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An interface-preserving level set method that solves advection and re-initialization
equations for simulating three-dimensional dam-break flows is developed. This method
solves mass transfer problems on a uniform staggered Cartesian grid. The advection
equation that is used to advect the level set function for capturing the interface is
discretized by a proposed fourth-order spatial discretization scheme. This scheme is
dispersion-relation-preserving and is compact-reconstruction weighted essentially non-
oscillatory (DRP-CRWENO4). This scheme is compared with a previous fifth-order, weighted,
essentially non-oscillatory (WENO5) scheme and can represent an interface more accurately,
while exactly preserving mass conservation. This level set approach introduces a mass
correction term into the re-initialization equation based on local interface-preserving
conditions. An explicit Adams-Bashforth algorithm on a staggered Eulerian grid is used for
the Navier-Stokes solver. The point successive over-relaxation method is then employed
to solve the resulting linear system. Two one-dimensional wave propagation problems are
simulated to verify the proposed DRP-CRWENO4 scheme, which is shown to be capable
of effectively capturing large gradients with fourth-order accuracy. To demonstrate their
resolution, the two advection schemes (WENO5 and DRP-CRWENO4) are applied in two
two-dimensional benchmark cases, i.e., a vortex deforming problem and Zalesak’s disk
problem, where simulation results of both schemes are compared against each other.
Demonstration study is then further extended to three-dimensional cases of the vortex
deforming problem and Zalesak’s sphere problem, and simulation results agree well with
those using hybrid particle level set method. Finally, several dam-break problems with
and without obstacles are investigated to validate the coupled two-phase incompressible
flow and level set method solver. The results for the predicted flow structure and mass
conservation properties are compared with the reported experimental data or numerical
simulations.
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1. Introduction

Dams provide benefits, including flood protection, power generation, and irrigation. A dam-break accident can cause
significant losses of life and property, as well as environmental damage [1]. Dam-break flow is a high-density-ratio fluid,
and its interface is usually subject to large and complex deformations by transient convection-dominated processes. An
efficient numerical scheme should both accurately predict the position of the interface and maintain mass conservation for
the dam-break flow [2]. The focus of this paper is to develop a high-resolution scheme to capture the interface accurately,
so that mass is conserved as much as possible. Once mass conservation is well satisfied, the water height and surge front
location for the dam-break flow can be better solved naturally.

To treat gas/liquid interface in incompressible flow, a novel approach is proposed [3]. In their approach, the problem is
reformulated monolithically to avoid stability issues induced by partitioned methods for solid-fluid coupling. This approach
has been shown to be quite robust and effective on more realistic problems including those with multiple bubbles, merging
and pinching, etc. Over the last decade, the level set method has become popular for simulating gas/liquid two-phase flows
because of its advantages [4-11]. One of its advantages is that the interface in a level set method is defined by the zero
contour of a continuous signed distance function. Thus, its normality and curvature can be easily calculated. Additionally,
the level set method handles topology changes relatively easily by implementing a high-order advection scheme, such as a
finite volume or finite difference scheme [12]. However, existing level set methods are typically plagued by two key issues.
First, because of numerical dissipation and dispersion, discretization schemes cause deterioration in predicted level set
solutions. Second, a re-initialization procedure is required to maintain the level set function as a signed distance function.
A disadvantage of this method is that a small amount of mass may be gained or lost when the zero level set is altered [13].

Solutions near the zero-level set are discretized using weighted essentially non-oscillatory (WENO) schemes. This type
of structured adaptive mesh refinement technique was used in [14]. The level set solutions were also calculated in [15]
using a high-order WENO scheme on a separate equidistant refined Cartesian grid. Salih et al. [16] studied the MacCormack
method, the second-order essentially non-oscillatory (ENO) scheme, the fifth-order WENO scheme, and high-order schemes
to investigate the accuracy of the advection process for the level set equation. They demonstrated that the high-order
schemes can preserve interface shape and exactly conserve the mass properties of fluids. In the above references, high-order
discretization schemes were shown to solve level set equations, and were capable of yielding accurate solutions.

In order to reduce mass loss, a re-initialization step is suggested for improving the process. In 1997, Sussman and Fatemi
corrected the mass property by adding an additional mass correction term to the re-initialization equation [17]. This cor-
rection conserves the mass bounded by the interface and maintains the level set function as a distance function. In [18], Ni
et al. proposed a variable time-step level set method to improve conservation. A re-initialization procedure for solving the
perturbed Hamilton-Jacobi equation was studied by Chang et al. [19] to show the mass conservation. Instead of solving the
re-initialization equation, a conservative level set method that solves the artificial compression-diffusion equation using a
smoothed Heaviside function (rather than a distance function) was developed in [20-22]. A geometric mass-preserving re-
distancing scheme [23] and volume re-initialization scheme [24] involving the effects of local curvature have been proposed
to resolve the problems associated with the re-initialization step. Recently, Shao et al. took a mass remedy procedure based
on local curvature at the interface into account in their discussion of mass conservation properties [13].

Another important technique for improving mass conservation in level set methods is to adopt a hybrid approach, namely
a coupled level set/volume-of-fluid (CLSVOF) method. This method benefits from both the smoothed interface descrip-
tion of the level set method and the good mass conservation properties of the volume-of-fluid (VOF) approach [25-30].
Taking the advantages of the VOF and level set methods into account, a coupled VOF and level set (VOSET) method
has been developed to calculate incompressible two-phase flows [31-33]. The major issue in this hybrid method is that
the level set function is calculated by an iterative geometric approach to resolve the physically sharp interface without
incurring contact discontinuous oscillations [31]. Recently, the VOSET method aims to build a more comprehensive un-
derstanding of incompressible two-phase flow in unstructured triangular grids [34]. An additional hybrid approach using
level sets and volume fractions without the need for complicated interface construction is worthy of further investigation
[35,36].

In contrast to the aforementioned level set methods, the hybrid particle level set (HPLS) method uses Lagrangian mark-
ers to correct the front location predicted by Eulerian transport [37]. This method is useful in addressing a large variety
of problems including simulation of rigid body rotation of Zalesak’s disk, deformation of circular bubbles and two/three-
dimensional deformation field that involves moving interface. Following the pioneering work of Enright et al. [37], Ref. [38]
proposes a new non-overlapping concept which is implemented in the reseeding procedure of HPLS method in order to
maintain resolution of the surface during runtime. Refs. [39-41] using improved particle level set methods to model com-
plex two-phase flows also produce satisfactory results.

In the present study, we develop an accurate fourth-order dispersion-relation-preserving, compact reconstruction
weighted essentially non-oscillatory (DRP-CRWENO4) scheme for capturing an interface on a uniform staggered Cartesian
grid. This compact scheme, which accommodates better dispersion relation and avoids numerical oscillation by using a
non-oscillatory limiter for the advective terms in the level set equation, is developed using a three compact grid stencil.
Additionally, the interface-preserving level set method proposed by Ref. [17] is adopted to conserve mass bounded by the
interface by adding a mass correction term. This article is organized as follows. In Section 2, governing equations are pre-
sented for the two fluids and the two-step interface preserving level set method. Section 3 describes the proposed solution
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algorithm and high-resolution DRP-CRWENO4 scheme that can resolve solution accuracy and improve mass conservation.
In Section 4, the employed analysis code is verified. It is used to solve a one-dimensional wave equation with a sharp and
discontinuous initial condition, and two pure advection examples (Zalesak’s disk and a vortex deforming problem). Some
numerical results for dam-break flows with/without obstacles, solved using the Adams-Bashforth algorithm, are presented
in Section 5. Section 6 presents the conclusion.

2. Mathematical model
2.1. Interface-preserving level set method

The level set function ¢ set as a signed distance function d is defined to be positive for liquid, negative for gas, with the
interface level located at zero v :

d; forxin the liquid
p(x,t=0)=10; forx e ¥ (1)
—d; forxin the gas.
The motion of the interface can be tracked by solving the following level set evolution equation:
¢r+u-Ve=0. (2)

As time progresses, the level set function ¢ is no longer the signed distance function. It is necessary to keep ¢ as a signed
distance function because the density and viscosity are incorporated near the interface. For this reason, a re-initialization
step that solves the following equation to a steady state is employed [42]:

¢ + S(¢0)(IVp| = 1) =0, (3)

where T is_the pseudo-time for the iteration and ¢q is the level set function before re-initialization (i.e., ¢o(X) = ¢ (X, T = 0)).
Note that S(¢o) denotes the smoothed sign function, with Ax being the local grid size

S(¢o) =2 (H(¢o) — 0.5), (4)
with
0; ifp <—¢
A@)=1 11+2+ LsinZ2)]; iflp|<e (5)
1; ifp > e,

where ¢ = 1.5Ax and Ax indicates the grid spacing. In the numerical computations, the position of the interface will
change. Because of this moving interface, small mass errors can accumulate and the overall error can become very large. To
overcome this problem, the volume of the domain can be conserved using a modified re-initialization equation:

¢r = S(¢0)(1 — [Ve]) +18(8)| V], (6)
with
o _Ja3 @B @01~ [Vg)de )
Ja 82(9)IVeldQ ’
where the delta function §(¢) is given as
1 PNy, i .
5(¢) = 76 (1 +cos(=7));  if @] =& (8)
0; otherwise.
Equations (2) and (6) constitute the working set of the interface-preserving level set method [17].
2.2. Navier-Stokes equations and physical properties
The two immiscible incompressible fluids are expressed by the Navier-Stokes equations:
V-u=0, (9)

ou 1 1 T
5+u-Vu=—EVp+;V-[M(Vu+(Vu) N+g, (10)
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where u is the velocity, p the pressure, and g the gravitational acceleration. To avoid numerical instability at the interface
(particularly for large density ratios of gas and liquid), a physical property across the thickness of the diffused interface is
adopted that varies smoothly from gas to fluid. The density and viscosity in Eq. (10) can be expressed as

p () = pc + (pr — pc)H (),

(@) = i + (L — o) H(@), (11)

where the subscripts G and L represent the gas and liquid phases, respectively. It is noted that the Ghost Fluid Method
(GFM) is a method proposed by Fedkiw et al. [43] combining the best properties of Eulerian and Lagrangian schemes while
avoiding their shortcomings at the same time [43]. In their GFM, a level set function is used to track the motion of a
multimaterial interface in an Eulerian framework, and a Heaviside profile of the density with no numerical smearing is
maintained by use of ghost cells. In the near future, the ghost fluid method will be adopted because of its advantages and
will be further applied for the air bubble or water droplet problems where surface tension is taken into consideration.

3. Numerical scheme

Dam-break flows are investigated numerically in this study using a finite difference scheme in a uniform staggered
Cartesian grid. For the staggered arrangement of the variables, the velocity components u, v, and w are located at the
centers of cell faces in the x, y, and z directions, respectively. p, u, p, and ¢ are defined at the cell centers.

3.1. Level set method solver

The DRP upwinding compact difference scheme proposed in section 3.1.1.1 and the DRP-CRWENO4 scheme proposed in
section 3.1.1.2 are primarily this paper’s original work, which have never appeared in any existing literature. The WENO5
discretization scheme adopted in section 3.1.2 is proposed by Ref. [49].

3.1.1. Approximation of spatial derivatives for the level set evolution equation
The level set evolution equation (i.e., Eq. (2)) can be expressed in its conservation form, because u is divergence-free

¢+ V- (up) =0. (12)

Using a uniform grid in one space dimension as an example, Eq. (12) results in an ordinary differential equation (ODE) with
a semi-discrete conservative finite difference scheme
do; 1 . N

< =L =——(F - F ). (13)

The approximation of numerical flux ﬁi+% at point Xip1 can be reconstructed from the discrete values of F = ¢u. The

motivation of DRP-CRWENO4 scheme to approximate numerical flux is as follows. First, we construct a dispersion-relation-
preserving (DRP) upwinding compact difference scheme to approximate first derivative terms with higher accuracy, less
dispersion and dissipation errors in smooth regions. This scheme is constructed based on three weighted compact inter-
polations. Following this, numerical oscillations are avoided near discontinuities by optimizing the weighting factors based
on the WENO theory. Less numerical dissipation errors are observed near discontinuities because of the compact interpo-
lation schemes adopted. Therefore, the DRP-CRWENO4 proposed in this paper achieves fourth-order accuracy in smooth
regions with less dispersion and dissipation errors and avoids oscillations near discontinuities when discretizing first order
derivatives.

3.1.1.1. DRP upwinding compact difference scheme Finite difference schemes encounter two primary problems: numerical dis-
sipation and numerical dispersion errors. Classical numerical schemes such as MacCormack schemes, upwind schemes, and
ENO schemes have been found to be unsatisfactory for wave propagation studies, especially over long distances and large
time intervals [44]. To improve the resolution of classical numerical schemes, Lele [45] developed a center-type compact
difference scheme, by imposing the modified wavenumber to be equal to the exact wavenumber at certain nodal points.
Unfortunately, the lack of numerical dissipation may cause spurious numerical oscillations in practical applications. Tam and
Webb [46] proposed center-type dispersion-relation-preserving (DRP) finite difference schemes that minimize integrated er-
rors over the range of the wavenumber. A center-type DRP scheme can minimize numerical dispersion errors and produces
no dissipation errors. To improve a center-type compact difference scheme for nonlinear convective terms, an optimized
third-order upwind compact scheme is validated by solving time-dependent nature convection problems [47].

In this study, to accurately solve the level set equation over a longer simulation time, a DRP upwind compact difference
scheme with lower dispersion errors is developed for approximating first derivative terms. We design an upwind compact
difference scheme using the following formula

_dF aF  _9F aFi_p + bFi_1 +CF; + dFiy4
A—lii1+ —|i+C—liy1 = .
9x |1 1+ |1 + 9% |l+l Ax

™ (14)
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Using Taylor series expansions for the terms aF li—1, Bx |,+1, Fi_y, Fi_1, and F;y1 with respect to F;, the leading six trunca-
tion error terms can be eliminated in the modified equation. The following set of algebraic equations are obtained:

a+b+c+d=0, (15)
—2a—b+d—A—-C=1, (16)
1= 1= -
2a+§b+5d+A—C=0, (17)
1- 1- 1- 1.
——a—=b+-d—-A—--C=0, 18
3 6 + 6 2 2 (18)
i+ b+ —d+ia-le—o (19)
3724 24 6 6
_ 1 - 1 - 1- 1 -
——a——b+—d—-—A—-——C=0. (20)
15 120 120 24 24
The coefficients from the above formulas can be derived as follows: A = 2, C= % a= —ﬁ, b=-1,¢c= % and d = g. These
derived coefficients can be applied to get the fifth-order spatial accuracy of the first-order derivative term
BF—BFI + ! AX° 86F—i—O(Ax) (21)
ax  ox T 60 9x6
Optimized coefficients can also be derived as shown in Eq. (14) by using the DRP finite difference approximation of

the first derivative % in wavenumber space [46]. In other words, an excellent match between the exact wavenumber and
numerical wavenumber is obtained by reducing the dispersion error for the approximated first-order derivative term. We

perform a modified number approach [46] on each term shown in Eq. (14)
ia/AX(Ae—ian +14+ Ceian) — (—le—zian + Be—ian Yo+ aeioz.Ax' (22)
Therefore, the numerical wavenumber o’ Ax can be written as

‘A l( 3e721an + 4e721and 24eflo¢Ax + 1867'and 427 — 36d + 14delaAX) -

o AX= —14 — ]7e—lan + 18e—uxAxd + elOlAX BdeuxAx ( )

In order to obtain a better dispersion accuracy for «/, it is required that o Ax ~ R[o’ Ax], where R[a’Ax] is the real part of
o’ Ax, which implies that E(«) defined below should be small and positive

171

0
E(@) = / [W - (@ Ax = %[’ Ax)) [P d(@Ax). (24)
0

It should be noted that Eq. (24) can be analytically integrable if the weighting function W shown above is the denominator
of (@ Ax — R[a’Ax]). The following condition is enforced to ensure that E defined in Eq. (24) is positive and minimum

oE
ad
Note that the integration range rendering the smallest value of E is numerically determined from several ranges by MAPLE

software (in this study we choose 0 < @ Ax < 177T) Equation (25) and five other algebraic equations shown in (15)-(19) are

used to obtain the optimized coefficients: A =0.5418416108, C = 0.1527194630, 3 = —0.0648536914, b = —1.041841611,
¢ =0.583683223, and d = 0.5230120803. The fourth-order spatial accuracy of the first-order derivative term can be obtained
by using above optimized coefficients

—0. (25)

9F OF 4 9°F
i |exact +0.00139472 Ax* 55 +0(AX). (26)

It can be seen from the truncation errors of Eq. (21) and Eq. (26) that the accuracy of this compact difference scheme has
changed from fifth order to fourth order.

A high-order compact interpolation was proposed by Lele [45]. In that equation, physical values for the cell faces can be
interpolated from the physical values for the cell centers. The equation takes the following form: Define the values of F at
the half nodal points as follows

7\15'1.7% + IA:,.JF% +EIA:1-+ =0dF;_1 +bF; +CFj1, (27)

3
2
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| =0Fi_y + bFi_1 +TF;. (28)

The coefficients in Eq (27) and Eq. (28), which are A = 0.5418416108, C = 0.1527194630, d = 0.0648536914,

b =1.106695303, and € = 0. 5230120803, have been derived by comparing the optimized coefficients derived in Eq. (14)

F 1-F 4
“’F %. We provide a detailed calculation for these coefficients in Appendix.

for <
3.1.1.2. DRP-CRWENO4 scheme Discontinuous solutions may occur for the level set evolution equations even if numerical
dispersion errors are reduced. The DRP-CRWENO4 scheme, which achieves high-order accuracy with low dispersion errors
in smooth regions and uses compact stencils near discontinuities to avoid oscillations, is developed to approximate the
convective flux term % Numerical flux at the cell faces can also be approximated by the following three third-order
compact interpolations [48]

2A 1. 1
§ i_%+§F+%=g(Fi—l+5Fi)» (29)
1. 2. 1
§F1—— +§F %=€(5F1’+Fl’+l)a (30)
2. 1. 1
3F1+1 +§F+% = E(Fi+5Fi+l)- (31)

The new numerical flux at the half nodal points is a combination of the above three third-order compact interpolations that
are sequentially multiplied by coefficients c; for i = 1-3:

2c1+c2 4 c1+2(c2+¢c3) |4 3 4
[T}F,._l + [f Frop+5Fs (32)
c1 5(c1 +¢2)+c3 C2 4+ 5¢3
= EFi—l + [ 5 Fi+ Fit

After a term-by-term comparison of the coefficients for Eq. (27) and Eq. (32), we can obtain the coefficients ¢; = 0.20891,
=0.5, and c3 =0.29109.
Based on the idea of a WENO scheme [44], the numerical fluxes at cell faces that are reconstructed using a left-biased
interpolation can be rewritten in the form of Eq. (32)

201+ w2+ w1 +2(w2 +w3) |~ @3 a1
O [ R e TR =
w1 5(w1 + w2) + w3 w7 + 5w3
=—F 1+|—————|Fi+ | ——F+— |Fis1.
6 6
The weighting factors wy in Eq. (33) are defined as
oy
Wy = , k=1,2,3, (34)
Dk
with
o = Ci <1+M), k=1,2,3. (35)
€ + Bk

We set € as 1076 in this study to avoid the denominator becoming zero. The following smoothness indicators 8 imply the
smoothness of the numerical flux for a stencil in the solution:

5 Xit1/2 4
B=" / AXT( p"( )) dx, k=1,2,3, (36)
’=1Xi—1/1

where pr(x) is the second-order polynomial constructed over the interval [x;_1/2,Xi1+1/2] [44]. For k=1,2,3, Eq. (36)
amounts to
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13 , 1 )
B1= E(Fifz —2Fi 1+ F) 4+ Z(Fifz —4Fi_1 +3F)~,

13 , 1 ,
B2 = E(Fi_] —2Fi+ Fiz1)" + Z(Fi—l —Fit1)%, (37)
13 , 1 5
B3 = E(Fi —2Fip1 + Fig2)" + 2(31’1‘ —4Fi 1+ Fipp)”.
Similarly, the DRP-CRWENO4 scheme for the right-biased interpolation can be expressed as
201 + @2 | ~p @1 + 2(0z + @3) | ap @3 ~p
o e [ i R G8)
o1 5(@1 + @) + w3 @3 + 53
=—F+|———— |Fiq1+| ——— |Fi,
6 6
where
~ q ~ Bs — B
= —X F=ck (1+M>, k=1,2,3, (39)
2k Ok €+ Bk
and

~ 13 1

B1= E(Fm —2Fiy2 + Fip3)? + Z(3F1+1 — 4Fiy + Fig3)?,
~ 13
B2 = B
~ 13 , 1 ,
B3 = E(Fz’—l —2Fi+Fip1)" + Z(FH —4F; +3Fj )"

1
(Fi — 2Fit1 + Fip2)* + 7 Fi— Fit2)?% (40)

In summary, numerical flux can be reconstructed using left and right-biased interpolation to approximate first derivative
terms based on the sign of the wave speed. In the framework of flux-splitting method [49], the flux is the combination of
right and left-side fluxes. Calculation of the right-side flux is associated with the speed u — |u|. On the other hand, left-side
flux is associated with the speed u + |u|. Finally, the source term in the equation of level set method is calculated through
the following equation:

5 1 R L
Fiy12= E(Fm/z + Fit1)0) (41)

3.1.1.3. Boundary condition for DRP-CRWENO4 scheme This scheme is a tridiagonal system of equations and can be represented
as

1 0 0 ... ... ...07] 1:‘1/2 ] i F{A/IZEN05 ]
b ¢ 0 ... ... 0 .
2 -DRP—CRWENO4
Fipip | = | T , (42)
0 ... ... 0 a b c .
L0 ... ... ... 00 Td|FNyipp] L fI\(IerElz\;gs |

where a, b, c are the coefficients, as shown in Eq. (33) and Eq. (38). It should be noted that numerical fluxes at the boundary
interfaces are reconstructed using the WENO5 procedure. That is,

o=, (7 Fior+ (1101 + 500 + 205 |
i1 =3 27 01+ @ JFic1 + | Hor+owz + 203 JFi
1 w3
+ 6 2wy +5w3 | Fiy1 — FFH-Z,
~ (43)
BR =~ 4 (285, 1 585 ) Fi+ (1130 + 53, + 2853 | F
i+%__€'_]+é @2 + o3 | Fi+ | Tor 502 + 203 JFitq

1/_ . - w1
—=\701+ w2 |Fit2 + —Fiys,
6 3
where w and @ are defined in Eq. (34) and Eq. (39), respectively. Here, T is the right-hand side of the reconstruction flux in
the framework of the DRP-CRWENO4 or WENO5 scheme, as shown in Eq. (33), (38), or (43). In the above WENO5 scheme
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framework, the required values for the WENO5 scheme at the boundaries are provided using ghost points. The tridiagonal
matrix algorithm (TDMA) method, which is a simplified form of Gaussian elimination, is used to solve the tridiagonal
coefficient matrix.

3.1.2. Approximation of spatial derivatives for the re-initialization equation
Equation (6) for the two-dimensional case can be expressed in a semi-discrete form:

d¢ - _
E+HG(¢;¢~_a¢x sd);—sd)y):()s (44)
where H¢ is the Godunov Hamiltonian. The spatial discretizations P (left-biased stencil from i — 3 to i + 2) and ¢;f ;

(right-biased stencil from i — 2 to i + 3) in Eq. (6) are approximated using the fifth-order WENO5 scheme [49]

oo = 1/ A¢io +7A+¢i—1 +7A+¢>i AT
12 AX AX AX AX
_pweNo (BTATG ATATGL ATATG A AV (45)
AX ’ Ax T Ax ] AX
and
ot = 1/ Af¢io +7A+¢>i—1 +7A+¢i AT
12 AX Ax AX AX
_gwNo (ATA G ATATGL ATATH AT A (46)
AX ’ Ax T Ax AX
where Aty = P — Pk, A g = P — pr—1(k =i —3 ~i+2). Note that " ENO is a nonlinear function and is expressed as
follows in terms of a, b, ¢, d:
WENO 1_ 1/ 1
¢ (a,b,c,d)zgwo(a—Zb—i-c)—i-g a)z—i (b—2c+d). (47)
The weighting factors @wg and @, are defined as
o o
_0=70,67)2=—2 (48)
oo+ o1+ oo+ a1+ a2
with
oy = ! o = 6 oy = 3 (49)
O EFIS2 ' T (e +1Is2 2T (e 41592

where ¢ is chosen to prevent division by zero, according to the suggestion of Jiang and Shu [44]. The smoothness indicators
are defined as follows:

ISp=13(a—b)? +3(a—3b)?,
I1S1 =13(b— )2 +3(b+c¢)?, (50)
1Sy =13(c — d)% + 3(3c — d)°.

Note that |V¢| in Eq. (6) can be defined as [50]

S(¢0) <\/ [max(@-, b*+)P? + [max(@-, a+)]2) . ifgo=0,

Vgl = _ _ (51)
S(¢o) <\/[max(&+, b—)1? + [max(ct, d—)]z) ;  otherwise,
where (@)™ = max(a, 0) and (@)~ = —min(a, 0). The detailed numerical integration over the domain € in Eq. (7) is com-
puted using a 27-point stencil in three dimensions:
1
/ g~ 51gj + > &itm, j+n k+- (52)

ik m,n,l=—1;(m,n,1)#(0,0,0)
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3.1.3. Time marching scheme
An explicit third-order total variation diminishing Runge-Kutta (TVD-RK3) time discretization [50] is used for solving
Eq. (6) and Eq. (12). For example, both equations can be written as the following ODEs:

d¢

= =L©). 3
The TVD-RK3 scheme is then applied over the following three solution steps
¢V =¢™ + AtL(?). (54)
¢ = %W + %as(” + %Atuqs(”), (55)
¢(n+1) — %(]5(") + %4,(2) + %AtL(q&(z)). (56)

3.2. Navier-Stokes equation solver

3.2.1. Projection method
The discretization procedure used to approximate Eq. (10) is based on the projection method. Given u" and f", the
second-order Adams-Bashforth scheme for time advancement can be written as follows:

utl — g 85X

1 1
£ —Pn+720, 57
a0 T @) ax 7

where §x is the first-order central-difference operator and

3 1
f1=ZA"— _A" (58)

2 2
where f(= (f, g, h)) are vectors in the x, y, and z direction. In Eq. (58), A denotes terms treated by the Adams-Bashforth

scheme

1
A=u-Vu—- —V. v vu)H]—g. 59
u-Vu @ [w(@®)(Vu+ (Vu)' )] —g (59)

It should be noted that the pressure source terms in the above equation are ignored. The values for the next time step u™+t!
can be obtained when the pressure Poisson equation is solved to enforce the continuity equation.

3.2.2. Momentum equation solver
For the convection terms in Eq. (10), it is essential that the upwind principle be retained to enable the suppression of
convective oscillations. For example, the convection terms u2% in the x-direction momentum equation can be approximated

X
by a second-order upwinding scheme
ou 1 _
U= E(U Guj jr —AUi_1,jk+Ui—2 k) + U (Ui j ik +4Uig1 ke — Ui jk) (60)
where u* =1 (u; j i+ |ui jkl) and u™ = J (u; jx — |ui jl). The diffusion terms in Eq. (10) are discretized with the second-
order central-difference scheme.

3.2.3. Poisson equation solver

For solving the pressure field, a projection method is performed to solve the time-dependent incompressible two-phase
flow solutions. By considering the divergence operator in Eq. (57) and forcing the continuity equation to zero as the con-
straint condition, we get:

V.u"tl =0. (61)

. . 1 .
The Poisson equation for p"*2 can be derived as

<8x 1 6 8y 1 8y 6z 1 6z

___) p"t1/2 — RHS, (62)
Ax p(¢) Ax Ay p(9) Ay Az p(¢) Az

n

where RHS = % (Z—nt — ") + 2—3;, (X—nt — g") + % (% — h"). Note that p"+% must satisfy the Neumann boundary conditions
at all walls shown below:
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9 n+% un+1 —u"
pax :_<T)+fn atx =0, Ly. (63)

The Poisson equation (i.e., Eq. (62)) can be expressed as its equivalent discretized equation by using a second-order central-
difference formulation

aPi_qijx+bPit1jk+CPijk+dPij_1k+ePijr1k+ fPijr—1+ &gPijkt1 = (RHS); j, (64)
where a=b = ﬁ, d=e= ﬁ, f=g= ﬁ, and c:—(a+b+d+e+f+g)=—(pA]X2 + pAlyz + ﬁ). The point
successive over-relaxation method is used to optimally solve the tridiagonal and sparse matrix for Eq. (64)

m+1 m+1
P = 0P + (1= 0)P (65)

where w = 1.5 is the coefficient of relaxation and m is the iteration counter. The solutions calculated from two consecutive
iterations p™+! — p™ fall below the user’s specified tolerance

m+1 m —4
|Pi’j’k - Pi,j,k' <107°. (66)
3.2.4. Numerical stability conditions

Because the developed Adams-Bashforth solution procedure is explicit, the computational time step should be limited
by numerical stability conditions for flow computation. The restrictions for the advection, diffusion, and gravity terms are

u v w
Aty =min| |—]|, |—]I, |—1 ). 67
u=mi ('Ax'lAyHAzl) (67)
Re
Aty = min (68)

Qo[ 1 1
2[Ax2+Ay2+Azz]

A
Atg =min | =2 (69)
Q2 g

Finally, the time step restriction should satisfy the following condition:
A" = min(Aty, Aty, Atg). (70)
3.3. Solution procedure

For the sake of clarity, the proposed level set method solver and Navier-Stokes equation algorithm for a one time step
loop are summarized as follows:

(1) Solve the level set equation (i.e., Eq. (12)) using DRP-CRWENO4 and TVD-RK3 schemes to obtain the level set solu-
tion ¢"+1.

(2) Solve the re-initialization equation (i.e., Eq. (6)) using the WENO5 and TVD-RK3 schemes to retain 35”“ as the distance
function ¢"t1,

3) Define the density p(¢) and viscosity w(¢) in Eq. (11).

4) Compute the convection and diffusion terms in the momentum equation.

5) Solve the pressure Poisson equation (i.e. Eq. (62)) using the point successive over-relaxation method to obtain p’”‘%.

6) Update the velocity field using Eq. (57).

— o~ —~ —

4. Validation studies

The behavior of the DRP-CRWENO4 scheme is shown by a number of benchmark advection tests. The computational
efficiencies of the DRP-CRWENO4 and WENO5 schemes are tested for a one-dimensional advection problem using a Core i7,
4.0 GHz computer with 64.0 GB of RAM. To measure the mass conservation property, we define the mass error as

Merrorz/H(d)) dQ—1. (71)

Q
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Table 1

Rates of convergence and CPU times of DRP-CRWENO4 and WENO5 schemes for one-dimensional advec-
tion problem #1. Note that CPU time of 6400 grid is measured in the program using quadruple-precision,
the others are only double-precision.

Scheme Grids L, norms R.O.C. CPU time (s)

WENO5 200 1.6094 x 1078 0.20
400 4.9955 x 10~10 5.00 0.76
600 6.5742 x 1011 5.00 1.70
800 1.5619 x 10~!1 4.99 3.01
1000 5.1301 x 10~12 499 473
1200 2.0651 x 10~12 4.99 6.76
1400 9.6603 x 10713 493 9.23
1600 5.0024 x 1013 493 1234
6400 4.8272 x 10716 5.01 40068.7

DRP-CRWENO4 200 1.0921 x 1079 0.56
400 6.7243 x 10~ 4,02 1.90
600 1.3254 x 10~!1 4,01 4,06
800 4.1995 x 1012 3.99 7.28
1000 1.7428 x 10~12 3.94 1114
1200 8.3550 x 1013 4.03 16.37
1400 4.4061 x 1013 415 2192
1600 2.5240 x 10713 417 28.90
6400 1.0378 x 10~1° 3.96 47499.9

4.1. One-dimensional advection problem #1

A one-dimensional advection equation u; + cuy =0 with ¢ =1 is solved on the interval [—1,1], and the L2-error
> V(@ — dexact)? is computed at t = 2.0 subject to the following smooth initial condition:

u(x,0) = sin(wx — sinj(T—ﬂx))' (72)

We check the convergence rate for this scalar test problem with Courant-Friedichs-Lewy (CFL) number 0.1. The correspond-
ing spatial rates of convergence for the DRP-CRWENO4 and WENO5 schemes are given in Table 1. As the computational grid
is refined, we see that the DRP-CRWENO4 scheme converges to a fourth-order problem.

4.2. One-dimensional advection problem #2

A one-dimensional equation ¢ + c¢x = 0 is also considered with the following initial condition [44]

exp(—log(2) 572y, 0.8 <x < —0.6,

1; —04<x<-0.2,

¢(x)=11—110(x—0.1)|; 0<x<0.2, (73)
1210005, 04<x<06,
0; otherwise.

This initial condition consists of various shapes, including a discontinuous square pulse, and different continuous but narrow
profiles. A periodic boundary condition is imposed in this study. The time step is chosen to be At =0.1Ax.

We show the numerical results at t = 2.0 in Fig. 1 and Fig. 2, with the domain [—1, 1] being divided into uniform grids
50 and 100, respectively. Comparing the magnitude of errors produced by the WENO5 and DRP-CRWENO4 schemes for
the other continuous wave shows that the DRP-CRWENO4 scheme performs better. The computational costs of using the
DRP-CRWENO4 and WENOS5 schemes are compared based on different grids, as shown in Table 2.

4.3. Two-dimensional vortex deforming problem

A two-dimensional test problem for reversible vortex flow in a square domain [1 x 1] is considered. The center of
this velocity field, defined for a circle of radius 0.15, is initially (0.5,0.75). This vortex problem [12,13,27,51] under a
divergence-free velocity field is given by

. 2 . Tt
ux,y,t) =sin(wx)“sin2ry) cos(—),
Tnt (74)
vix,y,t)=— sin(yry)2 sin(2m x) cos(T).
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Fig. 1. Predicted results for one-dimensional advection problem #2 at t = 2.0 with the 50 grids solution.
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Table 2

Fig. 2. Predicted results for one-dimensional advection problem #2 at t = 2.0 with the 100 grids solution.

Computational costs for DRP-CRWENO4 and WENO5 schemes for

one-dimensional advection problem #2.

Scheme Grids CPU times (s)

WENO5 200 1.4062 x 107!
400 5.1562 x 107!
800 2.0938 x 10°
1600 8.4531 x 10°

DRP-CRWENO4 200 2.3438 x 107!
400 8.5938 x 10!
800 3.4219 x 10°
1600 1.4250 x 10!
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Fig. 3. Coarse grid solution of vortex deforming problem. (a) t = % =4.0; (b) t=T=8.0.
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Fig. 4. Fine grid solution of vortex deforming problem. (a) t =T /2 =4.0; (b)

Table 3

Error estimation in the test of one period of 2D vortex deforming problem.
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Scheme Grids Area loss (%) Ly error Order CPU time (s)
WENO5 642 63.436 4.370 x 1072 N/A 1.026
1282 5.6905 1.221 x 1072 1.84 5.691
2562 —0.699 2.228 x 1073 245 40.32
5122 0.082 3.700 x 10~ 2.59 7851
10242 0.029 1.001 x 10~* 1.88 7162
DRP-CRWENO4 642 26.087 3.174 x 1072 N/A 1672
1282 —0.934 7.690 x 1073 2.04 10.23
2562 —0.647 6.686 x 10~ 3.52 72.68
5122 —0.009 1.144 x 1074 2.54 1024
10242 0.004 5.722 x 107> 0.99 9578
HPLS 642 1.81 0.003 N/A -
1282 0.71 0.001 1.1 -
2562 0.35 5.09 x 1074 1.4 -
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Fig. 5. Mass loss of vortex deforming problem.

It should be noted that T is the period of reversed vortex flow and is set at 8. In other words, the flow field was reversed
so that the exact solution at t =8 would theoretically coincide with the initial condition.

The results predicted using the DRP-CRWENO4 and WENO5 schemes for 64 x 64 and 256 x 256 grids with At =0.01Ax
are plotted in Fig. 3 and Fig. 4 for solutions at t = % =4.0 and t =T = 8.0, respectively. DRP-CRWENO4 shows better
conservation of mass in comparison with WENOS5 for both fine and coarse grids, as shown in Fig. 5. In Table 3, the DRP-
CRWENO4 scheme loses approximately 0.004% of mass in the 1024 x 1024 grids solution, which is much better than the
0.029% mass loss for WENOS5. From Fig. 4, we see that higher resolution results in sharper tail shapes at t =4.0 and perfect
circular shapes at t = 8.0. This section demonstrates that DRP-CRWENO4 has better conservation of mass and the ability to
accurately capture vortex deformation in comparison with WENOS5.

The mass loss and L error results for three grids 642, 1282, 2562, 5122, 10242 are tabulated in Table 3. The predicted
Lierror is defined by

1 - _
Z / |H (éNumerical) — H(¢Exact)|dQ» (75)
Q

where L is the perimeter. Calculation results show that the mass loss is significantly increased using the WENO scheme
due to its numerical dissipation. Table 3 also shows that the HPLS method [37] can be satisfactorily applied to the level set
advection equation for mass conservation.
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Fig. 6. Solution after one rotation in fine and coarse grids. (a) Coarse grid; (b) Fine grid.

4.4. Zalesak’s disk problem

The Zalesak’s disk problem is considered to verify the proposed DRP-CRWENO4 advection scheme for the computational
domain 1x1 [12,13,27,51]. The disk has a radius of 0.15, a slot length of 0.25, and a width of 0.05. It is made to rotate about
the point (0.50,0.75) with the constant velocity field given by u = —M and v = w. We perform calculations
on two different grids (100 x 100 and 200 x 200) with At =0.01Ax.

Solutions after one revolution are compared with the initial shape to show the ability of the DRP-CRWENO4 and WENO5
schemes in solving the advection problem. Fig. 6 shows a comparison of results obtained in fine and coarse grids; the DRP-
CRWENO4 scheme shows better agreement with the exact solution schematic for coarse grid. From Fig. 7, mass conservation
performance is better for DRP-CRWENO4 than WENO5. Table 4 shows the L error norms computed at a time after one or
two rotations. It is revealed that L; error for the WENO5 scheme is larger than that for the DRP-CRWENO4 scheme on all
grids, and that the DRP-CRWENO4 scheme is in reasonable agreement with the exact solution.

In Table 4 for the 2D Zalesak’s disk test, one can find slight area gain by DRP-CRWENO4 compared to WENO5 and HPLS.
The proposed DRP-CRWENO4 scheme has less dissipation, and hence oscillations may exist in the solution without any
artificial viscosity being added in this two-dimensional case. This could be one of the reasons why mass is slightly gained
in the proposed scheme for this case. Another reason may be that the mass change given in Table 4 is an overall result,
reflecting the sum of all local mass gain and local mass loss. In Fig. 6(a) for specific, the slot in the disk gains mass at its
closed end (close to the disk center), and loses mass at its open end (at the disk border), and the sum of the two local
changes is manifested as an overall gain on the whole.
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Fig. 7. Mass loss in fine and coarse grid during the rotation. (a) Coarse grid; (b) Fine grid.

4.5. Three-dimensional vortex deforming problem

A three-dimensional single vortex deforming problem was considered by [13,37] to evaluate capability of the proposed
level set method (LS) and the hybrid particle level set (HPLS) method [37] under cases of strong interface deformation.
A sphere with radius 0.15 is initially placed at center point (0.35,0.35,0.35) in a unit cube. Velocity components for this
problem are given by

t
ux,y,z,t)y=2 sin(y'cx)2 sin(27 y)sin(2m z) cos(n?),
. . 2 . Tt
v(x,y,z,t) =—sin2mrx)sin(wr y)“sin(2m z) cos(T), (76)
t
w(x, y,z,t) = —sin2mrx)sin(2mw y)sin(rrz)2 cos(nT),

where t is the time at any instant. Note that T is the time after which the sphere reverses back to its initial position, which
is set to be 3.0. Simulation results using the proposed LS method in 100 x 100 x 100 mesh points are compared with the
solution using HPLS method of Enright et al. [37], which are shown in Fig. 8(a) and 8(b) respectively. The snapshots of the
interface obtained from the proposed LS method matches not so well with the numerical results of [37]. For HPLS method,
however, the negative domain gets expanded to the extent where the grid spacing at t = % exceeds its minimum thickness.
The expansion is then followed by mass loss, which primarily comes as a result of the period when particles are most likely
to be misplaced during a particle reseeding procedure. Simulation using the proposed DRP-CRWENO4 and previous WENO5
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Table 4
Error estimation in the test of 2D Zalesak’s disk.
Scheme Grids Area loss (%) Ly error Order CPU time (s)
One revolution
WENO5 50 —5.949 8.800 x 103 N/A 0.450
100 0.801 2.400 x 1073 1.84 2179
200 0.118 5.000 x 107> 2.45 13.89
400 —0.0025 6.250 x 1076 2.59 2114
800 0.00049 7.813 x 1076 1.88 2539
DRP-CRWENO4 50 —0.015 1.700 x 103 N/A 0.723
100 0.448 8.000 x 10~* 2.04 3.960
200 —0.0935 5.000 x 10> 3.52 26.72
400 —0.0012 6.250 x 106 2.54 310.7
800 0.00026 1.563 x 1076 0.99 3452
HPLS [37] 50 14.9 0.59 N/A -
100 0.31 0.07 31 -
200 0.20 0.02 1.5 -

Two revolutions

WENO5 50 —8.462 1.120 x 1072 N/A 0.891
100 2.047 2.600 x 1073 210 4402
200 0.332 1.000 x 1074 470 27.81
400 —0.0538 1.875 x 1075 241 4131
800 —0.00358 9.375 x 1076 1.00 5076

DRP-CRWENO4 50 —0.784 2.000 x 1073 N/A 1.389
100 0.842 1.800 x 103 015 7.851
200 —0.0968 5.000 x 1075 516 53.53
400 0.01003 7.250 x 1076 278 607.3
800 0.0004 2.163 x 1076 175 6877

HPLS [37] 50 16.2 0.62 N/A -
100 0.72 0.09 2.8 -
200 0.38 0.03 14 -

schemes in 100 x 100 x 100 mesh points are also carried out. Mass loss at t = T = 3.0 reaches 28.68% for the WENO5
scheme and only 10.86% for the DRP-CRWENO4 scheme. The HPLS method has the best mass preservation with only 2%
loss. It is shown that the mass loss is greatly reduced for both DRP-CRWENO4 and HPLS method. The solution using the
WENO5 scheme loses significant amount of mass owing to its numerical dispersion and dissipation error. More accurately,
the DRP-CRWENOS5 scheme solution is quite accurate for approximation of advection terms in the level set equation.

4.6. Three-dimensional Zalesak’s Sphere problem

The Zalesak’s sphere which has been successfully used in verifying the developed advection DRP-CRWENO4 scheme is a
well-known benchmark problem in the three-dimensional case. The sphere, which has a slot 5 grid cells wide and 12.5 grid
cells deep, is initially located at (0.5,0.75,0.5) on a square of 100 grid cell domain. The sphere rotates in the z=0.5 plane
at point (0.5,0.5,0.5) and the prescribed velocity field is given by

T
ux,y,z,t) = =—(0.5-y),

314
T
)=-—(x—05 (77)
VX, y,2,t) 314(x ),
w(x,y,z,t)=0.

It is noted that the sphere makes one rotation per 628 time units. Fig. 9 shows predicted results using DRP-CRWENO4
scheme as compared with the results using the proposed LS and HPLS methods in 100 x 100 x 100 mesh points. Good
agreement can be found between HPLS and present predicted solutions. However, the proposed LS method shows more
damping in convex and concave regions of the slot than the HPLS method owing to the inward and outward dissipation
errors respectively. The mass error of the proposed LS method is approximately 0.03% less than that of the HPLS method,
which produces relatively smaller error for 100 x 100 x 100 grids. It is noted that flotsam and jetsam phenomena occur in
convex and concave regions of slot respectively [37] although the proposed LS method shows excellent mass conservation

property.
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Fig. 8. Evolution of 3D deformation at the time ¢t = 0.0,0.2,0.4,0.6,0.8,1.0,1.2,1.4,1.8,2.2, 2.6, 3.0, corresponding to each subfigure from left to right,
top to bottom. (a) Present results; (b) Solutions by using HPLS method [37].

5. Numerical results

With the successful verification of the advection scheme, four dam-break problems with large density variations across
the interface are investigated. This is done to justify the interface-preserving level set method and incompressible flow
solvers. In the following literature, the unit grid is defined as the number of cells per unit length and has identical value
with 11—‘ where h = dx =dy = dz is the mesh size. The computational domain, number of uniform grids values and time-
step size At are shown in Table 5 for all dam-break problems. In addition, all the simulations are carried out with density
ratio 'Z—f =0.001 and viscosity ratio % =0.01. The atmospheric pressure is 1.013 x 10°Pa in our program, which is non-

dimensionlized using the characteristic value p, U2, where U is the characteristic velocity.
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Fig. 9. Evolution of Zalesak's sphere after one rotation (t = 2007 ). Note that the time interval is 30m

5+ corresponding to each subfigure from left to right, top
to bottom. (a) Present results; (b) Solutions by using HPLS method [37].

Table 5
The four simulations performed in highest resolution and time-step sizes.
Section Computational domain Grids Time-step size At
51 5x1.25x1 250 x 63 x 50 At =0.01Ax
52 10x1x1.2 500 x 50 x 60 At =0.01Ax
53 3x2x1 150 x 100 x 50 At =0.01Ax

5.4 325x1x1 162 x 50 x 50 At =0.01Ax
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Fig. 10. Numerical results of dam-break flow with dry bed for case A solved by DRP-CRWENO4 scheme at unit grid 50.

5.1. Dam-break flow

Dam-break problems are investigated intensively, and their variations are analyzed [6,51-53]. A water column of length a,
width a, and height a is specified in a rectangular domain of size 5a x 1.25a x a. This water column collapses suddenly over
a horizontal surface under the action of gravity. We simulate case A for a =0.0571 m and case B for a =0.1143 m.

The effect of grid size on the calculated results is tested by using unit grids of 30, 40, and 50. Instantaneous snap-
shots of the interface for case A are presented in Fig. 10. A comparison between the experimental and present numer-
ical results for the nondimensional surge front location and water column height is plotted in Fig. 11. As shown in
Fig. 11, there is only a small difference between the fine-grid (i.e., unit grid 50) and medium-grid (i.e., unit grid 40)
results. The mass losses for the present level set methods using the DRP-CRWENO4 and WENO5 schemes are shown

in Fig. 12.
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Fig. 11. Comparison with experiment [53] for DRP-CRWENO4 scheme at three different unit grids 30,40 and 50.
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Fig. 12. Mass loss comparison of DRP-CRWENO4 and WENO5 schemes at unit grid 50.
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(a) t=0.0 (b) t=1.8

(c) t=3.6 () t=5.4

() t=T7.2 (f) t=9.0

Fig. 13. Numerical results of dam-break flow with dry bed case B solved by DRP-CRWENO4 scheme at unit grid 50.

For case B, the predicted results for the interface in Fig. 13 are shown for the present level set method using the
DRP-CRWENO4 scheme. Results are obtained for t = 1.8, 3.6, 5.4, 7.2, and 9.0. We see that the dam-break flow hits the
vertical right side wall and then begins to rise upward along the right side wall at t ~ 3.6. The positions of the surge front
location against time are plotted in Fig. 14(a). Good agreement with the experiments of [53] can be observed. In Fig. 14(b),
we observe mass losses at approximately t ~ 10 for the WENO5 scheme, meaning that nearly 0.9% of the traced mass
has been lost because of numerical errors. Additionally, we see in Fig. 14(b) that the mass loss is less than 0.4% for the
DRP-CRWENO4 scheme.

5.2. Dam-break flow over a wet bed

The proposed numerical model is tested by simulating the initial stages of dam-break flow over a wet bed. This dam-
break flow experiment was conducted by Janosi et al. [54] in a 10.33 m long, 0.15 m high flume with a flat bed. A vertical
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Fig. 14. (a) Comparison with experiment [53] for distance of surge front at unit grids 30, 40 and 50 of DRP-CRWENO4 scheme. (b) Mass loss evolution of
DRP-CRWENO4 and WENO5 schemes at unit grid 50.

baffle plate was located 0.38 m downstream of the upper end, and was used to enclose the water body to a depth 0.15 m
upstream. The initial water depth downstream was 0.018 m. The grid with a resolution of 500 x 50 x 60 (unit grid 50) was
used in the domain 10 x 1 x 1.2. The velocity components are initially set to zero everywhere, and the pressure distribution
is defined to be hydrostatic pressure relative to the top surface of the computational domain. The boundary conditions for
the four edges are set at the free slip walls. This study is focused on interface evolution in dam-break wave propagation
dynamics. At time t = 0%, the vertical baffle plate is removed suddenly and the water column collapses under the influence
of gravity. As shown in Fig. 15(f), the dam-break flow propagating over the wet bed rolls and mixes with the water down-
stream, entraining the air bubbles at dimensionless time t = 4.167. A comparison between experimental [54] and present
numerical results is shown in Fig. 16 for the interface evolution at different times. Air entrapment in the experiment behind
the surge front from t = 0.219 s is completely missing in the current model. To improve the current model, we will try
adding some air/bubble models as future work. We also compare this dam-break flow problem using WENO5 scheme with
unit grid 60 with experiments in Fig. 17. In Fig. 18, we see that the present results for mass can be preserved well with the
DRP-CRWENO4 scheme.

5.3. Dam-break flow caused by partial failure

To validate the developed level set method with the DRP-CRWENO4 scheme, three-dimensional partial dam-break flow is
further studied using experiments conducted by Fraccarollo and Toro [55]. Initially, a water column of length 1.0 m, width
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(e) t=3.33 (f) t=4.167

Fig. 15. Numerical results of dam-break flow with wet bed solved by DRP-CRWENO4 scheme at unit grid 50.

2.0 m, and height 0.6 m is placed in the right part of the flume. There is no water in the left part of the flume, as shown
in Fig. 19. The time evolution of water height (including gates G5A, GC, and GO, which were placed inside the reservoir)
has been calculated. Fig. 20 shows the predicted free surface profiles. The simulation of this three-dimensional dam-break
flow problem has been investigated with 150 x 100 x 35 grids (unit grid 50). Fig. 21(a)-(c) compares the numerical and
measured values for water height at gates G5A, GC, and GO over time, respectively. As expected, a good correlation is
observed between the numerical results and experimentally measured results in [55]. Mass conservation results are shown
in Fig. 21(d).

5.4. Dam-break flow over a rectangular obstacle

A study of three-dimensional dam-break flow over a rectangular obstacle was carried out at the Maritime Research
Institute of the Netherlands (MARIN) [56]. This study is considered to validate the present model developed using the
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Fig. 16. Comparison to experiments [54] for present two-phase flow model at three unit grid, 40, 50 and 60 in three different colors, red, green and blue,
respectively. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

proposed interface-preserving level set method with the DPP-CRWENO4 scheme. The computational domain 3.2 m x 1 m x
1 m is considered. As shown in Fig. 22, the initial water column inside the reservoir was 0.55 m in height. It collapses under
the action of gravity and then impacts a stationary object. This stationary object with the size of 0.4 m x 0.16 m x 0.16 m
is located downstream of the reservoir. Four water-level heights (H1-H4) were installed: one in the reservoir and three in
the tank [21,56,57]. A grid of 192 x 60 x 60 has been used for this simulation.

Several snapshots of the evolution of the free surface are shown in Fig. 23(a)-(d) at t = 1.33, 2.67, 4.00, and 6.67,
respectively. In Fig. 24, the time history of predicted water heights is shown at four locations (H1-H4). Good agreement
can be seen between the predicted water heights of the simulation and experiment. In Fig. 25, mass conservation results for
the DRP-CRWENO4 and WENOS5 schemes are calculated. The mass loss does not exceed 0.1% for the DRP-CRWENO4 scheme,
and is approximately 2.2% for the WENO5 scheme.

6. Concluding remarks

A two-phase flow algorithm based on the interface-preserving level set method was developed for three-dimensional
dam-break flows on uniform staggered Cartesian grids. The interface (zero-level set) was captured implicitly by solving
the level set evolution equation. We compared numerical schemes for the advection of the level set function, including
the WENO5 scheme and the proposed DRP-CRWENO4 scheme. DRP-CRWENO4, which used a compact stencil, yielded a
higher-order accuracy, lower truncation errors, and less dispersion errors. A non-oscillatory limiter was also introduced for
the DRP-CRWENO4 scheme to avoid oscillations across discontinuities. The WENO5 and DRP-CRWENO4 schemes were ver-
ified with benchmark cases: wave propagation, rotating slotted disk, and vortex deformation problems. For both smooth
and discontinuous solutions, the DRP-CRWENO4 scheme was shown to be superior to the WENO5 scheme. Mass loss from
numerical dissipation on thin filaments and the disk corner was reduced for the Zalesak’s disk and the vortex deforming
problems, respectively, by using the WENO5 scheme. Comparison between the hybrid particle level set method and the pro-
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Fig. 17. Comparison with experiments of dam-break problem flow over a wet bed using WENO5 scheme with unit grid 60.
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Fig. 18. Comparison of mass loss evolution for DRP-CRWENO4 and WENO5 schemes at unit grid 60.
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(a) t=2.0 (b) t=4.0

(c) t=6.0 (d) t=10.0

Fig. 20. Numerical results of dam-break flow of partial failure solved by DRP-CRWENO4 scheme at unit grid 50.

posed level set method in mass conservation shows that both methods perform quite well in solving the vortex deforming,
Zalesak’s disk and sphere problems.

For complex dam-break flows over a dry bed, the surge front location and the water column height showed good agree-
ment with the experimental data obtained by Martin and Moyce [53]. For complex dam-break flows over a wet bed, the
proposed numerical method was demonstrated to successfully predict the evolution of an interface; the results were in good
agreement with the numerical results of Janosi et al. [54]. For dam-break flow over both dry and wet beds, mass loss was
greatly reduced by using the proposed DRP-CRWENO4 scheme rather than the WENO5 scheme. Dam-break flow caused by
partial failure was also numerically investigated. The predicted results for water height agreed well with the experimental
results introduced in [55]. Finally, the implementation of the current level set model was evaluated for a problem involving
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Fig. 22. Schematic of the initial condition for dam-break flow over a rectangular obstacle.
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(a) t=1.33 (b) t=2.67

(¢) t=4.00 (d) t=6.67

Fig. 23. Numerical results of dam-break flow with an obstacle solved by DRP-CRWENO4 scheme at unit grid 60.

dam-break flow over an obstacle. The numerical results indicate that the proposed DRP-CRWENO4 scheme is accurate in
the presence of complex three-dimensional dam-break flow phenomena.
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Appendix A
Calculation for the coefficients in equation (27)

Subtract Eq. (28) from Eq. (27) and divide the resulting equation by Ax, and we can obtain

F. 1 —F F.1—F 1 F..os—F 1
~ Ti—5 i— i+5 i—5 ~ Ti+5 i+5
A 2 2 2 2 C 2 2
( Ax )+ ( Ax )+ (7&( )
~ Fi1—Fio ~Fi—Fi1_  ~ Fiy1—F
=a b c . 78
( Ax )+ b( A ) +¢( Ax ) (78)
Foi—F s I Foa=Fiy
According to the definition of 2L}y = —2——2 9|, = 2 "2 and 9F|; ;= —2 "2 and substitute these defini-

tions into Eq. (78), Eq. (78) can be rewritten as
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~ OF JoF ~ OF
(3X|' 1)+ 9% |1+ (ax|l+1)
_ —aFi_p+(@—b)Fi_1+ (b —0)F; +CFiyy
o AX ’

Compare the coefficients in Eq. (79) and_the optimized coefficients in Eq. (14) derived in section 3.1.1.1, we can obtain
the unknown coefficients in Eq. (27) as A = 0.5418416108, C = 0.1527194630, d@ = 0.0648536914, b = 1.106695303, and
€=0.5230120803.

(79)
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