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10.1 Periodic Functions. Trigonometric Series

B /(x) is periodic if f(z) is defined for z € R and if 3 p > 0 such that
flx+p) = f(x)V x, pis called period of f(x).

o f(x+np)= f(x) for all integers n
= (np) is also period of f(z).

e If f(z) and g(x) have period p
= h(z) = af(x)+ bg(x) also has period p, where a, b are constants.

B Trigonometric series with period p = 27

f(z) = ap+ ajcosx + bysinx + as cos2x + bosin2x + . ..

oo
= ap+ Y (a,cosnx + b, sinnx)
n=1

where a,, and b,, are real constants, called coefficients of the series.

o If f(x) converges
= the sum of the series will be a function with period 2.
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10.2 Fourier Series

Trigonometric series to represent periodic function f(x), where the coeffi-
cients are determined from f(x)

B Euler formulas for Fourier coefficients a,, and b,

f(z) =ap+ § (a,, cos nx + b, sin nx)

n=1

(0.}
ag+ Y (a,cosnz + b, sinnx)
n=1

dx

[ f@)de = [

= a /_7T7T dr + %jl <an /_7; cos nxdx + by, /_7T7T sin nxd:c)

= 2mag+ 0

= |ag = %/_7; f(z)dx
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a, (mn#0)|: (n=1,2,3...)

/_7; f(z) cosmzdx (m > 0)
-/

T o0 T T .
= ap / _cos mndx + {an / _COS N COS maxdx + b, / _sinna cos mxdx
- n=1 - -

(0.9]
ap+ Y (@, cosnz + b, sinnx)| cosmadx

n=1

0

= § [an (% /_7; cos(n + m)zdx +% /_7; cos(n — m)a:d:z:)

n=1

0

+bn(— /7; sin(n + m)zdx +% /_7; sin(n — m)xdx )}
0 0

T ifn=m

001 m o
. 2/7T(:os(7”b—m):z:alac{O 0+ m

= /_7; f(z) cosmzdx = a,m

L /x
o o (Um — — d
a - /_W f(x) cosmadx
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b, (n#0)|: (n=1,2,3...)

/_7; f(z)sinmxdx
= [

T . % T ) T )
= / _sin maxdx + > <an / _cosna sin maxdx + b, / _sinna sin m:z:d:c)
_ D _ _

(0.9]
ap+ Y (a, cosnx + b, sinnx)| sinmedx

n=1

0

— § [ane /7; sin(n +m)azd:z:—%/

n=1 _

: sin(n — m)xdaj)

0 0

+bn(% /_7; cos(n — m)xdr — %/_7; cos(n + m)xdx )}
0

= b,

I ,
= by, = ;/_W f(z)sinmzdr| o
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FEz : Square wave

fo) =

—k —m<x<0

kL O<z<m and  f(z +2m) = f(z)

ap = %/_7; f(z)dzr =0

1
7'('

N 3|~

/_7; f(z) cosnzdx
-/_OW(—/{) cos nxdr + /OW k cos nxdw]
L sinnz|’ k sinnx|” _0
n - n o

1 /x
b, = — i d
- /_7T f(z)sinnzdx

1
T
1 [, cosnx
;
k

/_OW(—/{) sinnxdr + /O7T k sin nxdw]

0 COS N |™

—k

—T T

k

n 0

= — [l — cos(—nm) — cosnm + 1]
n
2k

= —(1 — cosnm)
n

= flz)

4k
— oddn (n=1,3,5...)
nw
0 evenn (n=2,4,6...)

4k 1. 1.
:—(S1n;zj—|——81n3$—|——81n533—|—...) O
T 3 5
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B Orthogonality of Trigonometric System:

Functions of f(z) and g(x), f(x) # g(x) are orthogonal on some interval
a<x<b,if

[ f(x)- g(x)dz =0

For examples, 1, cosz, sinx, cos2x, sin2z, cos 3z, sin 3z, ... are orthogonal
on the interval —m <z < 7, ie.,

™
/_7T cos mx cos nxdxr = 0 m#n

™ . .
/Wsmmxsmn:ﬁdajzo m #n

™ .
/_7T cos ma sinnxdx = 0

e Note that we have used these properties in deriving Euler’s formulas. g

B Convergence and Sum of Fourier Series:

Iff(x) =ag+ § (@, cosnx + by, cosnx)

n=1

= “=" means the series converges and the sum represents f(z). g
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Theorem 1]:
(1) periodic function f(x), f(z) = f(x = 2m) and

(2) f(x) is “piecewise continuous” on z € |—m, 7|,and

(3) f(z) has left-hand and right-hand derivatives at every x € |—m, 7|

=

Fourier series of f(x) converges, and the sum of the series is f(x), except at
xo where f(x) is discontinuous, at such point the sum is the average of the
left-and right-hand limits of f(x) at 9. o

Note :
If f(x) is discontinuous at x = x

left-hand limit ~ f(xy — 0) = flbin% f(xg—h)
right-hand limit ~ f(xg+0) = }Lir% f(xo+h)

left-hand derivative ar — lim f(@o = h) = f(zo = 0)
dx 20—0 h—0 —h
d h) —
right-hand derivative af —|i flao +h) = flzo +0) _
dx z0+0 h—0 h
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Ex -
B 2 xr<l1
Jlz) = r/2 x> 1
d
= f(1-0)=1 %1_0:2
1 df 1
f<1+0)_§ dzlipg 2

10



Applied Mathematics — Fourier Analysis

Wu-ting Tsai

FEz : Square wave

4 1
f(x):?k(sin:c+§sin3x+...)
Atz = —
4k 1 1 1
= (1l—-—=4+-—==-+..)=k
fo) =T szt
/4
3m
Atz = —
TT
4k 1 1 1
= —(=14+-—-+_-+...
Jl@)=—( 3 tet
—m/4
Atz =0

f(x):%(0+0+0+...):() 0

7

11
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Proof| :

We consider only the convergence of the theorem for a “continuous” function
f(z) having continuous Ist and 2nd derivatives.

flz)=ap+ ioj (a,, cosnx + b, sinnzx)

n=1
= [ ()
ao = |, flz)dz
[ f@)eosnzde (n=12,..)
a, = — x) cos nxdx n=12...
T —T
1 /x .
bn:—/ f(x)sin nxdx (n=1,2,...)
TT —T
By using integration by part / udv = uv — / vdu
L7 fw) cosnad
a, = — x) cos nxdx
TT —T
L () sinnal”, [T f(x)sinnad
= —f(x)sinnx|. —— x)sinnxdx
nmw —O,—_Wz nmw /="

f"(z) cosnxdx

12



Applied Mathematics — Fourier Analysis Wu-ting Tsai

Since f(x) is continuous for z € [—7, 7| = |f"(x)] < M

la,| = %‘/_:f"(az)cosnxdx‘

/_7; |f"(x)| - |cos nx| dz

<M <1

1
n2m

I
< %/_WMCZ.’L'

2M
T on2
Similarly
2M
bl <2
flz) < |f(z)
= lag + § (@, cosnx + by, sin nx)

n=1

< laol + X (lan| + |n])

oo 2M
= ‘CL()‘—FQZ —y
n=1 T

= finite value

= the series converges

13
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10.3 Functions of Any Period p = 2L

So far we only consider periodic functions with period p = 27.
For periodic function f(z) with period p = 2L, the Fourier series for f(x) is

f(z)=ap+ ;::1 (an COS %3} + b, sin %3})

where the coefficients are:
1 .z
o7 /_ o (x)dx
= — / f(x) cos mdw

nmx

:—/ f(x sin—d:z: O

14
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Proof]| :
T Lv
Rescaling the variable by v = — = 2 = —
L s
+L
x:iLiv:W( )ziw
L
X
fa) = g(v) =9 ()
= ag+ § (a,, cosnv + by, sinnw)
n=1
1 L TL\ T
= L L= ()

:_/f

T

1 r L L
an = —/_ g(v)cosm)dv:;/_Lg<—

L

nmx

= — / f(x) cos —dcc
:%/;g(v)... 0
Note : Shift of the period
[ — /j:iz ©6 - 027T

L Lt of
% .
/—L L+ €8 - Jo

)

T
cosn—-

L

(

7

L

)

15
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FEx . Half-Wave rectifier — clips negative portion of the waves

u(t) = 0 —L <t <0
| Esinwt 0<t< L

1 7w E
aozi 2Lu(t)dt:% /Esinwtdt:;
1 ror (t) mrtdt W W/wE. / Lt
n = — u(t) cos —dt = — sin wt cos nw
=7 L 7 Jo
0 n=1235,...
— —2F
n=246,..
(n—1)(n+1)m
b—l 2L .mrtd_ W/wE. . d
"= u(t) smT t—”um/o sin wt sin nwtdt
£ 1
o=
2

0 otherwise

16
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10.4 Even and Odd Functions

e cven function: g(—z) = g(z) = /_LLg(CC)dCC =2 /OLg(:z:)d:z:
e odd function: h(—x) = —h(z) = /_LL h(z)dz =0

M Products of odd and even functions:

91(x) - g2(x) = g1(—x) - go(—1)
g(z) - h(z) = g(—x) - (h(—z)) = —g(—x) - h(—2)
hi(z) - ha(z) = (=hi(=2)) - (=ha(x)) = hi(=2) - ha(—2) ©

B Fourier coefficients of odd and even functions:

(0. 9]

f(z) =ag = > (a,cosnz + b, sinnz)
n=1

J
ap=— [ f(x)dx =0 for odd f(x)

2m

_ L dr =0 for odd

an = — ), f(z)cosnzdx =0 for odd f(x)
b — I ron . dy — f
n= f(z)sinnzdr =0 for even f(x) o

17
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Theorem | :

e Fourier Cosine Series (for even periodic function f(x) with p = 2L)

nm

flz)=ag+ § @, COS —X
n=1 L

I L
aozzfofajda:

nmTx

— /0 ) cos —d:l:

e Fourier Sine Series (for odd periodic function f(x) with period p = 2L)

ni

flz) = Z bnsinfx

NI
— /0 sm—daj .

18
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Theorem | :

e The Fourier coefficients of (f; + f2) are the sums of the corresponding
Fourier coefficients of f; and fs.

e The Fourier coefficients of cf, where c is a real constant, are ¢ times the
corresponding Fourier coefficients of f. g

Fx : Saw tooth wave

fle) =2 +xm for —m<z<m, flo+2r)=f(z)
i f

fi=x= i% by, sin n%:c (odd function)
n=1

2 2 2
= b, = - /OW fi(z)sinnzdr = p /OW xsinnxdr = —cosnm
0 nm ,
fo=m=ag+ > a,cos T (even function)
n=1

=ay=m, a,=70

° 9 2 .onm
oo flz) = 7T—|—n§::1 (_5 cosmr) sin T:z:

1 1
= 7T—|—2(sinx—ésin2x+§sin3:c...) O

19
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10.5 Complex Fourier Series

Fuler formula:

e’ =cosx+isinx

e "' =cosx —1isinx
e = cosnx + isinnx

INT

e " = cosnr — 1sinne
=
1 INT —inx
cosnr = —(e"" +e ")
2
. 1 T —inx
SiInNT = 5(6 —e ")
1

For Fourier series:

f(z)=ap+ ioj (ancosnx + bysinnz)  (ap, b, € R)

n=1
=
a, cosnx + b, sinnx
1 nT —inT 1 nT —inT
= ian(e +e ") + Q_ibn(e —e )
1 . mnT 1 . —inx
= —(a, —ib,) """ + = (a, + ib,) e
22— 22—
= Cp = dn
=
f(gj) =cy+ Z_:l(cneinx + dne—inx)

20
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where
co=ay € R
1
Cp = §(an — iby)
1 .
=5 /_W f(z)(cosnz — isinnx)dx
1 n —inx
= %/_W f(x)e " dx
1 .
d, = §(an + iby,)
1 .
=5 /_7T f(z)(cosnz + isinnz)dx
1 n ne
— %/_W f(x)e"™ dx
cn,d, € C
Note
c_, =d,
— f(CC) = ¢y + z—:l(cnein:p + C_ne—mx)
_ i% Cneimc
where

[ :
Cn =5 /_7T fx)e " dx

21
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B Complex form of Fourier series of real function:

For real function f(x) with period 2L,

22
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10.6 Half-Range Expansion

In practical applications, f(z) are given on some interval only, eg.

B /(2) is extended as an even periodic function fi(z) with period 2L.

= fi(z) can be represented by a Fourier cosine series with period 2.L.

B /(z) is extended as an odd periodic function fy(x) with period 2L.

= fo(x) can be represented by a Fourier sine series with period 2L.

B /() is extended as a periodic function f3(x) with period L.
= f3(x) can be represented by a Fourier Series with period L.

Note|: f(x) = fi(x) = fo(x) = f3(x) ONLY within 0 < x < L

23
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bx
2k 0<z< £
L TS0
)= 2k L
f(l)—az) 5 << L
(1) Even extension:
filz) = ap+ Z @y, COS 7
n=1 L
I L
a = 7 f(x)dx
LT 2/{
:Z/O (—:z:)dcc+/L L —z)dx (x=L—x)
1 2k /L 2k 0
AL / :z:d:UJrf/Z T(—d)
_k
2
2 4k
an:Z/Lf(x)cos?dx— = 5 <2COSR§—COSTL7T—1

)

24
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(2) Odd extension:

nim

folz) = nijl by, sin A

. NI 8k . nm
L

2 L
b, = E/O f(x)sin = 5 3sin

(3) Periodic extension with period p = L:

fs(z) = ap+ ni(an cos QnTW:E + by, sin 2nT7T):z:
ag = % . f(x)dx

ay = % . f(z)cos %Tﬂdx

b, = % . f(z)sin %wadaz 0

25
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10.7 Forced Oscillations. Optional

26
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10.8 Approximation by Trigonometric Polynomials

Application of Fourier series:
(1) solution of partial differential equation,
(2) approximation.

Given a periodic function f(z) with p = 27

flz) = ag+ g: (an cosnx + b, sinnx) = F(x)

n=1

(1)

i.e., f(x) is approximated by a trigonometric polynomial of order N.

= Question : Is (1) the “best” approximation to f(z) 7
Def: “Best” approximation means minimal error £

Def: Error E e.g. max |f(z) — F(x)]

= We choose “total square error” of f for the approximated function F":

E=["(f—F)ds

Note :

e Max |f — F'| measures the goodness according to the maximal difference
at the particular point.

° / g (f — F)*dx measures the goodness of agreement on the whole interval
—T
—m < x <.

27
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Proof . F(x) is the best approximation of f(x)

(0. 9]

f(z) =ap+ X (a,cosnx + b, sinnzx)
n=1
N
F(x)=a9+ X (apcosnx + [, sinnz)
n=1

= E=[ (f-FPde= [ fde—2[ fFdz+ [ F’dz
/_7; fFdx = 7'('(2040&0 + a1 +...ayay + Biby + .. .ﬁNbN)

[ Fldz=7205+ai+...+ay+Bi+...0%)

/w COS MX COS NI
=7 \ SIn mx cOS X

)dxzo m#n

™ .
/_7T cos ma sinnxdr = 0

= ([ cos?nw
/ . 9 dv =
-7\ sin” nx

28
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= E=[" f'dz —2r[20ay + %(oznan + Babn)| + 7|20F + %1(%21 + 7))

If we take o, = a,, and 3, = b,

= F* = /_WW fidr — 77[2@2 + g: (a? + bﬁ)}

n=1

= E— B = r{2(00— a0+ 5 [(0n — a2+ (B, — B,)2]} > 0

—— —— —
>0 n=1 >0 >0

= b > EBF,

i.e. the error is minimum (E = E*) if and only if ag = ag, ..., G, = by.

Theorem | : Minimum square error

The total square error of trigonometric polynomial relative to f on —m < x <
7 is minimum if and only if the coefficients of the trigonometric polynomial
are the Fourier coefficients of f.

Notes| :

(1) Convergence of the trigonometric polynomial:

i N
E* = /_ fidr — 7 |2a* + X (a +b7)
g n=1

>0
SN = BTN

= the more terms in partial sum of the Fourier series the better the approx-
imation.

29
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(2) Bessel inequality:

1 N
- /_W f(x)*dr > 243 + 3 (a> +b2) o
n=1

(3) Parseval’s theorem (identity):

I 00
LT fafdr =20+ S (@ 4B o

30
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10.9 Fourier Integrals

e Fourier series — periodic function

e Fourier Integral — non-periodic function (p = 2L — o0)

fr(x) =ay+ § (ay, coswyx + by, sin w,x) W, = %
n=1
1,z NS
—L /—L fL(ﬂZ’)diB

1
an =7 /_LL fo(z)cosw,zdz  n=1,2,...
b=+ X fu(@)sinunadi  n=1,2
n—z/_LfL(ZC)Sll’lwniU T n=12,...

= fu(x / fr(z

1 o0
+L nzl [COS Wy /_LL fr(Z) cosw,Tdx + sinw,x /_LL fr(%) sinw,2dz

Ay = ~(n+Dr w7 N 1 Aw
W= Wt = W = L L L™«
= fi(z / fo(@
1 ~ ~
+— Z [(COS WX Aw/ fr(Z) cosw,Tdx
T n=1

+ (sin w,z) Aw /_LL fo(&) sinw,zdx

31
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f(z)= lim fp(x)

L—o0
nm
lim w, = lim — = w
L—oo L—oco [,

/s

lim Aw = lim = dw

L—oo L—oo

Jim fr(z) = lim ﬁ [° (3

L, , . .
+ Lh_)ngo - nzl Aw l(cos Wy, ) /_L fo(Z) cos w,xdx

+ (sin wy, ) /_LL f1(Z)sin wns?:d:%]

= f(z) = %/OOO dw[cos wx /_Ozo f(Z) coswxdT + sin wzx /_O; f(z)sin ws?:d:%]

= 1A(w) = 7 B(w)
oo flz) = OOO[A(w) coswx + B(w) sin wzx|dw
where
= %/_O:O f(Z) coswrdz
= %/_O; f(z) sinwzdz

This is a representation of f(x) by a Fourier integral, where f(z) is assumed
to be absolutely integrable, i.e., /_O; |f(x)|dr exists. g

32
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Theorems| : Fourier Integral

If f(x)is

(1) piecewise continuous in every finite interval,

(2) has a right-hand and a left-hand derivative at every point,
(3) absolutely integrable,

then

f(z) can be represented by a Fourier integral.

At the points where f(x) is discontinuous, the value of the Fourier integral
equals to the average of the left-hand and right-hand limits of f(z). o

33
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if |z] <1

0 if |z| >1

RS
—/ f(Z) coswrdz
T —o0

J R S
;2/0 cos wxdx

2 sin w

wit

1 oo

— [ f(@)sinwidi
T — 00

0

0
2 00 COSWI SIN W

dw

7 /0 W

/OO [A(w) coswz + B(w) sinwz|dw

O

34
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flx) = /OOO [A(w) coswz + B(w) sinwz|dw
Alw) = %/_Ozo f(Z) coswzdT

Lojoo ooy o
B(w) = ;/_OO f(z)sinwzdz

M Fourier cosine integral:

If f(z) is an even function, then

flz) = /OOO A(w) cos wrdw

2 oo
Alw) = }/0 f(Z) coswzdz
B(w) =0
M Fourier sine integral:
If f(z) is an odd function, then
flz) = /OOO B(w) sinwxdw

Alw) =0

2 00 iy
B(w):;/o f(Z)sinwzdz

35
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10.10 Fourier Cosine and Sine Transforms

Sometimes, it is easier to solve differential and integral equations in the
“transformed” space rather than in the original physical space.

= Laplace transform, Fourier transform, Hankel transform,
Hilbert transform, ...

The Fourier cosine integral of a non-periodic even function f(x):

flz) = /OOO A(w) cos wrdw Alw) = %/OOO f(Z) coswzdz

= let A(w) = Efc(w)
flz) = E/OOO fow)coswrzdw — fo(w) = E/OOO f(z) coswxdz

o f.(w) is called Fourier cosine transform of f(x)

o f(z) is called inverse Fourier cosine transform of fc(w)

Sometimes we write:

Ff)=f. and F '(f) =T

36
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Similarly, the Fourier sine integral of a non-periodic odd function f(z):

flx) = /OO B(w) sinwzdw = —/O ) sinwadx

= let B(w \lifs
o F oo A . d r L F o0 . d
= ;/0 fs(w)sinwzdw  fy(w) = }/0 f(x)sinwzrdzr

o f,(w) is called Fourier sine transform of f(x)

o f(x) is called inverse Fourier sine transform of fy(w)

Sometimes we write:

Ff)=f, and FIUf)=f &

37
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B Lincarity
Felaf +bg) = E/OOO laf(x) 4+ bg(x)] cos wadx
2 oo 2 o
=a ;/0 f(z) coswzdr + b@/o g(x) coswzdx
= aF.(f)+bF.(g)

Similarly, Fs(af + bg) = aFs(f) +bFs(g) o

38
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B Transform of Derivative

Ff'(z)) = %/OOO f'(z) coswxdx

— % [f(a:) coswz |72 + w/ooo f(x)sin w:cd:z:}

= —Ef(o) + wF(f(z))

(Assume f(x) — 0, as x — o)

Fo(f'(x)) = %/OOO f'(z) sinwaxdx

— %[f(:c) sinwzx]y — w/ooo f(x) coswzdx

= —wF(f(z))




40
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10.11 Fourier Transform
flz) = /OOO [A(w) coswz + B(w) sinwx]dw
where

1 (0. ] ~ ~ ~
Alw) = . /_OO f(Z) coswzdT

B(w) = % [ f(®) sinwidi

l ;oo 00 L. . L .
flz) = }/0 dw /_OO f(Z)[cos w cos wz + sin w sin wx|dT

= %/OOO dw /_Ozo dz f(T) cos(wr — wi) (w € [0, 00] — |—~00, 0])

even function of w

_ % /_Ozo dw /_Ozo dz f(Z)[cos(wr — wx) + i sin(wr — w)]

odd function

1 00 OO  w s
= o /_OO dw /_OO dcvf(:v)e“”(x ?)

complex Fourier integral
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J

f@) == [ | e [ e

=/(w)

ezwxdw

= Fourier transform of f(z):

Flw) = = [ f)e " da
Inverse Fourier transform of f(w):
1 e o
o) = = [ Fw)e
Again f(x) must be

(1) piecewise continuous on every finite interval
(2) f(x) is absolutely integrable

We also write the Fourier transform pair as:
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M Spectrum

Consider the oscillation a spring-mass system:

(),

where y(t) is the displacement, m is the mass and k is the spring constant.

my" +ky =0

1 1
§my/2 + §/€y2 = Fy = constant

total energy

J o)y dt =

The solution y(t) of the ordinary differential equation (*) is:

—alcos(t+blsln(

— Clezwot i C_le—zwot

k 1 1
where wpy = E, C1 = 5(&1 — ibl), C_1 — 5(&1 + Zb1) = CT

The total energy can be represented by:

o o L §
Ey = §m(clzwoem0t — c_qiwge Mot)Q + §]€(6162w0t + c_je o2

= 2/€clc_1 = 2k ‘01‘2

l.e. EO X ‘Cl|2
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(0. 9]

fy=flz)= ¥ ce™*

n=—oo

= |en|” o energy component of frequency wy,

We have a series of |¢,|” for different w,. We call this “discrete spectrum”.

1 e s
Similarly, if y = f(z) = N /_ f(w)e" dw
T o

= ]E(w)‘2 dw o energy within [w, w + dw|

> [

YN
We have a function of ‘ f (w)‘ . We called this “continuous spectrum”. g

\2
f(w)‘ ~ total energy
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B Properties of Fourier Transform

e Linearity:
Flaf +bg) = aF(f) +bF(g)

a and b are constants.

e Fourier Transform of derivative of f(x):
F(f'(x) =wF(f(z))  (f—0as |z[ —00) o

Proof :

_ {f(x)e—iwx ’io o (—Z?,U) _Ozo f<x)6_iwxd33}
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Bl Convolution

For f(z) and g(z), the convolution of f and g
is defined as:

h(z)=(f*g)= [ f(p)g(z — p)dp

(0. 9]

= [ flz—p)g(p)dp

Theorem || Convolution Theorem

If f and g are piecewise continuous, bounded and absolutely integrable, then
F(f*g)=v2rF(f)F(9)

Proof -

Fifr9) = 5= [ [ f@)al = p)p]
= LA fplgta = ple ™ do] dp

r—p=q=>T=p+q

F(fxg) = \/%/ / f(p p—HJ)dqdp

N ﬁ [7 fp)e " Pdp- [ glg)e " dg
= VIrF(f)Fl9) o
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F(f =g) =V2r F(f) Flg)

——

~

f g

= frg=["_ fw)glw)e" dz
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10.12 Table of Fourier Transforms
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