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ABSTRACT

Poisson—Nernst-Planck (PNP) model has been extensively used for the study of channel flow
under the influence of electrochemical gradients. PNP theory is a continuum description of
ion flow where ionic distributions are described in terms of concentrations. Nonionic in-
terparticle interactions are not considered in this theory as in continuum framework, their
impact on the solution is minimal. This theory holds true for dilute flows or flows where
channel radius is significantly larger than ion radius. However, for ion channel flows, where
channel dimensions and ionic radius are of similar magnitude, nonionic interactions, par-
ticularly related to the size of the ions (steric effect), play an important role in defining the
selectivity of the channel, concentration distribution of ionic species, and current across the
channel, etc. To account for the effect of size of ions, several modifications to PNP equations
have been proposed. One such approach is the introduction of Lennard-Jones potential to
the energy variational formulation of PNP system. This study focuses on understanding the
role of steric effect on flow properties. To discretize the system, Lattice Boltzmann method
has been used. The system is defined by modified PNP equations where the steric effect is
described by Lennard-Jones potential. In addition, boundary conditions for the complex
channel geometry have been treated using immersed boundary method.

Keywords: immersed boundary method, ion-channel flow, Lattice Boltzmann method, steric effect.

1. INTRODUCTION

T RANSFER OF BIOIONS (Na", K*, Ca®", and CI") across the cell membrane is one of the most fundamental
physiological processes. Bioion transport results in the generation and propagation of action potential in
the neurons (Colbert and Pan, 2002), muscle contraction (Kuo and Ehrlich, 2015), conversion of light to
electric signals in photoreceptors, and so on. Several specialized structures have evolved to ensure the
movement of ions across the membrane and ion channels form a subset of these structures. Ion channels are
embedded across the cell membrane and constitute a hydrophilic environment. Theoretical study of ion
channels can be segregated into three different categories: (1) closing and opening of the ion channels (gating
mechanism), (2) selectivity of ions, and (3) permeability.

Based on their gating mechanisms, ion channels can be broadly categorized into voltage-gated, ligand-
gated (neurotransmitter), and lipid-gated channels. Other gating mechanisms such as the ones found in
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mechanosensitive channels and light-gated channels are also present. This study is focused on exploring the
dependence of selectivity of channel on size of the ions.

In biological simulations, ion channels have been studied using continuum models based on Poisson—
Nernst-Planck (PNP) equations, Monte Carlo method, Brownian dynamics, and molecular dynamics.
Continuum-based approaches have often been deemed inaccurate, when compared with other approaches, due
to their simplified approximations of atomic properties of the channel and the solution (Sagui and Darden,
1999; Corry et al., 2000; Im and Roux, 2002). In contrast, continuum models have been shown to be more
efficient in studying the averaged properties of the system.

Over the years, several modifications to the standard PNP equations have been proposed in the literature
to counter the shortcomings of PNP model (Gillespie, 2008; Liu, 2009; Kurnikova et al., 1999; Eisenberg,
2010). Liu and his group (Sheng et al., 2008; Liu, 2009; Xu et al., 2012) pioneered energetic variational
(EnVar) approach that describes the energy of the system as Helmholtz free energy of classical thermo-
dynamics (Sagui and Darden, 1999). This enabled the inclusion of multi-physics models in traditional PNP
system. Kurnikova with her group (Kurnikova et al., 1999; Graf et al., 2004; Kurnikova and Coalson, 2005)
tackled the problem by resorting to density functional theory. Nonner and Eisenberg (1998), Nonner et al.
(1998, 2000), and Boda et al. (2002) developed a simplified model for ions present in the bulk solution and
inside the filter by incorporating the effect of the size of ionic species. In their further research, they suc-
cessfully showed that selectivity of certain types of ion channels can be explained with their model. This
approach was further generalized by Eisenberg (2010), Eisenberg et al. (2010a,b, 2011), Hyon et al. (2011),
Mori et al. (2011), and Horng et al. (2012) by adopting the EnVar approach. A detailed review of these
mathematical models can be found in Chen and Wei (2016). In this study, we follow the methodology proposed
in Horng et al. (2012). However, we are performing a 2D analysis as opposed to 1D analysis performed therein.

In this study, we solve for a 2D ion-channel flow using Lattice Boltzmann method (LBM). To address
complex channel geometry, immersed boundary method (IBM) has been used ensuring the proper im-
plementation of boundary conditions. The outline of the article is as follows. Basic mathematical model for
standard and modified PNP equations is covered in Section 2. Furthermore, a brief introduction of LBM, in
the context of PNP equations has also been provided. In Section 3, methodology to implement IBM for no-
flux boundary conditions, with regard to Nernst—Planck equation, is discussed. Section 4 covers numerical
validation of the scheme. Conclusion is provided in Section 5.

2. MATHEMATICAL MODELS
2.1. PNP equation

The PNP model is a well-established model for the study of ion transport. The model is constituted by

N
~V.(eVP)=py+ Zz;eci (1a)
i=1
oc;
_l V L= .:1 c e e 1
5 +V.J;=0, i=1, N (1b)
Ji= - Di(Vei+ —< ¢V ) (1c)
| 1 Cl KBTCZ 9 c

where € is the dielectric constant, ¢ is the electrostatic potential, and py is the fixed charge density. Poisson
Equation (la) describes the electrostatic potential field for the provided charge distributions. As for the
Nernst-Planck Equation (1b), it describes the evolution of concentration of ionic species under the in-
fluence of electrochemical gradient. In Equation (1c), c; represents the concentration, J; represents the ionic
flux, D; represents diffusivity, z; represents valency, e is the elementary charge, Kz is the Boltzmann
constant, and T is the temperature. Please note that subscript ‘i’ stands for the ith ionic species. Inclusion
of steric effect results in the modification of the flux term in the NP equation.

N
Zi€
Ji==Di(Ve; + mciv¢+ci;gijvcj)’ 2

where g;; are the coefficients dependent on the size of the constituent ions. A detailed derivation can be
found in Horng et al. (2012) and the references therein.
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2.2. Lattice Boltzmann method

LBM is derived from the mesoscopic description of flow based on kinetic theory. In this study, instead of
solving PNP, we essentially solve N+ 1 Boltzmann equations, one for Poisson equation, whereas the rest
representing N Nernst—Planck equations. Boltzmann equation is given by

o o _
oty =20 3)

where fis the density distribution function, e is the lattice velocity, and €(f) is the collision operator. Upon
discretization, Equation (3) can be rewritten as

[i(x+e,At, t+An)=f,(x, 1) + AtQ(f (X, 1)). @)
The collision operator can be approximated by Bhatnagar-Gross-Krook (BGK) operator (Bhatnagar
et al., 1954) and Equation (4) can be simplified to

f(X+e At t+An=f,(x, 1)+ %(ff"(x, D —=fx(X, ). &)

In this study, o represents the lattice direction and 7 is the relaxation parameter. For this study we are
considering a D2Q09 lattice, that is, «=0, ..., 8.

For Poisson equation, the equivalence between mesoscopic and macroscopic properties is established
through the following relations:

b= _fr (6a)
fi=wy¢. (6b)

Similarly, defining a set of distribution functions for ion concentration such that

=y ff (Ta)

o

- Vel
= waei(1+ 5 (7b)
o, C%
lead to Nernst-Planck equations, where ¢, represents the velocity of sound and V., = —Di%Vd).

2.3. Geometry and boundary conditions

For this study, we are considering the same geometry as in Horng et al. (2012). The channel Schema-
tically shown in Figure 1 is 50 A long and the width varies with the channel length. The maximum width
has been taken as 80 A and the filter region lies between 20 and 30 A along the channel axis.

Radius of the channel varies as a function given by

Ymax — "min a o
r(Z):W(Z_E)p+rmin’ 3
where z is the location in the axial direction, r(z) is the radius of channel at z, =40 A, Fmin=23.5 A,
a=50 A, p=4, and width=2r(z).

The system is represented by Equation (5), whereas the equilibrium distribution function is represented by
Equations (6b) and (7b) for Poisson and Nernst—Planck equations, respectively. To obtain the dimensionless
form of the governing equations, we adopt the following nondimensionalization parameters:

' CNa, max ’ KBt/e ’ KT
- S ~ t ~ D,‘
§=—, = P T D,’ =
Lref Lref/DNa DNa
Liet = Fmin

For this study, bulk concentration is assumed to be constant. This assumption will lead to constant c; and
by extension, constant ¢ boundary conditions at the left, and right ends of the channel.
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D(0)=do(0);  PLY=po(L) (10a)
¢i, (0)=c;0(0); ci(L)=c;oll) (10b)

[Y3EE)
1

Please note that we are considering four ionic species Na*, Ca2+, CI, and CO%. In Equation (10b),
represents Na*, Ca?*, and CI” as they are distributed in the whole domain. Since CO%”~ is confined to the
filter region, CO%>~ must satisfy the no-flux condition at the boundary of the filter. To confine CO°>~ inside
the filter, we introduce a restricting potential that can be expressed as

V=Vinaxy(z— 0~51)2’

where y is defined in a way that V=V, on either end of the filter. This further leads to the modification of
Nernst—Planck equation for CO*>~

J,'= —Di(VC,'+ iciV(f)'F Ci

vv).
KpT KT

Boundary conditions are shown in Figure 2.
For LBM, we transform the boundary conditions in terms of distribution functions.

F20)=2w,pp(0)—f (0); [ (0)=2w,o(L)—f" (L) (11a)
I ) =2w,ci, 00) = 0); fA7 (L) =2wiyci oL) - £ (L. (11b)

L 12

o is the direction of the unknown component of distribution function, whereas —a is the opposite direction.

At the channel-membrane interface, Neumann boundary condition for Poisson equation and no-flux
boundary condition for Nernst—Planck equations have to be satisfied. In Poisson equation, for the im-
plementation of jump condition at membrane—channel interface, matched interface, and boundary method
(Zhu et al., 2006; Pan et al., 2010; Zheng and Wei, 2011) has been used, whereas for no-flux boundary
condition in Nernst—Planck equation, a methodology falling within the immersed boundary framework has
been used. Details of its implementation are discussed next.

2.3.1. Immersed boundary method. IBM was developed by Peskin (1977) for the simulation of
blood flow in heart. Since then, there have been a number of refinements and modifications. A detailed
review can be found in Mittal and Iaccarino (2005). In this study, for a proper implementation of no-flux
boundary condition for the Nernst—Planck equation we follow the methodology proposed in Shu et al.
(2013). The boundary conditions are given as

(V8 +2;cPV¢P)n=0 standard PNP (12a)
N
(Vel +2cPVgP+ > " cPg;Ve’)n=0 modified PNP, (12b)
J=1
40
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FIG. 1. Schematic of the channel.
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where n is the vector normal to the interface. To represent the effect of immersed boundary, we modify the
Nernst—Planck equations to

oc; 3
S Vi (13a)
f[r(x+e,At, t+AD)=f,(x, 1)+ ;(f;q(x, N —fu(x, 1))+ F,At, (13b)

where f represents the forcing term due to the presence of immersed boundary. To calculate the forcing
term, fractional step methodology has been implemented. To illustrate implementation steps, we are using
standard PNP as an example. Extension to PNP-steric equation is straight forward. For the predictor step
Equation (1b) can be solved using LBM to obtain the intermediate concentration value represented by c;}.
This process can be represented as

o Collision step: f; (x, 1) =f,(X, )+ L (f(x, ) —fu(x, 1)
* Streaming step: f,(x+c;At, ) =f(x, t)
* Flow variable calculation: ¢/ (x)= )", f,(x, r*).

Next we calculate normal flux at the boundary, Equation (12a). To obtain normal flux, we have to
calculate intermediate concentration and gradients of intermediate concentration and potential at the
boundary. We use delta function for their calculation. The process can be represented as

% *j+1,k *,j—1,k % *,J, k+1 *, k=1
Oci(x) _¢; —c; 0 ¢ —c;

ox 2Ax ' oy 2Ay
8¢(x>_¢f“”‘ ¢>f“*". 8¢<x) e
ox 2Ay

. <8c (X) 6c*(x)>

(8¢(x) 5¢(X))

i
4
"= 2 0 (s

4
=D 9mc;(®)

x=1
Delta function is calculated as

Sax, = (1= Bt} (1= Legid)if =l < Axand [yp—yi] < Ay
' 0, otherwise

1,2, 3, and 4 are the neighboring points such that [x®*~x| < Ax and |[y’~y’| < Ay for i=1, ..., 4. Neighboring
points corresponding to boundary point B are labeled clearly in Figure 3.
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FIG. 3. A generalized schematic of mem- N ® ®
brane—channel interface. 1, 2, 3, and 4 represent Ay2 \
the neighboring nodes, whereas B represents the 9) 3
A &
boundary node. Y P
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Once we obtain the values of cf’B s ch’B , and VdBB , we can calculate the normal flux at the boundary
fB=(Vc +zicP V¢®).n. In the corrector step, we assign a forcing term at the boundary such that the no-flux
boundary condition is satisfied. This results in forcing term=—f*. Then we extrapolate this value to the
neighboring nodes using delta function. In LBM frame the process can be described as

¢ Collision: f;(x, t*)=f,(x, ")+ % (FPa(x, ) = (X, %)) + Fo(x, H)At
e Streaming: f,(x+c;At, t+ A =f;(x, t*)

where F,(x,t) = - >, Spufl.

3. NUMERICAL VALIDATION

In this study, we have analyzed the effect of steric term on the concentration distribution of ionic species
in the channel. This analysis is an extension of the analysis performed in Horng et al. (2012) where the
equations were solved in an axis-symmetric 1D framework. To validate our results, we have compared the
concentration profiles along channel axis with their results and a significant match has been observed. For
all the cases, we have fixed the potential as 100 mV on either side of the channel. Concentration of Na® ion
is fixed at 100 mM on either side, whereas concentration of Ca”" ion varies. Cl is kept at a concentration to
make the bulk solution electrically neutral. CO%>~ concentration acquires the value equivalent to four
carboxyl groups and it is distributed uniformly inside the filter. The maximum value of nondimensionalized
restricting potential is kept at 200. Diffusion coefficients (mz/s) in bulk solution are Dy,=1.334X% 107,
Dca=0.792%10"%, De;=2.032%x 1072, and Dco=0.76 x 107°. In the filter region, diffusion coefficients are
set to 1/20th of their bulk values. Dielectric constant is 80¢, in the bulk solution, whereas it takes a value of
30¢ inside the filter. In membrane region, we assign it a value of 2¢,.

In the first case, we are reporting the impact of increasing the steric effect on the centreline concentration
profile. The coefficient values are listed in Table 1. Concentration of Ca®* is fixed at 1 x 10~ M on either
side of the channel.

TABLE 1. DIFFERENT SET OF COEFFICIENTS
OF STERIC TERMS

8NaNa O 1074 1072
8NaCa 0 6.41x107 6.41x 107
8NaO 0 8.19x 107 8.19x1072
8CaCa O 164>< 1074 164>< 1072
gcao 0 1.00x107 1.00x 107!
800 0 1.64x 1072 1.64
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In PNP-steric equations, we model electrochemical and steric forces acting on ionic species. Electro-
chemical forces originate from ionic interactions and potential gradient. Depending upon the nature of
interacting species, electrochemical forces could be attractive or repulsive in nature. Steric forces represent
nonionic interactions and are typically repulsive for small distances. Thus, we have considered only the
repulsive part of nonionic interactions in our model. In the absence of steric forces, one would expect that Na*
and Ca®" ions present in the bath, to get attracted toward anionic filter repelling each other at the same time,
whereas CI™ to be pushed away from the filter. Owing to high concentration of CO*>~ inside the filter, these
interactions would result in the accumulation of cationic species inside the filter. This can be observed clearly
in Figure 4a. Thus, for this study, accumulation of cationic species in the filter is a typical result of standard
PNP model. Please note that an accumulation of carboxyl group toward the centre is significantly influenced
by restricting potential and different restricting potential profiles will result in different concentration profiles.

Next we studied the impact of adding steric forces to the system. It is important to note that the ratio of
steric terms for species is fixed; however, their absolute value is not. Thus, we have considered three
different sets of values as shown in Table 1. Steric forces would introduce more repulsion, which would
oppose the accumulation of ionic species inside the filter. As a result, maximum concentration inside the
channel would drop and the profile would become flatter. The same behavior can be observed upon
comparing Figure 4a and b, where Figure 4a is a solution of standard PNP. Owing to their different valency,
Ca** experiences higher attraction toward the filter compared with Na*. For sufficiently large steric co-
efficient values, repulsion forces for Na* could overcome the attraction forces and Na* ions would be
pushed away from the centre of the filter toward the corners. This would result in creation of a depletion
zone in the centre of the filter and accumulation toward the corners. The concentration profile that showed a
single peak for previous cases will show two peaks near the corners. This is termed as the splitting of
concentration profile. As expected, Ca”* experiences further flattening of the concentration profile; how-
ever, concentration profile does not split. In Figure 4c, where gnana=1072, we can clearly observe this
behavior.

a
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FIG. 4. Species concentration distributions for various gnxuna: Vinax =200, ¢o=¢,=100mV and Naj =Na; =100

mM, Ca(z)+ =Ca§+ =1mM. (a) gnana=0, (b) gnana= 10_4, and (€) gnaNna= 1072. The results are in good agreement with
the results published in Horng et al. (2012).
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Figure 5 illustrates the impact of increasing the concentration of Ca** ion while keeping the concentration
of Na* at a fixed value in the absence of steric force. As the concentration of Ca>* in the bath increases, more
and more Ca®" jons get accumulated inside the filter and the concentration profile adopts a Maxwellian
distribution. It should be noted that in biological systems, Ca>* concentration varies over a range of 1 x 107 to
1x 1072 M. Therefore, the bath concentration is a representative of realistic scenario. Although accumulation
of Ca®" increases with the increasing bath concentration, only at the moment when Ca®* bath concentration
reaches 10™* M value, ionic concentration of both cationic species is comparable inside the filter.

Next, we introduced steric forces where gnana=1x 1072 and performed simulation for the same set of
parameters and bulk concentrations. The results are illustrated in Figure 6.

In this study, we observe a significant drop in the concentrations of all species in the filter. As the
concentration of Ca®* in the bath increases, more Ca®" are getting accumulated inside the filter, which
increase both electrostatic and steric repulsions for Na*. As a result, with increasing Ca>*, we observe higher
depletion in the concentration profile of Na* ion in Figure 6. Similar to the previous case Figure 5, an increase
in bath concentration leads to an increase in the concentration inside the filter. However, the concentrations of
both the species become comparable for a much smaller Ca** bath concentration. This can be observed
clearly from the binding curves shown in Figure 7 where binding ratio for calcium is defined as

s . No. Ca?*ions inside filter
Binding ratio=

No. CaZ* ions inside filter + No. Na* ions inside filter

Significant difference between the binding curves with and without steric term highlights the limitation
of standard PNP model. Steric term greatly enhances the selectivity of Ca** ions. In addition, the binding
curves match significantly with the ones published in Horng et al. (2012).

a b
= =
c 300 = 300
= 250 = 250
S 200 S 200
£ 150 £150
5100 S 100
e 50 2 50
g 0 g 0
23 24 25 26 27 23 24 25 26 27
zin angstrom zin angstrom
c d
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‘E 250 — D E 250 — YD
S 200 — Na 2200 — Na
£150 —Ca 8150 ca
5100 —c 5100 —cl
e 50 2 50
g 0 g8 0
23 24 25 26 27 23 24 25 26 27
zin angstrom zin angstrom
f
= 300
S 200 — Na
g 150 Ca
S 100 —o
_ 2 : N
23 24 25 26 27 © 23 24 25 26 27
zin angstrom zinangstrom

FIG. 5. Species concentration distributions at fixed Na* bath concentration of 0.1 M and different Ca>* bath con-
centrations. Vi =200, ¢o=p;=100mV, and gnana=0. (@) Ca>*=1x10"" M, (b) Ca®>" =1x10"° M, (c) Ca*'=1
x107° M, (d) Ca>*=1x107* M, (e) Ca®>*=1x107 M, and (f) Ca®>"=1x107> M. The results are in good agreement
with the results published in Horng et al. (2012).
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FIG. 6. Species concentration distributions at fixed Na* bath concentration of 0.1 M and different Ca** bath con-
centrations. Vina, =200, do=d,=100mV, and gnana=0.01. (a) Cad* =Ca}* =107 M, (b) Caj* =Ca;* =10"° M, (c)
Cal*=Ca2* =10 M, (d) Ca2* =CaZ* =10* M, (e) Ca3* =Ca2* =10 M, and (f) Ca3* =Ca?* = 10"> M. The results
are in good agreement with the results published in Horng et al. (2012).
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FIG. 7. The predicted binding curves with (gnana=0.01) and without (gnana=0) steric forces.
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FIG. 8. Species concentration distributions in the direction perpendicular to the channel axis. Vj,.x=200,
$o=¢,=100mV and Naj =Na; =100mM, Cal* =Ca}* =1 mM. (a) gnana=0 and (b) gnana=107%

To understand the effect of two dimensionality of the system we have plotted the concentration profiles
in the direction perpendicular to the channel axis at half length of the channel. In Figure 8, in the absence of
steric effect, we observe that the maximum concentration lies at centre of the channel, which is coincident
with the channel axis, whereas at the channel-membrane interface the concentration is zero. As was
observed along the channel axis, steric effect will oppose the accumulation of ionic species, pushing them
toward the channel-membrane interface. As before, this would result in flattening of the concentration
profile, this time along the direction of channel width. For gn.na.=0.01, we observed splitting in con-
centration profile of Na* ion thereby establishing two peaks near the channel-membrane interface.

So far we have discussed the role of steric repulsion in determining the ionic concentration distribution.
Another factor that can significantly influence ionic distribution is the geometry of the channel. To illustrate
this further, we are considering the channel where the selectivity filter is not cylindrical. Channel geometry
is given in Figure 9. To avoid any influence from the steric repulsions, we are considering gnana.=0. The
results are plotted in Figure 10. Upon comparison with the previous nonsteric case, we observed an overall
increase in the concentration of CO%>~, Thus, as the concentration of Ca®" in the bath increases, higher
concentration of Ca”* will get accumulated at the centre of the filter. This will result in the channel
becoming Ca”* selective for a lower Ca®" bath concentration. As the only difference between the current
and the previous channel is the shape of the filter region, this increase must be an outcome of the reduction
of minimum channel width.

4. CONCLUSION

In this article, we performed a 2D analysis of ion channel using EnVar approach-based PNP models. The
system was descretized using LBM. For the complex boundary, we used no-flux boundary condition
enforced IBM. There is a good match between our results and the ones available in literature. One of the
key features of the steric term is to provide repulsion mechanism among ionic species that should even-
tually result in a splitting of concentration profile leading to the emergence of peaks in concentration near
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FIG. 9. Schematic of the new channel.
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the corners of the filter and channel-membrane interface. In addition, we have successfully illustrated that
filter geometry can significantly influence concentration profile.

Conclusively, steric repulsions and filter geometry play significant roles in defining the ionic distribution
inside the channel. Thus, to obtain more accurate results for ion flows, it is very important to correctly
define the coefficients for the steric term and to construct channel geometry more accurately. Furthermore,
it is important to note that modified PNP-based analysis has been successful at replicating results based on
noncontinuum models and is computationally inexpensive compared with its counterparts. Thus, it is
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FIG. 10. Species concentration distributions for the cases at the fixed Na* bath concentration of 0.1 M under various
Ca®" bath concentration. (a) Ca**=1x10"" M, (b) Ca®*=1x10° M, (¢) Ca* =1x 107 M, (d) Ca®* =1x 107" M, (e)
Ca**=1x10" M, and (f) Ca* =1x10" M.
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worthwhile to investigate it further to make it more robust. To the best of authors’ knowledge, this is the
first time PNP-steric model, based on EnVaR approach, has been solved using LBM-IBM for a 2D ion
channel.
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