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ABSTRACT

Numerical solution of the Neumann-Kelvin problem by the Green's
function method is accomplished for the computations of ship wave-
resistance. To make the load of computation reasonable, some numer-~
ical experimental results are introduced in the present analysis.
A computer program based on such mathematical model and numerical
simplifications is developed. Two examples calculated for the Wigley

model and Series 60 (C,=0.6), show that the results are satisfactory.

INTEGRAL EQUATION TO BE SOLVED

In this study, the ship is considered to be in steady uaiform
motion on the free surface of an otherwise calm water of infinite
extent. The Cartestian coordinate system o-xyz, moving with steady
velocity -U with the ship, is taken as shown in Fig. 1, where the
xy~plane coincides with the undisturbed free surface. An irrota-
tional motion of an incompressible, homogeneous and inviscid fluid
is assumed. Then the velocity potential<?(x,y,z) of a fluid domain
V can be written as

@(XIYIZ) = Ux + 50(XIYI.Z) (l)
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where 4 (x,y,z) 1s the potential of the perturbation due to the ship.
When some sultable restrictions are 1imposed on the geometry and/or

the velocity of the ship such that the free-surface boundary condi-
tions are linearized, the perturbation potential ¢ shall be the so-

lution of the following boundary value problem,

VR%Pzzo in fluid domain V (2)
> P ——yRT on hull surface s (3)
d M A2 e

' 2P g on calm free surface z=0 (4)
axa“f‘ ko 65 =0 ko:UT

,@;.m _{O(I/Q) X<O S 3 ‘/ﬁ (5)
L o = )(_a_ S b

(< OLVRYy x>0 R=(x>g+3"

This is the so-called Neumann-Kelvin problem, which Brard (1971,
1972) dealt with, in the steady wave resistance theory and plays

an 1important role between the linear theory and the exact problem.

Fig. 1 Coordinate System

The above specific problem may be solved by means of an appro-
priate Green's function relating to the boundary conditions. The
desired function G(P;Q), often known as the Havelock source func-
tion or Kelvin source function, is a harmonic function in the fluid
domain except having a singularity at Q, and satisfied the linear-
ized free-surface condition and the radiation condition as follows,

G(P;Q) =3 (P:Q) P,QE€V (6)
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X< >G5 _ 4 on z=0 (7)
sx: T3z ’
o(%?*) X< 0 3
v QP = R=|P-Q| (8)
f—?@-‘ ’ {OC‘/RB x>0 .

This yields the expression,

(9)
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By use of such a source function, the Green's second identity gives

(10)

the perturbation potential ¢p into the form,

Pcpr = gvcmGCP RIASR) — 4_7tf_<.,§ U@> I (P; @)ne < d? (D

where U (Q) is the density of the source distribution to be deter-
mined to represent an equivalent flow field. Meanwhile, the Neumann-
Kelvin problem can be replaced by the following equation,
[
3?(?)4(%@)%(?;9)43@)'
3 (12)
u
47ck°§0-(9) k?)@)”&' dz _~U np o , (’Pé S C“)
which is a Fredholm 1ntegral equation of the second kind for the un-

kmown function ¢ (Q) defined over the hull surface S and waterline Cy.
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Though other types of integral equation had been derived,
e.g., Liao (1973), only the form given by equation (12), i.e.,
the representation by an equivalent source distribution, will be

considered 1n the present study.

NUMERICAL TREATMENT OF THE INTEGRAL EQUATION

Numerical solution of the integral equation (12) requires
an approximate representation of the hull surface S and waterline
Cw: and an approximate evaluation of the relevant integration over
S and Cy, to discretize the integral equation (12). In the present
numerical computations, the hull surface and waterline are approxi-
mated by a large number of plane gquadrilaterals and line segments
respectively. Over each of the elements the source density is
assumed to be constant. Thus the integral equation (12) is replaced
by a set of linear algebraic equations for those unknown values of
source density over the plane and line elements. The source densi-
ty of the waterline element 1s assumed to have the same value as
that of the plane element adjacent to such line element. With the

hull-surface boundary condition being satisfied at the centroid of

each plane element, the discrete form of the integral (12) is

2 M/;’*Zm &-(-Zmd ‘\':——ﬁio?
( A
J:v)

where mj(=9i/U) is the nondimensional source density on the i-th

(i=1,2,....N) (13)

element,

nj is the normal vector of the i-th plane element directed



toward the fluid domain V, and
N is the number of plane elements which approximate the
whole hull surface S with the first M elements ending at

the waterline.

Aij and Bij are called the influenced coefficient matrices,
Aca‘= F\}LWC@]C’X‘-HL‘ét)‘E\Y‘E)dS ) (14)
’J !
LN A - -~
Bcd=-—MHBm-v;:rm;.a;.s;;wo)‘r?d-”fd(\ (15)
G}

where Sj is the region of the j-th plane element, and
ij is the region of the j-th line element.

Construction of the influence coefficient matrices Aij and
Bij is quite a great numerical work due to the tedious integra-
tions of the kernel function all over the elements representing
the hull surface and the waterline. To reduce the extremely long
computer time and make the computations practical, one may adopt
the numerical experimental results obtained by Lin (1980), ang

the integration of each kernel function is simplified by the

approximations,

g—m[ “v (= Yj,)(xs+Gd-V;Iiw:.%:»éc:‘i-g'?q'ggﬂ ,» (16)

B“J: AKKQE‘QJU\ S v I'ux;.éané;;;d- ,‘(od~ 0 )J ) (17)

where a is the area of the j-th plane element,
lj is the arc length of the j-th line element,
(‘gﬂ ) zﬁ | fj ) is the centroid of the j-th plane element,
and

(‘§ﬂ "Cj » 0 ) is the midpoint of the j-th line element.



Formulas developed by Hess and Smith (1962, 1964) are used for

integréting the kernel of Rankine-source term kernels‘V;&%<:%g.
Concentration of constant source density panel as a point source

is assumed for the integration of the wavy term kernels Y/: 7.

CALCULATION OF THE DERIVATIVES OF THE HAVELOCK SOURCE FUNCTION

To compute the derivatives of the Havelock source function

in equations (16) and (17) numerically, the integration

vit
as suggested by Noblesse (1977,

contours 1n complex Kcos® plane,
1978, 1979) are used to evaluate the principal value double in -
tegrals. Fig. 2 is an illustration of the integration contours,

which have two pcles at to, and a branch point at ]F\or-wp\ ,

where o/ = Bcose [:( =R =sn@, and

dntJ |+ Clrap )
<
| Imet

Fig, 2 Integration Contours in Complex o Plane
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Via the above scheme, the VI~ have the following expressions,
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where H(x-%) is the Heavside step function,

E,(z)=:gm;££fdt is the complex exponential integral, and
4

Z= k1= t2 (et Jioer +(4-T)t +L [x-% 1]

(20)

The principal value double integral has been transformed into a
one-fold integral whose integrand contains a complex exponential

integral.

Fig. 3.a and Fig. 3.b show the integrands of the first inte-
grals in equations (19) for a particular set of nondimensional
variables ko(x—i), ko(y—7) and ko(z+;). The Simpson's rule is
used for such numerical integration. For the integrands of the
second integrals in equations (19), Fig. 4.a and Fig. 4.b indic-
ate that the integrands are smooth functions in the integration
interval. Gauss-Chebyshev quadrature (using Chebyshev polynomin-
al of the second kind ) is used for doing these numerical integ-

rations.

The evaluation of the complex exponential integral El(z),
z=u+liv 1s carried out as follows,
for u2+V%<5, the series expansion provided by Abramowitz and

Stegun (1964) is used,

E.(z)=—é’—1m2—:'(—;%;—,z—n ]argz\.a’ft (21)

where ¥v=0.57721566.... 1is the Euler's constant,

for u2+v%25,
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Gauss-Laguerre gquatrature is used to do the numerical integrati-
ons of the infinite integrals in equation (22). The computation
of complex exponential integral was verified by comparing the re-
sults with the tables listed in Abramowtiz and Stequn (1964) PP.

249-251.

COMPUTATIONS OF THE WAVE RESISTANCE

After solving the linear simultaneous equations for the unknown
source density, the velocity and the pressure coefficient at the

hull surface can be obtained by

AN

~/ LJ i l t

VP A Ye ] R R RN AC TR v Sy ST
AT 42-) d[“ (DA s VT (a0 Ty 52
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(23)
and
o luTeve)®
cf U . (24)
Free surface elevation f(x,y,0) is given by
“(xY.0)=_ 4 29
\i): 30) U a,xcm-ld'o). (25)
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As for the computations of ship wave-resistance, the sugge-
stion of Breslin and King Eng (1963) is adopted. By numerical
experimentations, they found that the point sources can replace
the panels to give sufficiently accurate calculation of wave re-
sistance. The wave resistance acting upon the ship can be compu-
ted most directly by integrating the x-component of the pressure

acting on the hull surface,

N i PR
CP::ijé%—‘g.E'Q(VN-L>' (26)
2FU~S =1
An alternative expression of wave resistance can also be derived

from the conservation of momentum, and the wave resistance coef-

ficient Cw can be expressed as

%
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NUMERICAL RESULTS

Two ship hull forms,the Wigley model and the Series 60,
Cp=0.6, are used for numerical solution of the Neumann-Kelvin
problem and for the computations of ship wave-resistance. The
numerical results include wave resistance coefticients, wave
elevations on ship hull side, and weighted amplitude functions.
The computations were carried out on the UNIVAC 1100 computer
system at the National Taiwan University. Wave resistance coef-
ficients and wave elevations are compared with experimental data
and other numerical results which also solving the Neumann-Kelwvin
problem. Both the experimental data and the numerical results
were presented to the "PROCEEDING OF THE WORKSHOP ON SHIP WAVE

RESISTANCE COMPUTATIONS, 1979".

Wigley Model For the reason of symmetry, the starboard

side of the Wigley model is approximated by 252 plane quadri-
lateral elements. The results of computation are shown in Table
1 and Fig. 5 to Fig. 15,
Table 1 List of Wave-Resistance Coefficients for Wigley Model,
Fig. 5 Arrangement of Surface Elements for Wigley Model,
Fig. 6 Comparison of Wave-Resistance Coefficients (Cp) with
Experimental and Other Numerical Results for Wigley
Model,
Fig. 7 Comparison of Wave-Resistance Coefficients (Cy) with
Experimental and Other Numerical Results for Wigley
Model,
Fig. 8 Comparison of Wave Profile with Experimental and Other

Numerical Results for Wigley Model at Fn=0.266,
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2L oL i) Comparison of Wave Profile with Experimental and Other
Numerical Results for Wigley Model at Fn=0.348,

Fig. 10 Comparison of Wave Profile With Experimental and Other
Numerical Results for Wigley Model at Fn=0.452,

Fig. 11 Amplitude Function of Wigley Model at Fn=0,266,

Fig. 12 Amplitude Function of Wigley Model at Fn=0.313,

Fig. 13 Amplitude Function of Wigley Model at Fn=0.348,

Fig. 14 Amplitude Function of Wigley Model at Fn=0.402,

Fig. 15 Amplitude Function of Wigley Model at Fn=0.452.

Series 60, Cb:0'6 The starboard side hull surface is meshed

into 325 plane elements and the numerical results are illustrated
in Table 2 and Fig. 16 to Fig. 31,
Table 2 List of Wave-Resistance Coefficients for Series 60, Cb=O.6,
Fig. 16 Arrangement of Surface Elements of Fore Body for Series
60, Cb=0.6,
Fig. 17 Arrangement of Surface Elements of Aft Body for Series

60, C,=0.6,

b

Fig. 18 Comparison of Wave-Resistance Coefficients (Cp) with
Experimental and Other Numerical Results for Series
60, Cb=0.6,

Fig. 19 Comparison of Wave-Resistance Coefficients (Cw) with
Experimental and Other Numerical Results for Series
60, Cb=0.6,

Fig. 20 Comparison of Wave Profile with Experimental and Other
Numerical Results for Series 60, Cb=0.6 at Fn=0.,22,

Fig. 21 Comparison of Wave Profile with Experimental Results

for Series 60, C,=0.6 at Fn=0.25,

b
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Fig. 22 Comparison of Wave Profile with Experimental and Other
Numerical Results for Series 60, Cb=0.6 at Fn=0.28,

Fig. 23 Comparison of Wave Profile with Experimental and Other
Numerical Results for Series 60, Cb=0.6 at Fn=0.30,

Fig. 24 Comparison of Wave Profile with Experimental and Other

Numerical Results for Series 60, C =0,6 at Fn=0.32,

b
Fig. 25 Comparison of Wave Profile with Experimental and Other
Numerical Results for Series 60, Cb50.6 at Fn=0.35,
Fig. 26 Amplitude Function of Series 60, Cb=0.6 at Fn=0.22,
Fig. 27 Amplitude Function of Series 60, Cp=0.6 at Fn=0.25,
Fig. 28 Amplitude Function of Series 60, C,=0.6 at Fn=0.28,
Fig, 29 Amplitude Function of Series 60, C,=0.6 at Fn=0. 30,
Fig. 30 Amplitude Function of Series 60, C,=0.6 at Fn=0.32,
Fig. 31 Amplitude Function of Series 60, Cp=0.6 at Fn=0.35.

CONCLUDING REMARKS

"Neumann-Kelvin problem approach" is used as the mathemati-
cal model in the present computations. Two essential points can
be concluded for the numerical scheme:

1) Concentration Of the source panels as point sources is appl-
ied for the approximate integration of the wavy term kernels, and
for the computations of the wave resistance.

2) The source density of each waterline element is assumed to
be identical with that of the plane element ending at such line

element.,
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Two ship hull forms, the Wigley Model and Series 60,Cp=0.6,
are used for the numerical calculation. The numerical results
are satisfactory for both two ship hull forms. The following
conclusions can be obtained from the numerical results :

1) By use of both wave resistance coefficients and wave profiles,
one cannot judge that whether the waterline integral terms plays
an important role for the numerical analysis of the Neumann-Kelvin
problem or not.

2) For both of the two methods for computing the wave resistance,
pressure integration, and amplitude function approach, the results
show no significant difference, yet the pressure integration scheme

has less hump-hollow phenomenon.
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