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The State-Space Model

A process equation: x(n+ 1) = F(n+ 1, n)x(n) + v1(n),

A measurement equation: y(n) = C(n)x(n) + v2(n).

• x(n) ∈ CM : The state vector at time n

• F(n+ 1, n) ∈ CM×M : The transition matrix from time n to time
n+ 1

• v1(n) ∈ CM : Process noise
• y(n) ∈ CN : The observation (measurement)
• C(n) ∈ CN×M : The measurement matrix
• v2(n) ∈ CN : Measurement noise
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The State-Space Model

• The process noise v1(n) satisfies

E[v1(n)] = 0, E[v1(n)v
H
1 (k)] =

{
Q1(n), if n = k

0, otherwise.
(1)

• The measurement noise v2(n) satisfies

E[v2(n)] = 0, E[v2(n)v
H
2 (k)] =

{
Q2(n), if n = k

0, otherwise.
(2)

• v1(n) and v2(n) are uncorrelated (E[v1(n)v
H
2 (k)] = 0).

• The initial state x(0) is uncorrelated with both v1(n) and v2(n)
(E[x(0)vH

1 (k)] = 0 and E[x(0)vH
2 (k)] = 0).

• If F(n+ 1, n) is invertible, then F(n, n+ 1) = F−1(n+ 1, n).
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Problem Statement

Given the state-space model, the observations, and the initial
conditions, estimate the state vector with respect to time.

• State-space model: F(n, n+ 1), C(n), Q1(n), Q2(n).

• Observations: y(1),y(2), . . . ,y(n).

• Initial conditions: x̂(1|Y0) and K(1, 0).

• x̂(n+ 1|Yn): Predicted estimate of the state vector at time n+ 1,
given the observations Yn = {y(1),y(2), . . . ,y(n)}.
• x̂(n|Yn): Filtered estimate of the state vector at time n, given the

observations Yn = {y(1),y(2), . . . ,y(n)}.
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A Block Diagram for Kalman Filters

F(n, n+ 1)
One-Step
Predictor
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Initial condition: K(1, 0)

Initial condition: x̂(1|Y0)
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One-Step Predictor (For the State Vectors)
1 The innovations process of y(n)

α(n) = y(n)−C(n)x̂(n|Yn−1). (3)

2 The minimum mean-square-error estimate of x(n+ 1|Yn) based
on the innovations process

x̂(n+ 1|Yn) = F(n+ 1, n)x̂(n|Yn−1) +G(n)α(n). (4)
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Kalman Gain

1 The correlation matrix of the innovations process α(n)

R(n) = E[α(n)αH(n)] = C(n)K(n, n− 1)CH(n) +Q2(n). (5)

2 Kalman gain G(n)

G(n) = F(n+ 1, n)K(n, n− 1)CH(n)R−1(n). (6)
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Riccati Equation (For the Error Correlation Matrix)
1 The correlation matrix of ε(n) , x(n)− x̂(n|Yn):

K(n) = K(n, n− 1)− F(n, n+ 1)G(n)C(n)K(n, n− 1). (7)

2 The correlation matrix of ε(n+ 1, n) , x(n+ 1)− x̂(n+ 1|Yn):

K(n+ 1, n) = F(n+ 1, n)K(n)FH(n+ 1, n) +Q1(n). (8)
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The Estimated State Vectors in Kalman Filters
n = 1
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¶, ¸: One-step predictor
·, ¹: Filtering (x̂(n|Yn) = F(n, n+ 1)x̂(n+ 1|Yn))
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The Error Correlation Matrices in Kalman Filters

n = 1
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¶+·, ¸+¹: Riccati equation solver
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