. Let x(z) be a standard cut-off function with x(z) = 1 when z < —1, and x(x) = 0 when
x > 0. Let x,0 = x((p — po)/d). It can be regarded as a smooth function on Y which is only

non-zero near the bindings.

According to Remark and (5.3)), xpo¥j¢ may be regarded as a smooth section of C @
K=t — S. It follows from the construction of (S, D) that D,(xXp¥js) = Dr(Xpytje) under
the identification.

For brevity, drop the subscript ¢. Express x,,%; in terms of the spectral decomposition
induced by D,:

Xﬂodjj = Z ck,m@k,m + 53(6) . (67)

|>‘k,m|2§§

The first term is the L?-orthogonal projection of Xpo¥ onto the space spanned by the eigen-
sections whose eigenvalue |/\k7m\2 < %r, and @y ,,’s are the eigensections given by Proposition
This same proposition guarantees that each (k,m) appears at most once in the summa-
tion. The remainder term 5 ©) belongs to the L?-orthogonal complement, which is spanned by
eigensections whose eigenvalue [A[? > ir.

(Estimate CVJ(E)) Let p; be the approximate eigenvalue of 1; given by Lemma (ii). The
operator D,.— 1; preserves the L*-orthogonality between 3 ¢x m@r.m and (). Since || < %r%,
1 1
lpwj £ (%T)§| > 1—167“5. It follows that

g5 [ JEOR < [0 =m)leni)P <2 [ (D= +2 [ Jeltann)isl

By Lemma [6.4{ii), there exists a constant ¢; such that

/g COP < exg(rT 47 / _ ). (6.8)

(Estimate ¢, for (k,m) € fj and prpm < po — 36) When py,,, < po — 36, Proposition

(ii.a) implies that x,, = 1 on the support of gb,g ) and thus Xp()(P;CO,)n = le(c ) The coefficient

Ck,m 1s equal to

Cke,m :/<Xpowjv¢k,m> - / <w]795](£2n> +/<Xpo¢ja(p§fazn> :
S Y S

Since (k,m) € Z;, it follows from Lemma ii) that [} (15, gb,(coy)n> = 0. According to Proposi-
tion ii.b) and the Cauchy—Schwarz inequality, there exists a constant ¢;7 such that

coml? < crrrT /S | DE e (o) (6.9)

for any (k,m) € fj with pgm < po — 3d. The map pry, ,,, is the projection onto S, defined in
§5.1.2
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(Estimate ¢, for (k,m) ¢ Z; and prm < po—308) Similar to the previous case, the coefficient
¢km is bounded by

(0 2 _
chml? < 2| /Y W5, 3O + 2000 /S Dt Gt )12

Since (k,m) ¢ Z;, it follows from Lemma (ii) and Lemma (ii) that | — Agm| > cor™L.
And then

o /Y (Wi, e < | /Y (Dy — ), )| + | /Y (W7, (Dr = Mom) o)

= ‘/}/(wj('a)’xpo@l(c??)n)‘ +|/y<1/}j=XP0( = Ak m)‘P(O)

Due to Proposition [5.3[(ii.c), there exists a constant c;s such that
|kl < 618(r2/§prk,m(Xpo¢§s))|2 +T‘4/S|prk,m(><powj)l2) (6.10)

for any (k,m) ¢ Z; with pjm < po — 39.

(Estimate ¢, for prm > po — 36) It follows from the Cauchy-Schwarz inequality that

leml? = |/S<Xpowjv¢’k,m>‘ S/Slprk,m(Xpo%)!z (6.11)
for any (k,m) with pg m > po — 36.
(The integral of 1; over p < pg —58) Consider the L*-integral of on {p < pyg—>5d}:
[ wpz2 [P+ X JanP() lonP) (6.12)
p<po—5§ S ‘)\k,m‘QSg p<po—>56

where the inequality uses the fact that fp<p0,55<¢k,m,¢k:’,m'> = 0 for any (k,m) # (K',m/).
When fim > po — 38, Proposition [5.3(ii.a) and (ii.b) imply that

/ (Grml? = / L2 < / GO < o
p<po—>56 p<po—>56 S

By (6.9)), (6.10) and (6.11), there exists a constant cyp such that

> dnP([loral?)
p<po—56

Ak,m|?<3

< Z |ck,m|2 + 6197‘_6 Z |cl<:,m|2

ﬁk 7n<p0736 .bk ’rn>/)073(S

<eolr /Z | DTk n (X0 )2 + 777 / ST It )P

(k,m) (k;m)¢Z;

_ 3 — )\ 1|2
<ego(r 4/< |42 +T2/Y }Xp(ﬂ/’](' ) Xpo PT; 1(1/1](- ))‘ ). (6.13)
p<po
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where pI‘;l is the map defined by Lemma iii). The last inequality follows from the fact
that prj_l(wj) is contained in @(k,m)ejjsk,m and so is X, prj_l(wj). According to 1) ,
(6.13) and Lemma [6.4](iii),
[l <ottt [ ). (0:14
p<po—54 p<po

This completes the proof of the lemma. (|

By the iteration argument [M], the L2-norm of v, is rather small near the bindings.

Corollary 6.6. Suppose that xg(p) is a cut-off function with xp(p) =1 when p < 1—450 and
xB(p) = 0 when p > 1 —405. There ervists a constant co3 determined by a, ds*, Ag and xp
such that the following holds. For any r > co3,

i) the L?>-norm of 1, near the bindings satisfies
s

/ V0
p<1-305

for any 1; produced by Lemma (ii);
(ii) for any (k,m) € Z;,

2 < cogr®

’[@(XB%,A@;&%H < cogr?

where gb,gozn s the approximate eigensection given by Proposition (w) The section

XBYj is regarded as a section of C @ K1 =S by Remark and .

Proof. Assertion (i) is a direct consequence of Lemma

(Assertion (ii)) When fym > 1 — 386, Proposition [5.3(ii.a) implies that x p@m = 0. Thus,
Ja{xBY;, ¢;(€?2n> = 0.

It remain to estimate the L?-inner product when Prom < 1 —380. Let pg =1 — 350, and let
Xpo be the cut-off function introduced in the proof of Lemma Since xp = 1 on the support
of Xpo, [5(XBY1 Bion) = J5(Xo0tss XEG ).

Express x,,%j in terms of the spectral decomposition induced by D, as 1'

Xpo¥j = Z k! Pl s + Gj -

[Aer m?12<5

For any (k',m') € Z; with pg vy < 1 — 386, it follows from Assertion (i) and (6.9) that
J PE!,

|Ck',m/|2 <cqr 3.

By Assertion (i) and (6.8),
/ |Cvj‘2 < 0257“77 .
S
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(0)

i.m in terms of the spectral decomposition induced by D,:

- (0 < X
XB‘P](w)n = 5Pk,m + Skym

Similarly, express xp@

where fkm € Si,m and is L?-orthogonal to Pk,m- According to Proposition (ii.b) and (ii.c),
sl<2  and |Gl <o / (Dr — Nean) (X BB )P < ca6r™!
It follows that

)/V<X”0wj’XB¢l(£7)n>’ = ’%ms + /<<J>§km>‘ < cor 4.
S S

This completes the proof of the corollary. O

6.3. A linear algebra lemma. The following lemma produces genuine eigenvalues of a Dirac
operator from approximate eigenvalues. It only involves linear algebra, and is a minor modifi-
cation of [T's, Lemma 6.4].

Lemma 6.7. Let © be a Dirac operator on a spinor bundle S. If there are constants €1 and
€2, a finite number of smooth sections {&}l_| of S, and real numbers {u,}l_, satisfying the

following properties:
(i
(ii

(ii

0 < e <% and ex(max{pe} — min{ug})2 <€

Jorany1 <0 <L, |1— [|&*| < e, and Zgzu/# | [, &0)| < e2;

J1® = m)&l? < e1 for any1 <0< L;

Zﬁ:w#”«@ — W&o, (D — péo)| < e for any 1 < £ < L and min{pu} < p <
max{fi}.

~— — — —

(iv

Then, there exist L eigenvalues (counting multiplicity) {\e}t_, of ® such that |\¢ — pe| < 4\/€1
forany1 < ¢ < L.

Proof. The lemma is clearly true for L = 1. The plan is to do induction on the total number of
approximate eigenvalues. Suppose that the lemma is true for L — 1 approximate eigenvalues.
Without loss of generality, assume that {,}X | is non-decreasing in £.

For any ¢ € {1,2,---, L}, remove & and py, and apply the lemma. If this procedure produces
L eigenvalues (counting multiplicity), it is done. Now, suppose that there are only (L — 1)
eigenvalues, {\;}¢—;'. They must satisfy

e — el < Av/er and e — e | < dv/er
for any ¢ € {1,2,--- | L — 1}. It follows from the triangle inequalities that
e = pes| < 8ver (6.15)

for any ¢ € {1,2,--- L —1}.
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Property (ii) guarantees that {¢,}, forms a linear independence set. Thus, there exist com-
plex numbers {54}5:1 such that ZZLZI s¢&; is L?-orthogonal to the corresponding eigensections
of \p for all £ € {1,2,--- | L — 1}. Normalize its L?-norm to be 1. It follows that

L
_y 5£|2/|@|2+225m// €.6)
/=1

(=1 z'#

(1-e) 2\5@\2—722 (se* + 156 P)] [ ter.60)]

(=1 0124
L

> (1—26) > sl
/=1

and then Zle |5¢)? < 1+ 4deo.
For any real number p with min{pu,} < p < max{u,},
/\9 w &) /\@ o) (&) — (= mo)ée|”

< e+ 2lp— pelvVer (1 + e2) + [ — pel*(1 + €2)
2
< 261+ 2V2|p — pelv/eEr + | — pel® = (V2er + | — puel)

It follows that

L L
/\(@—M(Zw)\?sZ\sﬁ/!@ el 43 Il S [ (@ - wgn @ - wee)
/=1 /=1 /=1 V#£L
L

<3 oo ((VEeT + = pul)? + 1)
/=1

N

1+ 4e5)(v/ — 1ug))?
< (1 +4e2)( 361+1?%XL|“ te)

< (4 a — 2
< (4y/er + A | — pue])
By taking p = “L5EL | the inequality finds another eigenvalue Aj, with

and its eigensection is L2-orthogonal to the eigensections of {)\5}5;11. According to 1 ,
there exist some £ € {1,2,---, L} such that |\ — | < 4,/€1. After re-numbering the indices of
{)\4}5:1 in the non-decreasing order, these L eigenvalues satisfy the assertion of the lemma. [

6.4. Gluing eigensections to Y. This step constructs eigenvalues of (37, DT) corresponding

o (#I; — #1;) + #1;.
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Proposition 6.8. There exists a constant c3g > c1 determined by the contact form a, the
metric ds®> and the connection Ap with the following significance. For any v > c3g, let {v; :
—[%r%] <j< [%r%]} be the sequence produced by Lemma . Then,

(#I; — #I;) + #I; < #I;
for any —[%r%] <j< [%r%] —1.

Proof. The strategy is to construct approximate eigensections of (f/ ﬁr) corresponding to #Z;—
of

#fj and #fj, and apply Lemma to estimate the eigenvalues (17 ) ).

(Step 1: approximate eigensections for #Ij—#fj) For any r > ¢g and — [ r2] <j< [27“2] 1,
consider the approximate eigensections {"Lﬂj’g}lgzg I — and the approximate eigenvalues
{Mjl}lgég#zjf#fj produced by Lemma (ii). Let x(p) be a cut-off function with x(p) =1
when p > 1—40§ and x(p) = 0 when p < 1 —454. It can be regarded as a smooth function on
both Y and Y, and it is equal to 1 on ¥ x, S.

The following recipe produces sections of (E @ E,K~')® L, — Y from {Wjeh1<o< HT,— T,

o Multiply {t;¢}¢ by X. {Xt;¢}¢ are still smooth sections of E & EK~1 — Y.

e {X®j}¢ vanish on the tubular neighborhood {0 < p < 1— 456} of the binding. Ac-
cording to the constructions in §3.4| and § (E® E,K~')® L, — supp(x) C Y is
isomorphic to E® EK 1 — supp( ) cY. Thus {Xtj.¢}¢ can be thought as as smooth
sections of (E® E, K\ ® L, =Y.

e According to the construction of D, in §3.6, D,(X1;¢) is the same as D, (X1, ¢) via
this identification.

Take {X1je}q<p< BT, to be the approximate eigensections corresponding to #Z; — #fj.
The approximate eigenvalues are {1 ¢}y« BT, — T,

(Step 2: approximate eigensections for #fj) For any (k,n) € fj, consider the section

. 1 - )
901&?7)1 = \/—2?6““"@,&?2“ 0) of L, ®L,K'—S8

(0)

where dk’n is the approximate eigensection of D, given by Proposition and the expression
is with respect to the trivialization on {0 < p < 2}. Since ppn, < 1 for any (k,n) € Z;,
Proposition (ii) implies that the support of @,207)1 is contained in {0 < p <1+ 26}.

With the help of the trivialization and Remark ( ) can be regarded as a section of
(E®E,K")®L, — Y. It is not hard to see that D, comc1des Wlth D,.. With this understood,
take {cﬁg’)q)l}( kin)ed, to be the approximate eigensections corresponding to #Ij. The approximate

eigenvalues are {5 — T]j}(k n)el
D J
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(Step 3: condition (ii) of Lemma We are going to apply Lemma on the approximate
eigensections

{ilbj,@}geg#zjf#fj U {92’2?7)1}(16,71)61

and approximate eigenvalues {1 ¢} U {5 — %} The precise values of €; and €3 will be chosen
in step 6.
According to Lemma (ii), ¢ has unit L?-norm. By Corollary (i),

1= [ el = Q=P < [l <enr® (6.16)
% Y p<1-405
Due to Proposition (iv)
/| S0 |2 }_/ 2 < egor T (6.17)

There are four cases of the L?-inner products between approximate eigensections.

o Lemma(ii) says that [, (¢, 1;¢) = 0 for any £ # ¢'. It follows that [o (X0, X¥je) =
J5 (%% = 1)(4hj0,4bj.0). By Corollary [6.61),

| / (X¥s0:Xj.0)
1%
o If (1 +478)k < (n+ [r])V, the L%-inner product
[ 460 s =
%

The reason goes as follows. The condition i— 470)k < (n+[r])V is equivalent to that
6

< cyr®

(ii) that the support of 951(;)7)1

in where {p < 1 —453}. Hence, the supports of ‘151(;)) and xv; ¢ are disjoint.

o If (1+470)k > (n+ [r)V > F, Prop081t10n V) identifies SO](€’ZL with ¢ n%ﬁ?)ﬁ[r}
for some constant ¢, with |1 — ck,n| < ce” 7. Since the approximate eigenvalue of
@Z,(COT)L lies within (v;,vj41), (k,n + [r]) must belong to Z;. According to Lemma (ii),

RORS 0 - .
J3( gok ] Vi, ¢) = 0. Tt follows that ff,(cp,(m)l,ij, = [3¢( (p;%, 1—X)¥j¢). According
to Corollary [6.6(ii) (with xp =1 —X),

| / @O, ) < et

P < 1—476. It follows from Proposition is contained

o If (k,n) # (K,n'), <p,(“)1 and ‘ch')n/ have different Fourier frequencies, and must be
L?-orthogonal to each other.

The above estimates and .D imply that for any £ € {1, - ,#ZI; — #fj},

#I —#I;
0 _
‘/ X¢j€/7ij€ |+ ‘/ SDECZNX%E <C34T 37 (6'18)

é’;él (kn)eZ;
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and for any (k,n) € :Z-jv

b (0) © .0 5
- ~(0 ~(0 ~(0 _2
Z } / <X¢j7€7 (10]@771)‘ + Z ‘ / <(70k’,n/7 90]6,77,)‘ S C34T 2 . (619)
(=1 Y (k/,ﬂ/)Efj Y
(k! ,n")#(k,n)

(Step 4: condition (iii) of Lemma For any 1 < ¢ < #TI,; — #1;, it follows from Lemma
[6.4)ii) and Corollary [6.6(i) that
/ [(Dr — pj0)(Xtj.0) < 2/ [(Dr = pj )il + 2/Y X[y e
<3570 . (6.20)

For any (k,n) € Z;, it follows from (5.9) and Proposition (iii) that

~ r k. B
/}7 (D, — B + V)(@;(SL)P < caer 0. (6.21)

(Step 5: condition (iv) of Lemma Lemma () implies that § < vj41 —v; <2 for any
—[%r%] <j< [%r%] — 1. For any p € (vj,v41), we write

(Dy — 0)(XWj.0) = (Dy — 11,0) (X%j0) — (1 — pj.0) (Xabje)
= XU + AR — (1 — p5.0) (RV10)

RV (O N S A R WIN () NP AN 1 A<>

where ¢](€£) is the error term given by Lemma (ii).

There are four cases of L?-inner products between them.

e For any ¢ # ¢, Lemma 11) says that [(1;, e,wj 4/) = 0. It follows that

[ e = [ 0= v

By this trick, all the terms involving t;, or 1, are integrated over {p < 1 — 400}.
According to Lemma [6.4(ii) and Corollary

’/ 1w (Wj.0), (Dr N)(i%,w))‘ < ez 8

o If (1+478)k < (n+ [r])V, the supports of (D, — u)(Xtj¢) and (D, — u)(cﬁ,(coi) are
disjoint to each other. As in step 3, the L?-inner product Vanishes
o If (1+478)k > (n+ [/])V > k, Proposition|5.6{iii) says that [ |(D, — 5+ £)(2\0)]* <

ce”c. After integration by parts, the L2-inner product between (D, — ) (X)) and
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(D, — M)(@]&OZL) is equal to
~ . ~ r k.0 r k 0)
fV<(Dr = 1) (XW50), (Dr = 5+ 72)@p ) + (= 5 + V) <x1/13 PRGN
r k B - r k..
—(2u— e — =+ —) / (e, (Dr — = + )P
2 |4 Y ’
According to Lemma [6.4(ii) and the estimate in step 3,

| / W) (XW1.0), (Dr = ) (20)) | < casr™ .

o If (k,n) # (K, n'), (D, — M)(@/E;OL) and (D, — M)(@,(C(,))n,) have different Fourier frequencies.
It follows that the L?-inner product vanishes.

The above estimate and 1} imply that for any £ € {1,--- ,#Z; — #fj},

#I —#1;

| / W) (505.0), (Dr — 1) (X050))]
4/# (6.22)
+ 30 | UDe = (@), (Dr = i) ()| < esor™®
(kn)eL;
and for any (k,n) € i'j,
#I —#1;
| / w)(x050), (Dy — (@)
) i (6.23)
" | / WG (Dy = (GO < canr? .
(K, /)eI

(! 1) (k)

(Step 6: apply Lemma Let c49 = max{csq,c39}. Set €1 = 40407“_% and ey = cqor” 2. It
follows from (6.16)), (6.17)), (6.18]), (6.19), (6.20), (6.21)), (6.22) and (6.23) that the approximate
eigensections and eigenvalues satisfy the conditions of Lemma Therefore, (17, ﬁr) admits
(#Z; — #fj) + #7:']- eigenvalues within

(N1

_5 _5
(Vj—8\/C40’r’ 4,l/j+1+8 C40T 4) .

With the help of Lemma (ii), these eigenvalues actually belongs to (v; +cor™t, v —cor™1).
It follows that (#Z; — #Z;) + #ij < #fj. This completes the proof of Proposition O

6.5. Proof of Theorem With Proposition it remains to show that

(FI; — #I;) + #L; < #I; . (6.24)
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Note that Proposition also implies that the spectral gap of (Y, D,) in Lemma (iii) is in
fact of order »~1. With this understood, (6.24)) can be proved by the same gluing construction.
Since the argument is completely parallel, we will not duplicate it.

7. PROOF OF THEOREM [2.2]

The purpose of this section is to prove Theorem With the help of Theorem the
spectral asymmetry of (Y, D,) can be related to the spectral asymmetries of (Y, D,), (S, D,)
and (5’ , ﬁr) Since we understand the spectrum of these three models pretty well, their spectral
asymmetries are more tractable.

Definition 7.1. For any r greater than the constants of Proposition [5.3] and Proposition [5.6
introduce the following set of orthonormal eigensections.

(i) Let V, be the set of orthonormal eigensections of D, whose eigenvalue belongs to
(—%r%, %r%) f/ﬂ[ is the subset of V, in which the corresponding eigenvalue is positive
(negative, respectively).

(ii) Let V, be the set of ¢y, (given by Proposition with
k<mV

and whose eigenvalue of D, belongs to (—%r%, %r%) VE is the subset of V, in which
the corresponding eigenvalue is positive (negative, respectively).
(iti) Let V, be the set of @y, (given by Proposition and Proposition and) with
k

F-pl<grt,  p-ll<n<o
2 v'S3 oy iHsn=t

f/? is the subset of V, in which 5= % is positive (negative, respectively).

Definition 7.2. With these sets of eigensections, let 7'7(]2) be (2.2) with the index set replaced
by Vi and V-, and Ay replaced by the corresponding eigenvalue of D,. The functions #(V,),

n(Vy), i(Vy), 7(V,) and #i(V,) are defined in the same way.

7.1. Compare the eta functions. The first step is to estimate the difference between 7(r),
7j(r) and the corresponding eta-functions of the models.

Lemma 7.3. There exists a constant ¢; determined by a, ds*> and Ag such that

V) +iV) [ <er and

( 7") + 77(]}7“) ‘ <cilogr

3 3
—~
= =
N— S~—
| |
3 3
—
AR
N— SN—
| |
3 3

for any r > ¢
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Proof. Let cs be the constant given by Theorem For any r > cg, let {v; : —[%T%] <j<
[%r%]} be the sequence given by Lemma The corresponding index sets defined by Definition
satisfy

#T; + #I; = #I; + #I; < car (7.1)
for any r > ¢y and —[%r%] <j< [%r%] — 1. Let
- y 11 + ‘ 11
J” =min{j | v; > —3ri}, J*=max{j | v < 5ri},

J, =max{j | v; <0} and JF =min{j | v; >0} .

(Estimate 7j(r)) The function 7j(r) can be written as

Jo Jt
r’%logr< Z (Awe—m(fllogr))@)_i_ Z Z ()\d]e—ZO(r*llogr)Ai))
J=J- Ayp€(vi_1,v5) j=JF A€W vi41)

up to an error term 047“_% log r, which governs the contribution near A = 0 and near A = :I:%r%.
By the mean value theorem,

’xe—QO(r*1 logr)z? _ ye—20(r*1 logr)yQ‘ < ’35 _ y| (72)
for any non-negative z and y. With (7.1)) and (7.2)),

\Mﬂ+ﬁ@ﬁ—ﬂﬁ)—ﬂﬁﬂSr%k%T®M+%%MG

gr%)) < ecslogr .

(Estimate n(r)) By the same cancellation trick,

() + (V) = (V) = (V)|
Jo Jt
SCG’I“_%(logT)% (T%(IOgT‘)_% + Z e—QO(rfllogr)u]z + Z e—ZO(r’llogr)V?)
j=J= i=J3

o0
<crrz(logr)? (r%(log )2 +/ 6720(T_110gr)82d3) < cer -
0

This completes the proof of the lemma. O

7.2. Eta functions of the mapping torus. The distribution of small eigenvalues of (Y, D,.)
is described by Theorem It leads to the following lemma.

Lemma 7.4. There exists a constant cig determined by @, @, ds®> and A such that
s 1 s
|n(Vy) | < cior(logr)2 and |71(Vy) | < ciologr

for any r > cig.
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Proof. Let {\;};ecz be the spectrum of D, which is arranged in ascending order and is normal-

ized so that A1 is the smallest non-negative eigenvalue. Theorem finds constants c11 > 0,

c12 and c13 such that

1

1 _
P‘J'JrCllTJrClz —Aj— V‘ < cigr 2

for any r > ¢13 and || < %r% Denote c117 + ¢12 by j.

(7.3)

Note that A\ < % This can be seen by gluing a solution from Proposition It follows

from (7.3) that A\g > —. Let

1 1
k =max{k € N | A4z < §r% and A_gj > —gr%} .

The estimate ([7.3)) also implies that

%4 1 1
‘k——zgré‘éth4, A4kj = gré——cuz and A—kjg‘—gré‘FCM

for some constant cig4.
(Estimate i(V,)) With this understood, 7j(V,) is equal to
3 k J
r—2logr Z Z (/\j+j(k—l) exp (—20(r~ " log T))\?+j(k71))
k=1 j=1
+ AM—j—j(k—1) XD (—20(7‘71 log T))‘%fjfj(lcfl)»
up to an error term of c1572logr. According to (7.3)),

2 1
V + <V + 6137’_%)]{

1 1 1 1

1 _1
(77 — e 2)(k = 1) < Aigje—n) SAjje-1) < Mg <

vy
for any k € {1,--- ,k} and j € {1,---,j}. It follows from (7.2)) that

V

15(Vr) | < e15(r—2logr + r~3 logr Z Z(l + r*%k))

k=1 j=1
< cglogr .

The latter inequality uses the facts that j = c117 + c12 and k < %7‘% + c14.
(Estimate 7(V;)) By the same token,

1 k J
V)] < err(r+ 72 (logr)z S > (1417 2k))
k=1 j=1
1
< cigr(log)t .

This completes the proof of the lemma.
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7.3. Eta functions of the local model for the open book. Proposition gives approx-
imations for small eigenvalues of (S, D,). It leads to the following lemma.

Lemma 7.5. There exists a constant cag determined by determined by a and ds® such that
.y 1 e
|n(Vy) | < coor(logr)2 and |71(Vy) | < coologr

for any r > cyp.
Proof. (Estimate ij(V,)) Due to Proposition and (7.2),

V)] < 2 (2 IOgT)) Z (r — Ym) exp (= 5r~ ' logr(r — ’Yk,m)2)‘ +carlogr . (7.5)

‘ﬁk,mef}r

N

To proceed, note that the % ,, has a naturally extension as a smooth function on the right half
plane of (k,m). Consider the re-parametrized polar coordinate on the right half plane:

K(s.p) = s(F2(0) + 3°(0)) *F(p) . m(s,p) = 5(F(0) + 5*(0)) ?3(p)
where s > 0 and 0 < p < 2. Note that
dk Adm f}z +fglsdp/\ds

Let

1

(s, p) = 25(f*(p) + 3% (p) "2 -
A straightforward computation shows that 4 has the following properties:

o if (k(s,p), m(s,p)) belongs to the lattice Z>o % Z, ¥(s, p) is equal to i, defined by
Definition

e for any k + |m| > 1, §(s, p) is a smooth function in (k,m); there exists a constant cjg
such that

[ (k,m) — 3(K',m")| < 2
provided |k' — k| + |m' —m| < 1.

Let py € (0,2) be the unique solution to Vg(p) — f(p) = 0. Tt follows from the above
discussion and Proposition [5.4] that

‘ Z (r — Akm) exp(—=5r~Hlog 7(r — F.m)?)

¢k,m ef)r

_ (/Opv /f (r — (s, p)) exp(=5r~"log (r — ¥(s, p)) )f}z 1 Sdep)’ = o

3
2
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where s_ = @(r — %r%) and s = @(r + %r%

). In other words, the summation is
equal to the integration up to an error term of order 6237“%

. After integration by parts,

[ =3 expl—5r og (e = 35,

:%(f%rg?) r(logr) 1( exp (= 5~ ogr(r = (s,0)))| ")

1(f2 + g r(logr) 1/ exp 1logr(r —'y(s,p))Q)ds
< 0247’%(10g ).

It follows that

| Z (1 — Yk,m) exp(—dr~

3
Mog r(r — Hxm)?)| < cosr? .
‘pk,mevr

By combining this inequality with (7.5, it implies that
[71(Vr)| < g6 logr .

(Estimate n(V,)) By the same token, 7(r) is equal to

-

p 2
r=3 logr /V/ /3 e~20(r log) “QMsdudsdP
(r—%(s,p)) f2
pv st [E(r—3(s.p)) 1 2fg fa
~ / / / 1 o—20(r~!logr) 27sdudsdp)
0 S0 —%77 f

1 F24 52 2452
up to an error term corr(logr)2. Here, sg = f2+g r, sS_ = I+ (r — %
V24

5 (r + gr%). By changing the order of integration,

-

5T —1 G -1 2
/ / 720( log r)u? sduds _/ / —20(r~tlogr)
(s,0))

“sduds
%
é 5 %r% so+vV f2452%u
:/ / _20( ~Hlogru? Sdsdu/ / 6_20(T_110gr)u28d8du
0 \/mu s0
F2 ~2 3

f ;‘g / 26720(T*110gr)u du > —0287“%(10g 74)7% .

0

It follows that

> 1
[n(Vr)| < cogr(logr)? .
This finishes the proof of the lemma. (|
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7.4. Eta functions of the local model for the mapping torus. The small eigenvalues of
(S‘ , ﬁr) are characterized by Proposition It leads to the following lemma.

Lemma 7.6. There exists a constant cs; determined by a, & and ds® such that

A~

7V, | < esyr and |1 (Vy) | < 31 logr
for any r > c31.

Proof. According to Proposition and Proposition the eigenvalues of D, on V, are

k k 11

and the multiplicity of § — % is [r] — [g]

In particular, the smallest non-negative eigenvalue happens at k = [%] Rewrite positive
eigenvalues as /\; =5 — +([%F] —j) for j >0, and its multiplicity is nj = [r] - [$[5] - %]
Similarly, the negative eigenvalues are A\;” = 5 — %([%] +j+1) for j > 0, and the multiplicity
. — y 1
is 0y = ] - (B[] + 3]

With the help of (7.2]), a cancellation argument shows that

[572]
‘77(12")| < 632(7‘_% log )

<
[N

T

(]

(nj + (] = m5)27)

vl S,
H— O

[3r2] .
< essrHogr) Yo (- [ 1+ T2 ) + G+ 0 - (151~ )

<.
o

< cgglogr .

By the same cancellation argument,

(S

r

Gl

]
(V)] < essr2 (log )2

(]

(0 +(nf =) [ e ow

j=0
V.3
_1 ;[3 J 1 rV. 541 1 _1,.
< egor3(logr)? Y- ((Ir) = (515 + S5 =]) +r¥log )3 (i + 1)
7=0
< carr.
This completes the proof of the lemma. O

7.5. Proof of Theorem It follows from the triangle inequality on Lemma Lemma
Lemma [7.5 and Lemma [7.6] that

[1(r) | < caor(log 7“)% and |7(r) | < caologr .

This completes the proof of Theorem
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APPENDIX A. DIRAC EQUATION ON THE LocAL MODELS

A.1. The local model for the open book. Proposition was proved in [Ts, §5]. The
purpose of this subsection is to give precise reference for each assertion.

(Assertion (1)) With respect to the trivialization (/5.3]), the Dirac operator is written down
explicitly in |Ts, (4.1)]. The expression is invariant under the S x Sl-action in # and ¢, and

Assertion (i) follows.

(Assertion (ii) on the eigenvalues) The existence, uniqueness and estimate of the eigenvalue
A on S, was proved in [Ts, Lemma 5.5]. Note that it implies that 4, is of the same order

as r, i.e. %7“ < Fkm < c1r for some constant ¢; > 0.

(ii.b) and (ii.c) were proved in [Ts, Proposition 5.10].

When 208 < pgn < 2 — 209, Assertion (ii.a), (ii.b) and (ii.c) were basically proved in [T,
Proposition 5.6], with a larger error term. We now explain how to construct the approximate
eigensection with the error term claimed by Proposition The strategy was mentioned in
[Ts, the paragraph after (5.24)].

Let ¢ = (a, B) € Sk,m- Use separation of variables to write & and 3 as

(Assertion (ii) on the eigensections) When py ., < 208 or ., > 2 — 206, Assertion (ii.a),

& = g m(p)e’ MM (27 A) 7 and B = Brum(p)e B+ (2w A) =z
where A i is 3 ( f'g — f&'). The eigensections equation [Ts, (5.23)] reads
r ki —mf . o kjg—mf A . §
5 - %< m -\ < m = A m s
G758 Jmm = Fin = (T + g5 = A (A1)
§ kg — mf r kgl—mf/ JE// / f/ 1" . '
' UL m—(z 4+ —T——L 1+ TG = A -
Apom — ( A 2A)ak (2 2A 8A )Bk 5]47

Consider the Taylor series expansion of the coefficients at jy, ,,:

kg—mf d j 8
- = Yk,mT — Zt]w — Ro(x)z® ,
A p
kg —mf’ !
ZA Ztl 7 9%1 s
V/ 5
Z ) + Eo(x ,
5
g — flg" ,
- = e;z) + €1 ()
8A =



where © = p — pi m and the above equationsﬁ holds for || < 4§. A direct computation shows
that the linear term of (kg' — mf’)/2A vanishes. Since 200 < pg., < 2 — 203, there exists a
constant ¢y > 0 such that

lej| +1ej < c2 and |€o(2)] + [€1(2)] < 2 (A-2)

for any |z| < 46. According to (5.4]) and 206 < pjn < 2 — 200, there exists a constant c3 > 0
so that k + |m| < csr. It follows that there exists a constant ¢4 > 0 such that

ej| + |t;| < eyr and [Ro(x)| + |R1(2)| < eqr (A.3)

for any |z| < 46.
Let &(x) be (%Tm)% exp(—%T’me). Consider the approximate solution for (D

a(x) (1 —|—a2( )+-.-+a6(x))§(x) ;
b(x) (61 + o+ bo(2)) € () (A.4)
N g /yk2m 4 g

defined by the following recursive formulae:

b (x) =
— o T @ma)bi(x) = Y (eia' !+ vigaa b ()
i=1
j .
+ Z(Mz + v 2" e (x) (A.5)
i=1
da;(z ! ; ;
d]l() = (i1’ et a;(x)
. i=1
j—1
+ Z(M et = ahb () (A.6)
i=1

To say more,

e a;(x), bj(x) and p; are determined by {a;(x), b;(), 1ti }i<j; the initial term ag(x) is set
to be 1, bg(x) is set to be 0, and pp is set to be (1 — Jx.m)/2;

e for any j > 0, solve for a;(x) with the initial condition a;(0) = 0;

e the image of (—% + 29k ma) is L*-orthogonal to exp(—¥rm?); y; is determined by
the condition that the right hand side of is L%-orthogonal to exp(—’yk,mﬂ); then

solve (|A.5) for b;(z)

With (A.2)) and (A.3]), an induction argument shows that

4These constants and function depend on k and m. We drop the subscripts k and m for simplicity.
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. {aj(m),bj(x)}gzl are polynomials in  with deg(a;(z)) < 35 and deg(b;(x)) < 3j — 2;
their coefficients in front of z* obeys

d'a;(z)
dzt

d'b; ()
da?

|z:0‘ +

o= 0‘ < (i!)cm“% : (A.7)

o 1j obeys |u;| < cor' 7

for some constant cg.

Let x(z) be the cut-off function with x(x) = 1 when |z| < 6 and x(x) = 0 when |z| > 2/.
Consider the section ¢(®) = x(p — Pk,m) (a(p — Prm)> b(p — pkm)eik’g)e"(kﬁmt)(27TA)_% € Sim-
It has the following significance.

e Note that [, |[2°¢(2)|*dz < ((i + 3)!)(Fk,m) ™" for any non-negative integer 4. It follows

from that
- / O] = |1 - / P(a(a)? + b(x)[2)dx] < e (A.5)

e By plugging a(x) and b(z) into (A.1)), the recursive relations (A.5) and (A.6]) together

with (A.2)) and (A.3)) imply that
/ D — O < 7S (A.9)
S

Let ¢pm be the L?- orthogonal projection of ¥(© onto the eigenspace of X, and gb,(fgn be
— O Due to and ., A — | < cgr3. According to [Ts, Lemma 5.5], any
elgenvalue of D, on Sk m other than A has magnitude greater than (3 ) It follows that

/ GELIE < card / DO — p O < cregr
S S

and then

(e)

k,m>

After normalizing the L2-norm of @y, = ¥ + ¢ they satisfy Assertion (ii.a), (ii.b) and

(ii.c) of the proposition.

(Assertion (iii)) When pg,,, < 206 or pkm > 2 — 200, Assertion (iii) were proved in [T,
Lemma 5.12]. When 208 < pgm < 2 — 200, (5.4) implies that k + |m| < c3r. In particular, the
estimates on the coefficients (A.3)) still hold, and so do (A.8) and (A.9). Hence, Assertion (iii)

follows. This finishes the proof of Proposition

(Remark on the case when |1 — prm| < 485) On the region where |p — 1| < 500, f = V and

g = 2 — p. By Definition E P = 2 — m—v and then |1 — mV] < 480. According to ,
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Veym = 27k The eigensection equation 1) on the region where |p — 1| < 506 reads

T Yk, % «
(2 2m) IBk m (Vk,mZE)ﬁk,m = )\ak,m ;

r Vk,m
2 2
It follows that dy.m = &(x) = (7’“ Tm )3 excp(— 'Y’”” 2%), Bem = 0 and X = (r — . m)/2 is a true
solutlon on the region Where |p— 1| <500. It is easy to see that the upper bound in and
is actually cige “10 in this case. Thus,

; _1
B, = han (X(0 = P )E(p — pram)e E+m™0 773, 0) (A.10)

)Bk,m = A/Bk,m .

e+ (Voym @) ke — (

__r
for some constant ¢ ,,, with |1 — ¢ | < cr1e c1r.

A.2. The local model for the mapping torus. The purpose of this section is to prove
Proposition [5.6

By 1) and 1) the Cauchy—Riemann operator 5% is

i 1 - 1. k.
Op — Eat + E(T(ho + 59) - Vg)
with respect to the trivialization 1_ (5.7)). The equation is invariant under the S'-action in e*.

Consider the section o}k,n(p)eikt. The Cauchy—Riemann equation reads

1 1 k
aakn_’_ﬁ (n—l—r(h +§A)——§)dk7n20. (A.11)

(e

Suppose that 200 < pg , < 2—200. The equation (A.11]) can be solved by the integral factor:

. . p 1 - 1, k .
() = trnexp (= [ (4 1o (s) + 23(5)) — - g(s))ds) (A12)
ﬁk:,n hi)’(s) 2 V
The constant ¢, ,, is chosen so that f02 |ékn(p )2 h! ’dp = 1. Based on the properties of hy and g
explained in Definition and with the condition |§ — —| < ( )2, there exists a constant c1o

such that |6y ,(p)] <
X is cut-off function as in It is not hard to see that

¢k,n = X(p = Prn)bkn(p) where

)

A= ([ waea) h;dp)‘lw,i?i ad G0 = au, - af)

satisfy Assertions (i), (ii), (iii) and (iv) of the proposition. When py ,, < 208 or py,, > 2 — 200,
the construction of the approximate solution is essentially the same as that for [T's, Proposition
5.10], and we omit it here.

For Assertion (v ) note that ﬁkn =2- ("HT]) when |n — £ + [r]| < £(486). It follows that
the integrand of (A.12) is equal to 2 4 k(p— pr n) when |p — pkm\ < 24. Assertion (v) follows from

a straightforward computatlon and (| m This finishes the proof of Proposition
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