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Direction-Of-Arrival (DOA) Estimation
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"Van Trees, Optimum Array Processing: Part IV of Detection, Estimation, and Modulation Theory, 2002.
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Introduction

Physical Array and Difference Coarray

Physical array
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Difference coarray
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"Van Trees, Optimum Array Processing: Part IV of Detection, Estimation, and Modulation Theory, 2002.
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Sensor Failures

Array #1 Array #2 (2 fails) Array #3 (1 fails)
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"Liu and Vaidyanathan, IEEE Signal Process. Letters, 2015.
2100 snapshots, 0dB SNR, D = 2 sources, 8; =

= —0.1, 62 = 0.1, equal-power, uncorrelated sources.
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ULA and Sparse Arrays

L)
00000 - 5
o 1 2 3 4 5 El Minimum redundancy arrays
Nested arrays®

= |dentify at most IV, — 1 Coprime arrays*

uncorrelated sources.!

5
(N, is the number of sensors) Super nested arrays
i 2
= Can only find fewer sources m ldentify O(IV) uncorrelated
than sensors. sources.

m More sources than sensors!

Van Trees, Optimum Array Processing: Part IV of Detection, Estimation, and Modulation Theory, 2002.
2Moffet, IEEE Trans. Antennas Propag., 1968.

3pPal and Vaidyanathan, IEEE Trans. Signal Process., 2010.

4Vaidyanathan and Pal, [EEE Trans. Signal Process., 2011.

SLiu and Vaidyanathan, IEEE Trans. Signal Process., 2016.
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Review of Sparse Arrays and Robustness

Coprime Arrays

The coprime array with (M, N) = 1 is the union of
an N-element ULA with spacing M and
a 2M-element ULA with spacing N.

LA (1
ULA (1) Ny=N+2M—1
OXXOXXOXX®

Physical array S (M =3, N =4): o 34 6 89 12 16 20

O XXX BOXXXOXXXOXXXOXXXO®
4 4 t t t 4

ULA (2)

x Holes Difference coarray

D= {n1 — N2 |n1,n2 ES}
OXX00X00000000000000000000000000000O0 <00 XX0
—20 —14 0 14 20

~ -

Central ULA segment U

1Vaidyanathan and Pal, IEEE Trans. Signal Process., 2011.
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Review of Sparse Arrays and Robustness

The Essentialness Property

The sensor n € S is essential with respect to S if D +# .

Physical array Difference coarray
(a) eecccccee 000000000000 00000

0123456738 —8 0 8
(b) xeeeeeoee xe00000000000000x (is essential
(c) oxeeeecee eseccccssscesesee |isinessential
(d) cexecceee 8000 sssssssee 2 isinessential
(e) eeccceoxe eseccccsssceseses 7isinessential

TLiu and Vaidyanathan, IEEE ICASSP, 2018; DD is the difference coarray of S and D is the difference coarray of S\{n}.
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Review of Sparse Arrays and Robustness

Maximally Economic Sparse Arrays

An array S is maximally economic
if all the sensors in S are essential

Physical array Difference coarray
(a) eexxexe eccccceccccee
01 4 6 —6 0 6
(b) xexxexe XOXOOXOXO®XOX
1 4 6 -5 0 5
(C) exxxexe 0XOXOXOXOXOXO
0 4 6 —6 0 6
(d) eexxxxe 00X XX000XXX00
01 6 —6 0 6
() @@xx@xx XX0OX00®X®8XX
01 4 —4 0 4

Array (a) is maximally economic

TLiu and Vaidyanathan, IEEE ICASSP, 2018.
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Review of Sparse Arrays and Robustness

Maximally Economic Sparse Arrays

m Array geometries that are maximally economic:

- 0 23
Minimum redundancy array eexxexxxxxexxxxxexexxexe

- 0 34
Minimum hole array 00X X @X XXX OXXXXXBXXXXXX@XXXX XXX XX OX®
1 20
Nested array 00000 XXX XOXXXXOXXXX®
0 13
Cantor array 00X00XXXX00X00

m Array geometries that are not maximally economic:

. . 0 7
Uniform linear array TYYYY YY)

. 0 15
Coprime array 0X0X00OXOXOXXXX®

TLiu and Vaidyanathan, IEEE CAMSAP, 2017; Liu and Vaidyanathan, IEEE ICASSP, 2018.
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Review of Sparse Arrays and Robustness

Minimum Redundancy Arrays and Minimum Hole Arrays

Definition of MRA Definition of MHA

A SMHA £ arg min |H|
SmrA £ arg max | D) S
S

subject to S
IS| = N, S| = N,
D=U. w(m) =1 form € D\{0}. (1)
m N, physical sensors
m N, physical sensors m H: the set of holes
m Hole-free D m w(m): the number of sensor

pairs with separation m
m (1): mis not a hole.

"Moffet, IEEE Trans. Antennas Propag., 1968.
2Taylor and Golomb, 1985.
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Review of Sparse Arrays and Robustness

Cantor Arrays

0 3 3 3 3 5 5 1
Co
Cl 1
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0 0
Sl (X J
01
S, eexee
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10 13
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01 3 4 9 12
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01 3 4 9 12 27 30 36 39

1Smnh, Proceedings of the London Mathematical Society, 1874; Cantor, Mathematische Annalen, 1883; Puente-Baliarda and
Pous, IEEE Trans. Antennas Propag., 1996; Liu and Vaidyanathan, IEEE CAMSAP, 2017.
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Comparison of Sparse Arrays

The Size of the Difference Coarray

2N, —1<|D| < N?> - N, +1

m N; = |S] is the number of sensors.
m If Sis a ULA, then |D| = 2N, — 1.

m If Sis a MHA, then |D| = N2 — N, + 1.

(MRA does not in general achieve it)

TLiu and Vaidyanathan, IEEE SAM, 2018.
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Comparison of Sparse Arrays

The Fragility £, and the Normalized Size of D

7oA # of essential sensors DA |D|
'™ # of all sensors (IV,) ~ N2_N,+1
F
0 ! 1 0 D
m More robust m More sources than sensors
m Less fragile / m Higher resolution /

TLiu and Vaidyanathan, IEEE ICASSP, 2018.
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The F-® Plane: ULA (N, =6,7,...,70)
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The F-® Plane: Coprime Arrays (Ny =6,7,...,70)
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The F1-© Plane: Nested Arrays (Ny = 6,7,...,70)

[ Nested, N, = 6, N; = No = 3 ]

—

A Nested arrays

[ Nested, N, = 70, Ny = N> = 35 ]
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The F;-© Plane: ULA/Coprime Arrays/Nested Arrays

1
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Comparison of Sparse Arrays

The F1-© Plane: N, = 8 Sensors, Aperture A < 34

e et Ll o L

)
Blw Blo g~ Ble BlE Ble glm Bla =
PPV IO PPy PN

T
oy
G
e
ecoc00e

o

o
ool [
ISENE
ool [
ool |-

|

1

2
Fy

__ #ofEss. _ D]
[Fl - N, D= NZ—N,+1

Liu and Vaidyanathan (Caltech) Comparison of Robustness of Sparse Arrays

]
ool |-
—

MHA
POXXEXXXXBXXXKXEXXXKXXXSXXXX KKK XX X &
01 4 9 15 22 3234

MRA PEXXEXXXXXBXXXXXOXOXX®X®

01 4 10 1618 2123

Nested

PP EOXXXXEXXXXEXXXX S
1 10 15 20

Maximally economic
sparse arrays
(F1=1)

+ Essential
= Inessential

IEEE SAM 2018 22/27



The F1-© Plane: N, = 8 Sensors, Aperture A < 34
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The F1-© Plane: N, = 8 Sensors, Aperture A < 34
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The F1-© Plane: N, = 8 Sensors, Aperture A < 34
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Concluding Remarks

Concluding Remarks

m Comparison of sparse arrays
m Robustness (F})
m Size of the difference coarray (D)
m The F1-D plane
m Future work
m Array geometries with large and robust difference coarrays

m Analysis of the achievable/unachievable regions on the F;-© plane

Og(\ z

&%d\ “o\o"cﬂ

Thank you'
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