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Main Contributions

x New design for symmetric arrays with hole-free
difference coarrays.

x The essentialness property and maximally eco-
nomic sparse arrays.

~ (Fractal) Cantor arrays: New definition, the dif-
ference coarray, and maximal economy.
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* DOASs are deterministic, but unknown.

* The number of sources D is known.
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The Difference Coarray D

Physical array S
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Desired Properties

~ Hole-free ditference coarray (D = U) 1,
Coarray MUSIC [3, 4], performance analysis [D].

» Large difference coarray (|D| > O(N)) 2
More uncorrelated sources than sensors [5].

Symmetric Arrays

» Advantages: Simplified array design, implemen-
tation, and calibration; DOA estimators [6]. 3,

Theorem: New Design for
Symmetric Arrays with Hole-Free D

(a): Minimum redundancy array, 9 elements

QO X XPAXAXNABAAXAXOBAXXAXAXXOXOXXOXEO
0 1 4 10 16 22 24 27 29

(b): The reversed version of (a), 9 elements

O XOPXXOPOXOBXAXAAXBPBAXXAXOBAXXAXXXOXXOO
0 2 5 7 13 19 25 2829

c): The union of (a) and (b), 16 elements

Q00 X0 0 XOXXOXXOXXOXXOXXOX00X000
0O 1 2 4 5 7 10 13 16 19 22 2425 272829

(1): Remove 4 and 25 from (c), 14 elements

QOO X XOPXOXXOIBXXOIBXXOXXOXXOXOXXO00O
0O 1 2 5 7 10 13 16 19 22 24 272829

Array (1) is less expensive than array (c)

The Essentialness Property

Definition

The sensor located at n € S is said to be essential

with respect to S if the ditference coarray changes
when the sensor at n is deleted from the array.

Example

1 is essential; 2 is inessential.

Maximally Economic Sparse Arrays
Definition

A array S is maximally economic if all the sensors in

S are essential. 4

Theorem
These Arrays are Maximally Economic

Minimum redundancy arrays [1] @eo
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Minimum hole arrays [2]
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The nested arrays with Ny > 2 [3] @en
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The Cantor Array S,, » > 0 00©06

New Definition
< A {0}, if r =0,
b Sr,a_l U Tr—l, if r Z 1,

where T, = {n+ D, :n€8S,}, D, = 2A, + 1, and
A, = max(S,) — min(S,) is the aperture of S,..

Example

% S, is symmetric. ©
* IS =N =2".
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Old Definition from the Cantor Set [7, 8]

Theorem: D, for the Cantor Array

(New) @
% |Dp| =37 = N823 ~ N1:585 5 O(N). (New) &

% D, is hole-free.

The Weight Function

2w,_1(Mm), if |m| < A,_1,
wr_l(m T D,,a_l), if |m + Dr—l‘ < A,_q,
0, herwise.
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The Cantor Array is Maximally Economic

Lemma

If n1,ny € Sand w(n; — ny) = 1, then ny and ny are
both essential with respect to S.

Example

Ss = 40,1,3,4,9,10,12,13} is maximally economic
since

w3(13—0) — w3(12—1) — 1U3(10—3) — UJ3(9—4) — 1.
(New) &

In general, S, is maximally economic.

Ongoing Work

The k-Essentialness Property
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The Essentialness Property and
DOA Estimators

x Some DOA estimators [4] rely on the central ULA
segment U, instead of the difference coarray D.
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