DYNAMICAL STABILITY OF MINIMAL LAGRANGIANS
IN KAHLER-EINSTEIN MANIFOLDS
OF NON-POSITIVE CURVATURE

PING-HUNG LEE AND CHUNG-JUN TSAI

ABSTRACT. It is known that minimal Lagrangians in Kdhler—Einstein manifolds of non-positive
scalar curvature are linearly stable under Hamiltonian deformations. We prove that they are
also stable under the Lagrangian mean curvature flow, and therefore establish the equivalence
between linear stability and dynamical stability.

Specifically, if one starts the mean curvature flow with a Lagrangian which is C'-close
and Hamiltonian isotopic to a minimal Lagrangian, the flow exists smoothly for all time, and
converges to that minimal Lagrangian. Due to the work of Neves [[12], this cannot be true for

C°-closeness.

1. INTRODUCTION

1.1. Stability of Minimal Submanifold and Mean Curvature Flow. Given a submani-
fold in a Riemannian manifold Fy : ¥ — (M, g), the mean curvature flow deforms it according
to
OF;
ot

where Hy is the mean curvature vector of F;(L). A natural question is the dynamical stability at

- o,

a stationary state: if one starts the mean curvature flow with a submanifold close to a minimal
one, will the flow exist for all time, and converge to a minimal submanifold? As one may expect,

it depends on the precise meaning of closeness.

Since the flow is the negative gradient flow of the volume functional, its second variation shall
give some insights. The Jacobi operator on a minimal submanifold ¥ is (V+)*V+ — (R + A),
where R is constructed from the curvature of (M,g), and A is a quadratic expression in the
second fundamental form of X. It immediately implies that when R+ .4 € End(NX) is negative
definite everywhere, ¥ is strictly stable in the linear sense. Namely, 63, Vol(X) > 0 for any non-
trivial variation W. The negativity of R + A is referred to as strong stability. In [21], the
second-named author and M.-T. Wang proved that a strongly stable minimal submanifold is

dynamically stable in C*.
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Theorem 1.1 ([21, Theorem B]). Let X" C (M, g) be a compact, oriented, minimal submanifold
which is strongly stable. Then, if T is an n-dimensional submanifold which is close to ¥ in C?,
the mean curvature flow I'y with T'g =T exists for all time, and 'y converges smoothly to ¥ as
t — o0.

In [§], Lotay and Schulze extended this theorem to a considerably weaker setting.

1.2. Lagrangian Submanifold. When the ambient manifold comes with additional struc-
tures, one can refine the discussion by considering submanifolds and variations with additional
properties. This paper concerns about the stability of minimal Lagrangian submanifolds. Recall
that a half-dimensional submanifold L in a Kéhler manifold (M, g, J,w) is called a Lagrangian
submanifold if the restriction of w on L vanishes. Motivated by the study of moduli space of
Calabi—Yau manifolds, minimal Lagrangian and Lagrangian mean curvature flow have received

much attention.

Suppose that L is a compact, oriented, minimal Lagrangian. To incorporate the Lagrangian
condition into the second variation of the volume, one has to understand the variation fields of
nearby Lagrangians. Note that a vector field W normal to L can be identified with the 1-form
Ew = w(W, -)|r on L. It turns out that the infinitesimal condition of Lagrangian deformations
is & being d-closed. Since harmonic 1-forms are finite dimensional, one focuses on exact
variations: &y = du for u € C*°(L;R), which are called Hamiltonian variations.

The second variation of the volume functional along Hamiltonian variations is derived by Oh
[13,[14]. When the ambient manifold M is Kéhler-Einstein Ricy = & g, the formula reads

5(21uV01(L):/L(—<d(ALu),du)—ndu\2) dvy, , (1.1)

where Ay is the Laplace-Beltrami operator of the induced metric. In particular, a minimal
Lagrangian in a Kédhler—Einstein manifold of non-positive scalar curvature is always stable under

Hamiltonian variations.

On the other hand, if one starts the mean curvature flow with a Lagrangian submanifold,
the Lagrangian condition needs not to be preserved along the flow. As proved by Smoczyk
[17] and Oh [15], the ambient space being Ké&hler-Einstein is a natural sufficient condition for
the preservation of the Lagrangian condition. For general symplectic manifolds, there are some
attempts to modify the mean curvature flow in order to preserve the Lagrangian condition; see
for example [19].

1.3. Dynamical Stability of Minimal Lagrangians. Given a Hamiltonian variation du,
one can easily construct a nearby Lagrangian as follows. The Weinstein theorem says that the
tubular neighborhood of a Lagrangian L in a symplectic manifold (M, w) is always modeled on

the cotangent bundle of L with the canonical symplectic form wy. To be more precise, there
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exist an open neighborhood U of L in T*L and an embedding ¢ : U — M such that ¢p*w = wy,
and the restriction of ¢ on the zero section is the given inclusion. With the help of the Weinstein
neighborhood, (¢ o du)(L) is a Lagrangian submanifold. Since its position is given by du, the
induced metric is determined by the second order derivative D?u.

We are now ready to state the main result of this paper.

Theorem 1.2 (Theorem @) Suppose that (M, g, J,w) is a Kahler—Einstein manifold of non-
positive scalar curvature. Let L C M be a compact, oriented, minimal Lagrangian, and fix
a Weinstein neighborhood ¢ : U C T*L — M. Then, there exists ¢ > 0 such that for any
ug € C®(L;R) with |ug| + |dug| +|D?*uo| < €, the Lagrangian mean curvature flow starting from
podug: L — M exists for all time. Moreover, ast — oo, the flow converges smoothly to L.

The above norm is the static norm. To say more, endow L™ C M with the induced metric o.
The notation D?u means the Riemannian Hessian in o, and all the norms are taken by using
o. For the generalized Lagrangian mean curvature flow in the cotangent bundle of Smoczyk,
Tsui and Wang [1§], a similar result was proved by Jin and Liu [6].

Here is the key ingredient of the proof. An (n,0)-form is introduced in Construction @ It
is not holomorphic when k # 0, but still induces a well-behaved angle function on Lagrangians.
This angle function helps us to improve the technique of [21] and to identify a monotone quantity
along the flow when x < 0, which is Proposition @

We make a comparison between Theorem @ and @ As explained in [21, section 3.2], a
minimal Lagrangian L in a Kdhler—Einstein manifold is strongly stable if Ric, —ko is positive
definite. In particular, (L, o) has positive Ricci curvature when x = 0, and thus has topological
constraints. For example, Theorem is applicable for a minimal Lagrangian subtorus in a
flat torus, but Theorem @ is not. In a nutshell, Theorem @ requires a stronger condition,

while its conclusion works not only for Hamiltonian variations.

Note that adding a constant to ug leaves dug unchanged. By requiring ug to vanish at some
point, the smallness of |dug| implies the smallness of |ug|. This observation leads to the following
rephrasing of Theorem in a more symplectic geometric flavor.

Corollary 1.3. Suppose that L is a compact, oriented, minimal Lagrangian in a Kdhler—
FEinstein manifold of non-positive scalar curvature. If one starts the mean curvature flow of a
Lagrangian which is close to L in C' and is Hamiltonian isotopic to L, then the flow exists for

all time, and converges smoothly to L as t — oo.

Due to the work of Neves [12], one may construct a Lagrangian L Hamiltonian isotopic to
L which is arbitrarily close to L in C?, but the Lagrangian mean curvature flow starting at L

will develop a singularity in finite time. Therefore, it is not possible to improve Corollary
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to CY. If one adopts a weaker notion of the mean curvature flow, it is possible to flow through
the singularity for strongly stable L. See the work [§, section 3.1] by Lotay and Schulze.
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Tsui for helpful discussions. The authors thank Mu-Tao Wang for suggestions on the earlier
draft of this paper. This research is supported in part by the Taiwan NSTC grants 112-2636-
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2. PRELIMINARIES

2.1. Kahler—Einstein metric. Let (M, g, J,w) be a Kdhler manifold of complex dimension
n. It is known (see for instance [L1, ch. 3]) that the Levi-Civita connection naturally induces a
connection on the canonical line bundle K s, whose curvature form /—1p is equivalent to the
Ricci curvature of g. Specifically,

p(X,Y) = Ricy(JX,Y) (2.1)
for any tangent vectors X,Y. The metric is Kéhler—Einstein if and only if
p=Kw (2.2)

for some constant k € R.

2.2. Lagrangian submanifold. A half-dimensional submanifold . C M is called a Lagrangian
submanifold if w|z, = 0.

Denote by 77 the tautological 1-fom on T*L. A local coordinate {xz’ ® , for L induces a
coordinate {y;}"; for the fibers of T*L over the coordinate chart, and 7, = > 1 | y;dat. Tts
negative exterior derivative, wy = —d7r, is a canonically defined symplectic form on 7*L.

The Weinstein neighborhood theorem ([9, ch. 3]) asserts that the tubular neighborhood of
a Lagrangian submanifold is symplectomorphic to its cotangent bundle. Such a parametrized
neighborhood is not unique, and any choice suffices for the purpose of this paper.

Theorem 2.1. Let L C (M,w) be a Lagrangian submanifold. Then, there exists an open
neighborhood U of the zero section in T*L, and an embedding ¢ : U — M such that the
restriction of @ on the zero section is the given inclusion L C M, and ¢p*w = wr,.

With the Weinstein neighborhood, a 1-form £ on L gives an embedding of L in T*L. It is
straightforward to verify that {*r;, = £. Thus, (L) is Lagrangian in (7" L,wr) if and only if

d¢ = 0. In particular, for any function u on L, du(L) is always Lagrangian.
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2.3. Extrinsic geometry of Lagrangians. Let L C (M, g, J,w) be a Lagrangian submanifold
in a Kéhler manifold. One has the natural bundle isomorphisms:

NL: normal bundle of L 2 TL =+ T*L , (2.3)

and they are parallel with respect to the connections induced by the Levi-Civita connection. A
direct computation shows that the composition of the maps in (@) isWeNLw— wW, )|

Definition 2.2. Let H be the mean curvature vector of a Lagrangian L C M in a Ké&hler
manifold. Denote w(H, -)|r by ar, which is called the mean curvature 1-form of L.

The mean curvature 1-form is related to the complex structure of M by the following lemma,
which is proved in [3, sec. II1.2.D] and [15, Prop. 2.2].

Lemma 2.3. Suppose that L is an oriented Lagrangian in a Kéhler manifold M. Consider the
line bundle Kyr|r, with the connection induced by the Levi-Civita connection, which is denoted
by V. Then, Ky|r, admits a unique section 21, whose restriction on the tangent space of L
coincides with the volume form dVy of L. The section 2f, is of constant length, and

VQrL =v—-1lar, ®Q, (2.4)

Suppose that {Ji}?zl is a local, oriented, orthonormal frame for T*L. The section 2 is

given by (o ++v—=1J(c})) A+ A (6™ + V/=1J(a™)).
2.4. Mean curvature 1-form of nearby Hamiltonian equivalent Lagrangians.

Construction 2.4. Suppose that L C (M,g,J,w) is an oriented, minimal Lagrangian sub-
manifold in a Kdhler-Einstein manifold, Ric, = rg. Fix a Weinstein neighborhood given by
Theorem @, p:U— M.

For any z € o(U), 7.(t) = ¢(t- ¢~ 1(2)) for t € [0,1] is a curve connecting z to L, which
corresponds to a line segment in 7" L. Take the section 7, of Kj|r, produced by Lemma @
Parallel transport €, along v, for any z € ¢(U) gives a smooth section of K s over ¢(U), which
will be denoted by €. Note that €2, is of constant length, and gives the exponential gauge for
K along the fibers of T*L (under ).

Due to the minimality of L, (@) says that €y is parallel along L. Since M is Kéhler—
Einstein, the curvature of Ky, is v—1kw (R.2). By the calculation for exponential gauge in
[24, sec. 2], one finds that on p(U),

VQ,=—V-1k1,®Q , (2.5)
where V is the connection of Kj;. We omit (o~1)* on 77, for simplicity.

Remark 2.5. Suppose that M is a Calabi—Yau manifold with a holomorphic volume form 2,

and L is calibrated by Re (). The output €2, of the above construction coincides with 2.
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For an oriented Lagrangian submanifold I' C ¢(U), it follows from [3, sec. III.1] that the
restriction of €, on the tangent space of I' is eV=1qVp for some function eV~ : ' — S!. It
follows from Lemma @ that Q, = V=10 on T. By (@), we find that on T,

VQ, = V(eV10r) = v=1(df + ar) @ Q,, .
Comparing it with the restriction of (@) on I gives
ar =—df — k7| . (2.6)
For a function v : L — R, applying (@) to I' = ¢ o du gives the following lemma.

Lemma 2.6. Under the setting of Construction , suppose the u : L — R is a smooth
function so that du(L) C U. Then, the mean curvature 1-form of F,, = ¢ o du is given by the
exterior derivative of —0(F,) — ku. Here, O(F,) is the argument of Qu/dViodu)(ry, which is a

well-defined smooth function.

2.5. Mean curvature flow in potential. For a smooth function v : L x [0,%p) — R, denote
the spatial exterior derivative by du. Suppose that F,, = ¢ o du evolves by the mean curvature
flow; the non-parametric form of the equation reads

o 1L

—F = H(t 2.7

(5i7) =0 (2.7

where the right hand side means the mean curvature vector of F, (L) at time ¢. According to
the isomorphisms (@), Lemma @ and the fact that F,(L) is Lagrangian, (@) becomes

otur (o (tpean. ) = -0+ o)

Since p*w = wr, the left hand side can be computed explicitly in T L, and is equal to —d(%u).
Therefore, (@) in the current setting is equivalent to
ou
ot
for some C(t) : [0,tp) — R, aka a time-dependent constant. The function C(t¢) has no effect on

=0(du) + ku+ C(t) (2.8)

¢ o du. In this paper, C(t) will be simply set to be 0.

2.6. Basic Riemannian geometry of the cotangent bundle. Let 0 =), ; Oij (z)dz’ @dz’
be a Riemannian metric on L. Denote by D the Levi-Civita connection of o, and let Afj be the
Christoffel symbols of D. The coordinate {x'} induces a coordinate {y;} for the fibers of T*L.

The metric o naturally gives a Riemannian metric on 7% L:
6= oyda' @dal + oY @n; (2.9)
1,J
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where n; = dy; — > ik Afj yr dad and o% is the inverse of 0ij. The dual frame for {dx®, mi hi<i<n
is {Xu %}1§i§n where

zj yk : (210)
For a smooth function u : L — R, denote (Dku)(aiik R £il ) by Wi ig.i, - In particular,

0%u e Ou hy
Ui = Goraer ~ O Miggr » and Aeu =3 ouy
i,J
is the Laplacian of u with respect to the metric o.

For a function v : L — R, let F, : L — T*L be the embedding given by du. In a local

coordinate system, F, sends (z!,...,2") to (x!,... 2", %, R 687“”). Hence,
OFy, 0 Pu 0 0
- = : —— =X, i . 2.11
or'  Oxt + - 07 0x" 0y it z]: Uit 0y ( )

3. ASYMPTOTICS OF THE AMBIENT GEOMETRY

For a Lagrangian L in a Kéhler manifold (M, g, J,w), fix a Weinstein neighborhood ¢ : U C
T*L — M. Denote by {, ) the metric pairing on U given by ¢*g, and by V its Levi-Civita
connection, which is equivalent to the Levi-Civita connection of (M, g).

Let {gaB(z,y)}1<a,B<2n be the coefficients of ¢*g in the coframe {dx®, m; }1<i<n introduced
in section P.6; namely,

09 =Y gida’ @ da! + gigip) (A2’ @y + 0y @ d2') + Griymen e @m5 (31
1,J
and set gap = gpa. Equivalently,

0 g 0
iy — X’MX ) i(n+j) — X’iai ) n+i)(n+j) =\ 43 /-
gij = (Xi, Xj) gitnty) = (Xio ) Jorrinei) = (5 5

Since p*w = wr, we abuse the notation and denote wy, by w from now on. Similarly, denote
©*J by J. It follows from w =, dz’ A dy; and Afj = A?i that

0 o 0

w(X;, X;) =0, w(Xi, aTJj) = 0;j , (ayz Dy,

5—) =

Assumption 3.1. Suppose that L C (M, g, J,w) is a compact, oriented, minimal Lagrangian
in a Kéahler-Einstein manifold. Fix a Weinstein neighborhood ¢ : U C T*L — M. Let

o be the induced metric on L. It induces an inner product on the fibers of T*L: |y|> =

|y dat|2 = i o (z)y;y;. Since L is compact, there exists a positive constant gy < 1 such that

{y € T*L : |y|l» < o} is contained in U.



We also fix a finite coordinate covering of L with the following significance: there exist
constants co, c1, ¢, . .. such that for any x in each coordinate chart, and any y with |y|, < ey,

o %gAB(x,O) < gap(z,y) < cogap(z,0) as (2n) x (2n) positive definite matrices;
. %Uzj(.ﬁ) < gij(z,y) < cpoyj(x) as n x n positive definite matrices;

o lﬁg(gk)aggg)gAB(a:,y)\ < ¢j¢ for every k, ¢ > 0.

Definition 3.2. Denote the above finite coordinate covering by {Og}. Any z € Op and
@ € Sym,(R) naturally define an element _,; Q;; dz’ ® d2’ in Sym?(T;L), whose norm is
given by ’Q‘g = Zi,j,k,é Uik(x)aje(ﬂf)Qiije‘ Let

Op = {(z,y,Q) € 05 x R" x Sym,,(R) : |y, < €0, |Qls < €0} - (3.2)

A collection of smooth functions fg(x,y, Q) defined on an open neighborhood of 05 in Og x
R™ x Sym,, (R) is said to be bounded in (oo, loc) if

aN0PY fa(w,y, Q)| < civjrn
for any 3, any 4, j,k > 0 and any (z,y,Q) € Og.

Example 3.3. It shall be clear that the following functions are defined on each coordinate
chart, and the index 8 will be omitted.

(i) Due to Assumption @, the Christoffel symbols Afj(:n) of 035(x) = gij(x,0) are bounded
in (co,loc). They only depend on z.
(ii) The metric coefficients gap(x,y) are bounded in (0o, loc), so are their Christoffel sym-
bols. They do not depend on Q.
In particular, the functions (X;, Vx, X) and (X;, ?ﬁXk) are bounded in (oo, loc).
(iii) Let
15 (2,9, Q) = i (2,9) + Y (Gitnn) (@ 0) Qik + Gjn) (2, 9) Qir)
k

+ Z Intk)(nt0) (T, ¥) Qi Qje -

k0

(3.3)

They are bounded in (co,loc). They are quadratic in the components of Q.

The functions j;; defined by (@) will be used quite often in the rest of this paper. Their

main properties are summarized in the following lemma.

Lemma 3.4. Consider j1;;(z,y, Q) defined by (@) By taking €9 smaller if necessary, j;; as
a symmetric n X n matrix obeys

1
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for any (z,y,Q) with |y|, < €0 and |Q|s < 9. Moreover,

Hij (337 Y, Q) Ul] Z Yk Q[Z] x y + Z le %z] x,y, Q) (34)

for some le (z,y), %ff(a:,y, Q) bounded in (oo, loc).
Proof. For the first assertion, note that

:u’ij(xaya X + ZQ’Lk X + ZQ_]Z at ($7y) ’ (35)

and is thus always positive definite. Its eigenvalues with respect to o;j(x) are continuous
functions on the tubular neighborhood of the zero section in 7L & Sym?(T*L). Since |y, < o
and |Q|, < g9 defines a compact region, the first assertion follows.

The second assertion follows directly from the expression (@) and Taylor’s theorem on
gap(z,y) in the y-variable. O

By using the condition that L is a minimal Lagrangian, we deduce the following lemma.

Lemma 3.5. Let u"(x,y,Q) be the inverse of pij(x,y,Q) (@) Under Assumption @, for
any k€ {1,...,n},

Z”ij.w(?xi Zyeﬁkny +ZQ€m©k (z,9,Q)

lm

where (’:i(x,y, Q),@i’”(az,y, Q) are functions bounded in (oo, loc).

Proof. To start, consider the @-independent function ZZ j ol w(Vyx, X > Xk). When y =0,

o g oo 0D
> o w(Vx, X, Xy) = Zaj ~w(V a'@,w)

. Ozt
irj
ile 00
:_;U]<va§ic‘W’J(azk)>
0 0
= — iyt — )Y =
<Z vazzaxﬂ J(ﬁxk)> 0,

1,7

where we have used the fact that L is a minimal Lagrangian. By writing
Zuij-w(?Xin,Xk):Z(uij—U ) - (VX X],Xk —i—ZO'j - w( VX X],Xk)
i,j ij iJ

and applying Lemma @, this lemma follows. (|
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4. ASYMPTOTICS OF AN ExacT GRAPH

Under Assumption @, the differential of a function u : L — R with |du|, < g defines a
Lagrangian submanifold F,, : L — U C T*L. The main purpose of this section is to derive
asymptotics of the quantities related to €2, given by Construction @ The constant c¢ in the
estimates may change from line to line, but is always independent of w.

As in section @, denote by D?*u = Z” u;ijdxi ® dz? the Hessian of u with respect to
o. By plugging () into (@), the coefficients of the induced metric by F, are exactly
pij(z, du, D?u), with p;; defined by (@) It shall be clear that du means the vector [u;], and
D?u means the coefficient matrix [u.].

The first task is to establish the expansion of §(F,) given by Lemma @ Note that 6(F,)
actually depends on du (the position) and D?u (the tangent space).

Proposition 4.1. There exists a constant ¢ > 0 such that
0(Fu) — Agu| < e(|dul? + | D?ul3)

for any smooth u : L — R with |du|, < eo and |D?ul, < &o.

Proof. Denote by F(z,s) : L x [0,1] = T*L the one-parameter family of Lagrangians given by
sdu for s € [0, 1]. Since

. 9F 0
F=—=X; i 4.1
o +s;u,g8% (4.1)

the induced metric by F(x,s) for any fixed s has coefficients ju;;(z, sdu, sD?u). Write the
variational field as

The partial derivative of §(F(z,s)) in s can be computed by
LN=TI) (Qw(ﬁl,...,ﬁn)>
0s 0s Vdet
v 1ologdety eV 9 (Fr,... . Fy) (4.3)

—0
Os 2 0Os Vdetp ds 7

Since (), is constructed by parallel transport along the radial curves of the fibers of 7% L and
{F(z, s)}sejo,1] is exactly the radial curve for every z, ?%Q‘p = 0. It follows that

0 ~ ~ _ ~ ~ _ ~
%QSO(FM)Fn):Q@(ngh)Fn)—i_+Q¢(F17>V§Fn) . (44)
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Because F(L, s) is Lagrangian for every s € [0, 1],
- i (e .
VaF Z W (19
Due to the fact that Q is an (n,0)-form, plugging this into (Q)
0 -
%QW(FM"W Z/J“ZJ(

Vo B Bj) 4 VUV FBLI(E))) QpBr . B (45)

With (@) the real part of (@) recovers the standard formula for -2 logdet s, and the
imaginary part becomes

80 w vaN 7 n ij iy
Z/‘ (Vo i, () = 3 i w(F Vo F ) . (4.6)
7]
Since s = 0 corresponds to L and the restriction of {2, on the tangent space of L is the volume
form of L, 6 vanishes when s = 0. Therefore
00
9’5:1 —

1 2
+/ (1 —S)st :
s=0 0

4.7
Js Js? (47)
1% term on the right hand side of (@) By (@) and (@),
- 0
i X; KUV o — . 4.8

Vag Zuk zk: ai —i—s;u,kuw szaw ( )
Together with (@), it gives

06

a +Zuk0”w V.o X;).
1,5k

Yy,
1,3,k

The first term is A,u. We claim that w(?LXZ-, X)) vanishes when s = 0, and thus the second
Y
term is zero. Note that

; 0
—, = + A,y \Y Z——I— AZ
* Yy, Oy, Oz ; i Y Oy 3y, = VX Oy, ; ¢ Oye

0
Ab w(X;
o iH )+Z€: hw( J’aye)
_ 0 i
(VXin’ @) + A]z )

where the last equality uses the fact that Vw = 0 and w(X;, Dur 0y = jk- When s =0,y =0

9
l 1L
Vx,X; = ZAZJWJFVWM ,
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and hence
_ o 0
(V%

2+ Ak =0
527 O ayk)+ 7

w(Xj,v%Xz) = *Afj —

This finishes the proof of the claim.
2™ term on the right hand side of (@) Since Vw = 0, the derivative of (@) in s gives

0%0 ik Ot o o T
@:_Z’“‘ s “J“’<Fj’vi )
Lokt (4.9)

We compute the covariant derivative of (@) in s:

_ 0
\V4 +ZUZUMV87

AR Z“k“zevaik o o2z o
o, (4.10)
+§ueukv§év akX +sk%u ukuwvaymvﬁa—yﬁ.
With |dul, < o and |D?ul, < <o, it follows from ([L.1), (£.8) and (1.1d) that
El<e,  [VaB|<cldul,+|D%l),  [VaVa Bl < e(lduf}+ D)

for some constant ¢ > 0. The norm is computed by ¢*g at F(z, s).
According to Lemma @, the derivative of p;; in s is

8 st s00) = 1 | 3 s o) + 3 st B o, D7)
S S
k kL

Since Qlfj(:x,y) and ‘Bff(a:,y,@) are bounded in (o0,loc), |8gsij] is no greater than c(|dul, +
|D%u),) for some constant ¢ > 0.

By applying these estimates to (@), one finds that the absolute value of the last term in
(@) is bounded from above by c(|du|2 + |D?u|2). Note that |du|, and |D?ul|, are assumed to
be no greater than €y, and only their lowest order terms matter. O

The next step is to study the (spatial) derivative of 8(Fy,).
Lemma 4.2. There ezist €& (z,y, Q),Sg (z,y,Q) which are bounded in (co0,loc) such that

(0(Fy) + ku) k—ZM u]kZ—FZu Q‘Ekaz du, D*u) +Zu”$k (z,du, D*u)

12 12

for any smooth u : L — R with |dul, < ey and |D?ul, < eo.
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Proof. As (@) 8F“ by F;. By Lemma @ —d(0 + ku) is (Fy,)*(w(H (Fy), -)). Since

F,(L) is Lagrangian,
0+ Ku);k = Zw(uijvﬁ-Fj’ —Fy) = Zw(Fka MZijz}PJ) : (4.11)
i, 0J

We compute

9
ViE =V, (X +Zu,jkayk>

Ou.jr, 0

0
+V X; + E \V/
oz’ 8yk F Uik VE G-

Oyk

0 _
= Z U,sz Z Utk + Al U;je)afyk + Vx, X;

0 0
+Z( BLX +u’]kvX18 >+;U;jkun‘gvaaa.
It together with () and Lemma @ finishes the proof of this lemma. O

By taking covariant derivatives, D and D?, on the expression in Lemma @, it is not hard
to prove the following corollary, and we omit its proof.

Corollary 4.3. There exists ¢ > 0 such that if u: L — R is a smooth function with |dul|, < eg
and |D?u|, < €q, then

(i) (04 wu)p — 22 5 mugni

(11) (0 + KU);kf Zz \J H uﬂkw

< ¢(|D%u|y + |duly);

c(|D3ul? + |D3ul, + |D?ul, + |dul,);

(111) (0 + Hu);kﬁm - Zi,j Niju;jkiﬁm} < C(|D4U‘O"‘D3u|o+‘D4U|0‘HD3U|§+‘D3u|o+‘D2U|o+
duls);

for any k, £, m.

For a function u : L — R, let Ffj (Fy) be the Christoffel symbols of its Levi-Civita connection
of pi;(x, du, D?u). It is the restriction of V on the tangent space of F,. Recall that the difference
between two connections is a tensor:

5 (F) ZMM —0)jei + (10— 0)ie; — (B — 0)ijie]

=3 Z i (jess + mieg — pagie) (4.12)
14

where the equality uses the fact that Do = 0.
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Lemma 4.4. There exists a constant ¢ > 0 with the following property. Let uw: L — R be a
smooth function with |dul, < eo and |D?*ul, < eo. Then

|Auf = tru(Hessy )] < cldflo - (ID%uly + |D*uls + |dul,)

for any smooth function f on L, where A, is the Laplace operator of the metric yi;j(x, du, D%u).

Proof. We compute

A, f —try(Hessq f Z,u” Z( F,) — Ak> aajk .

By applying () and Lemma @, this lemma follows. O

Remark 4.5. For the maximal principle argument of this paper, both A, f and tr,(Hess, f)
will work. We will go with the more geometric one, A, f. If one uses tr,(Hess, f), Lemma
Q will not be needed. It seems that A, is not a good choice. This kind of issue also appears
implicitly in [18].

5. EVOLUTION EQUATIONS

Now, suppose that u : L x [0,7) — R is a smooth function such that the graph of du(-t)
evolves by the mean curvature flow. As discussed in section @, we may assume that u satisfies

(@) with C(t) = 0. As before, semicolon means the covariant derivative in D.

Lemma 5.1. There exists a constant ¢ > 0 with the following property. Suppose that u :
L x[0,T) — R solves (@) with C(t) =0, and |dul, < g9, |D?ul, < &g for allt € [0,T). Then,

0

(57 = Awu® < =[dulg + 25 u® + clu|(|D?ul5 + |D*ul7 + [dulg) - (5.1)
Proof. By (2.8),
9 .
(a — A u? = —QZ,u”u;iu;j +2u - (O(F,) — Ayu) + 2ku?

47;7'
Due to Lemma @, 230 Wugug > |dul?. According to Proposition @ Lemma @ and
Lemma
0(F,) — Ayu| < |0(Fy) — Aju| + |Asu — tr, (Hessy u)| + | try, (Hess, u) — A ul
< (|dulg + [D*ulZ) + " (| D*uls + |dulo)| D*ul,
+ " dulo (| D?uls + |D?ule + |duls) .

With the assumption that |dul, < eo, |D?u|, < g¢ and some simple manipulation, it finishes

the proof of this lemma. O
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Lemma 5.2. There exists a constant ¢ which has the following significance. Suppose that
w:L x[0,T)— R solves (@), and |duly < g9, |D?uly < &g for allt € [0,T). Then,

(2~ AN < LD + (Dl - fdul, +|dul?)  and (52)
(57 — AwID?uf} < ~SID%2 + (D2 D%l + D+ dufl) . (53

Proof. The equation (@) Differentiating (@) gives
k= (0 4wy (54)

We compute
9 2 74 9 2
(a —Ay)|dul; =2 Za Uity Uik — tr, (Hessy |dulZ)
kb (5.5)
- (tr, (Hess, [dul2) — Ay ldul?) .

Due to (@) and Corollary @ (i),

0
2 Z akgu;gau;k =2 Z O'MU;z(H + Hu);k
k.t k.t

<2 3 oM w4 | duly (| D%l + [dul,)
Z'7j7k7€
By Lemma @ and g — Uskij = Uikji — Uskij = (curvature of o) * du,
— try(Hessg |dul2) = =2 )y o (uggivg + wipijuse)
i7j7k7l
< —|D?ul} -2 Z 1 oM ugpu g + ' |dul?
i7j7k7€
According to Lemma @ and |D?u|, < &,
tr,, (Hess, |dul2) — A, |dul? < ¢"|duls(|Dul, + | D?ul, + |duly) -
Since |duls|D?u|, < §|D?ul2 + |dul?2/5 for any § > 0, putting these estimates into (@)
finishes the proof of (@)
The equation (@) Differentiating (@) gives

oy ke = (0 + Ku).p - (5.6)
Similar to (@),
(gt — Au)’DQUEr =9 Z akgapqu;gqgtu;kp — tr, (Hessy |D?ul?)
k.l,p,q (57)

+ (tr,(Hess, |D*ul2) — A, |D*ul?) .

15



Due to (@) and Corollary @ (ii) ,
0
¢
2 Z ot qu“;ﬁqau;kp
k.Lp.q

<2 Z I Pl g u i 4 | D*ul, (| D3ul? + | D3ul, 4 |D%uly + |dul,) -
i7j’k’£

By Lemma @ and commuting covariant derivatives,

_trN(HeSSU |D2u|g) = —2 Z :uijo-keo-pq(u;k:piuﬁqj + u;kpiju;ﬁq)
i,9,k:60,q
< —|D3u® -2 Z 1M Pl gy + | D?ulo (| D%y + |duly)
i7j7k7£

According to Lemma @,
tr,, (Hessy \DQUE.) — AM|D2u\3 < c”'\D3u]J]D2u|U(]D3u|U + ]D2u|g + |duly) .

It is not hard to see that (@) follows from these estimates and (@) O

By combining these quantities, one can produce a monotone quantity along the flow.

Proposition 5.3. When the Kdhler—FEinstein constant k < 0, there exist positive constants
Co,C1 > 1 and €1 < g¢ such that the following holds. Suppose that u : L x [0,T) — R solves
(@) with C(t) = 0. Let
Y = Cou? + Cy|dul? + |D?ul? . (5.8)
If v < (e1)? at t =0, then maxp, (11 ¥ is non-increasing in t. Moreover, ¢ satisfies
0
(e
Proof. The key step is to show that the constants Cp, C1,e; can be chosen so that (@) holds
true on L x [0,7") as long as ¢ < (g1)? on L x [0,T'). For C; > 1 and g1 < g¢, ¥ < (£1)?
implies that |dul, < g9 and |D%u|, < &o.
If ¢ < (£1)?, |u| < e1/v/Cy, and (@) implies that
0
(5 -
Since | D3uly - |duly, < 8|D3u|2 + 6~ |du|2 for any 6 > 0, (5.9) leads to
0
(5 -
If ¢ < (£1)?, |D?ul, < €1, and (@) implies that

0 1
(57 = AwID%ulz < =5 |D%uf + c(er| Dulg + [Dulg + |dulg) -

1
— A < 2Coku® — 1(00|du|?, + C1|D?ul?® + |D3ul?) . (5.9)

A,)Cou? < —Coldul? + 2Cok u* + e/ Coer (|D*ul2 + | D?ul? + |dul?) .

1
A)Crlduly < =2 C[D?uf7 + cCi(3] Duls + 67 dulg + |duf7) -

16



It follows that

(57 ~ 8% < 2Coma? = [Co — e (VCoer + Col1 +574) + 1)) dul

1 1
- [201 —c (\@el n 1)] |D?ul2 — [ . (\@sl + 016 +51)] |D3ul? .

2

First, choose C1 > 10c; second, choose 6§ < 1/(10cC1); next, choose Cy > 10¢(Cy (1 +571) + 1).
Finally, (@) can be obtained by choosing sufficiently small ¢;.

To finish the proof of this proposition, consider
T* = sup{T”" € (0,T) : ¢ < (¢1)? on L x [0,T")} .
By a maximal principle argument, T must be equal to T'. O

The last gadget needed in the proof of the main theorem is the evolution equation of the
third order derivative of u, which is more or less equivalent to the second fundamental form
of the graph of du. The evolution equation of the second fundamental form along the mean
curvature flow was derived in [22, section 7]. With the help of Corollary @ (iii), the proof of
the following lemma is basically the same as that of Lemma , and is left as an exercise for
the reader.

Lemma 5.4. There exists a constant ¢ > 0 with the following property. Suppose that u :
L x[0,T) — R solves (@), and |dul, < eo, |D?*ul, < g for allt €[0,T). Then,

0

1
(57 = Al Duly < =5 |DfZ + e(|D?uly + [ Duly + Dl + |dul3) - (5.10)

6. PROOF OF THE MAIN THEOREM

We are now ready to prove the dynamical stability theorem.

Theorem 6.1. Under Assumption @, when the Kdihler—FEinstein constant k < 0, there exists
a positive constant € > 0 with the following significance. Suppose that ug : L — R is a smooth
function satisfying (ug)? + |duo|? + |D?ug|?2 < 2. Then, the Lagrangian mean curvature flow
starting from p odug : L — M exists for all time. Moreover, as t — oo, the flow converges
smoothly to L C M.

Proof. Let Cy,C1 and €1 be the constants given by Proposition @ Suppose that the initial
condition satisfies

Co(uo)? + Cildugl; + [D?ugl} < (e2)?
for some g9 < £1; the precise value of o will be determined later.

Let T' be the maximal existence time of the smooth solution u to (@) (with C(t) = 0) with

initial condition ug. According to Proposition @, 1 defined by (@) is always less than (g2)2.
17



Uniform boundedness of D3u. With the equation of ¥, we employ the trick in [23, section
4] to bound D3u. For any K > 0, consider the function log(1 + |D3u|?) + K. It follows from
(5.1d) that

0

(5 — Au)log(1+ [ D*uf2)
1 1
< T D |3l PM Dl 4 1D 4 D fauf)

+ (dlog(1 +[D%ul3),d (log(1 + |D*ul7) + Kv)), — K(dlog(1 + |D%ul7), dv),
where (df,df), = > 119 f.if.;. By Lemma @ and the fact that 1) < (e2)?,

K [{dlog(1 + [D%uP2), du|
< Keo

~ 1+ |D3ul?
KCg

~ 1+ |D3ul?

L

~ 1+ |D3ul?

|D?u|, |D*ulo (|D3uly |D?uly + [ D?uly |duly + |duls |ul)
(22| D*ul? D uls + (e2)?|D*uls [ Dul,)

1
(G012 + k(D% + D) )

These estimates with (@) imply that

0
(57 — Aw)(log(l +|Dul;) + Kv)
1 |D*ul?
2 3,,12 2,12 2 o
< (a1 + ca(Keg)?) [ D7ul; + er(|D7ul; + [dul;) — 1T+ DO

K
— D%l + D2 + fduf?)

+ (dlog(1 + [D3ul2),d (log(1 + | D3ul2) + K4)),. .

a K>
non-increasing in ¢. It follows that |D3ul, is uniformly bounded on L x [0, 7).

By picking K > 8c; and g3 < /%L, one finds that maxp,, 1} (log(1 + |D3u|?) + K1) is

Since |dul,, |D*u|, and |D3ul, are all uniformly bounded, the second fundamental form of
the graph of du is uniformly bounded. It follows from the work of Huisken [4] that the mean

curvature flow exists for all time, T' = oco.

Moreover, the standard theory of mean curvature flow implies that all the higher order deriva-
tives of the second fundamental form are uniformly bounded; see for instance [l, Proposition
4.8]. In the current setting, it is equivalent to the boundedness of supy (o o) |Du|, for any
{>0.

Convergence. With the boundedness of |D‘ul,, there exists a time sequence t; — oo such
that u(-,t;) converges smoothly to us as j — oo. Thus, the graph of du(-,¢;) converges

smoothly to the graph of duqe.
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It is known that a Kéhler—Einstein metric is analytic; see [10,2]. Note that the mean curvature
flow is the negative gradient flow of the volume functional. With the analyticity of the metric,
the general theorem of Simon [16, Corollary 2] implies that the graph of du(-t) converges
smoothly to the graph of dus as t — oc.

The limit. When k < 0, it follows from (@) that ¢ decays to 0 exponentially, and thus
Uso = 0.

When « = 0, it follows from (@) that €, is holomorphic volume form of constant magnitude,
and U C T*L is a Calabi-Yau manifold. The graph of dus is a minimal Lagrangian. The
function us, can be viewed as a function on the ambient space U C T*L. It is not hard to see
that it gives a time-independent Hamiltonian isotopy between (dus)(L) and L. By [20, Lemma
4.2], (duo)(L) coincides with L, and us is a constant function. It finishes the proof of this
theorem. OJ

We remark that the Thomas—Yau uniqueness theorem invoked in the last step has further
generalizations; especially by Imagi [b] and Li [[].

Remark 6.2. When « = 0, one may also apply Proposition @ to conclude the limit is L.
Replace u by @ = u— [, udVy/ [; 1dVy, where dV7, is the volume form of (L, o). It follows that

u AsudVy < =)\ f @2 dVy;,. Note that Astu— Ayt = Ayu—Ayu can be bounded by Lemma
@ By integrating (@) over L, one can show that [ I 42dVy, decays to zero exponentially,

provided that s is sufficiently small.

6.1. Positive Kidhler—Einstein constant. We finish this paper by mentioning the case when
£ > 0. In this case, the formula (@) of Oh [13,14] implies that a minimal Lagrangian is
Hamiltonian stable if and only if the first eigenvalue of Ay, is no less than x. Oh also showed
that RP™ and the Clifford torus are Hamiltonian stable in CP™, and their first eigenfunctions
do give integrable variations. That is to say, for any first eigenfunction v, there exists a one-
parameter family of Hamiltonian isotopic minimal Lagrangians {Ls}_c<s<. with Ly = L, and
w(%’szo, . )‘L is di/)

In the situation of Hamiltonian stable minimal Lagrangian whose first eigenfunctions are
integrable, one can apply the result of Simon [[16, Theorem 2] to conclude the C? (in potential
up) dynamical stability. Note that the limit may be a different minimal Lagrangian from the
original one. For instance, if one perturbs the equator of the round 2-sphere so that it divides
the sphere into two components of the same area, the curve will remain so along the mean
curvature flow. Thus, it will not shrink to a point, but it may converge to a different equator
as t — oo.

It would be interesting to see whether the dynamical stability can be improved to C2-closeness

in potential when x > 0.
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