9 JOURNAL OF
Econometrics

ELSEVIER Journal of Econometrics 108 (2002) 1-24
www.elsevier.com/locate/econbase

Unit root tests in panel data: asymptotic and
finite-sample properties
Andrew Levin®, Chien-Fu Lin®, Chia-Shang James Chu® *

AFederal Reserve Board of Governors, Washington, DC 20551, USA
Y Department of Economics, National Taiwan University, No. 21 Hsu Chou Road, Taipei,
Taiwan, ROC

Received 19 May 1992; revised 4 June 2001; accepted 13 July 2001

Abstract

We consider pooling cross-section time series data for testing the unit root hypo-
thesis. The degree of persistence in individual regression error, the intercept and trend
coefficient are allowed to vary freely across individuals. As both the cross-section and
time series dimensions of the panel grow large, the pooled ¢-statistic has a limiting
normal distribution that depends on the regression specification but is free from nui-
sance parameters. Monte Carlo simulations indicate that the asymptotic results provide
a good approximation to the test statistics in panels of moderate size, and that the
power of the panel-based unit root test is dramatically higher, compared to perform-
ing a separate unit root test for each individual time series. © 2002 Elsevier Science
B.V. All rights reserved.

JEL classification: C12; C23

Keywords: ADF regression; Nonstationary panel; Panel unit root test; Pooled
t-statistics

1. Introduction

A large body of literature during the past two decades has considered
the impact of integrated time series in econometric research (cf. surveys
by Diebold and Nerlove, 1990; Campbell and Perron, 1991). In univariate
analysis, the Box—Jenkins (Box and Jenkins, 1970) approach of studying
difference-stationary ARMA models requires a consistent and powerful test
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for the presence of unit roots. In general, such tests have non-standard lim-
iting distributions; for example, the original Dickey—Fuller test (Dickey and
Fuller, 1979) and the subsequent augmented Dickey—Fuller (ADF) test statis-
tic (Dickey and Fuller, 1981) converge to a function of Brownian motion
under quite general conditions (Said and Dickey, 1984). The critical values
of the empirical distribution were first tabulated by Dickey (cf. Fuller, 1976).
Semi-parametric test procedures have also been proposed (i.e. Phillips, 1987;
Phillips and Perron, 1988), with improved empirical size and power properties
under certain conditions (cf. Diebold and Nerlove, 1990).

In finite samples, these unit root test procedures are known to have limited
power against alternative hypotheses with highly persistent deviations from
equilibrium. Simulation exercises also indicate that this problem is particularly
severe for small samples (see Campbell and Perron, 1991). This paper con-
siders pooling cross-section time series data as a means of generating more
powerful unit root tests. The test procedures are designed to evaluate the null
hypothesis that each individual in the panel has integrated time series versus
the alternative hypothesis that all individuals time series are stationary. The
pooling approach yields higher test power than performing a separate unit
root test for each individual.

Some earlier work has analyzed the properties of panel-based unit root tests
under the assumption that the data is identically distributed across individu-
als. Quah (1990, 1994) used random field methods to analyze a panel with
i.i.d. disturbances, and demonstrated that the Dickey—Fuller test statistic has
a standard normal limiting distribution as both the cross-section and time se-
ries dimensions of the panel grow arbitrarily large. Unfortunately, the random
field methodology does not allow either individual-specific effects or aggre-
gate common factors (Quah, 1990, p. 17). Breitung and Meyer (1991) have
derived the asymptotic normality of the Dickey—Fuller test statistic for panel
data with an arbitrarily large cross-section dimension and a small fixed time
series dimension (corresponding to the typical microeconomic panel data set).
Their approach allows for time-specific effects and higher-order serial correla-
tion, as long as the pattern of serial correlation is identical across individuals,
but cannot be extended to panel with heterogeneous errors. More recent ad-
vances in nonstationary panel analysis include Im et al. (1995), Harris and
Tzavalis (1996) and Phillips and Moon (1999), among others.

What type of the asymptotics considered in the panel unit root test is
a delicate issue. Earlier work by Anderson and Hsiao (1982) consider a
stationary panel with fixed time series observations while letting the cross
sectional units grow arbitrarily large. Similar asymptotic method is used in
nonstationary panel by Breitung and Meyer (1991) and Harris and Tzavalis
(1996). Im et al. (1995) and Quah (1990, 1994) explore the case of joint
limit in which both time series and cross sectional dimension approach infinity
with certain restrictions. The precise meaning regarding in what way the cross
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sectional and time series dimension approach infinity has been clearly defined
in Phillips and Moon (1999). This article is one of the earlier research that
consider the joint limit asymptotics in which both N and T approach infinity
subjecting to certain conditions such as v/N/T — 0 in some model, and
N/T — 0 in others.

The panel-based unit root test proposed in this article allows for individual-
specific intercepts and time trends. Moreover, the error variance and the pat-
tern of higher-order serial correlation are also permitted to vary freely across
individuals. Our asymptotic analysis in Section 3 indicates that the proposed
test statistics have an interesting mixture of the asymptotic properties of sta-
tionary panel data and the asymptotic properties of integrated time series data.
In contrast to the non-standard distributions of unit root test statistics for a
single time series, the panel test statistics have limiting normal distributions,
as in the case of stationary panel data (cf. Hsiao, 1986). However, in con-
trast to the results for stationary panel data, the convergence rate of the test
statistics is higher with respect to the number of time periods (referred to as
“super-consistency” in the time series literature) than with respect to the num-
ber of individuals in the sample. Furthermore, whereas regression z-statistics
for stationary panel data converge to the standard normal distribution, we
find that the asymptotic mean and variance of the unit root test statistics vary
under different specification of the regression equation (i.e. the inclusion of
individual-specific intercepts and time trends).

For practical purposes, the panel based unit root tests suggested in this
paper are more relevant for panels of moderate size. If the time series di-
mension of the panel is very large then existing unit root test procedures
will generally be sufficiently powerful to be applied separately to each indi-
vidual in the panel, though pooling a small group of individual time series
can be advantageous in handling more general patterns of correlation across
individuals (cf. Park, 1990; Johansen, 1991). On the other hand, if the time
series dimension of the panel is very small, and the cross-section dimension
is very large, then existing panel data procedures will be appropriate (cf.
MaCurdy, 1982; Hsiao, 1986; Holtz-Eakin et al., 1988; Breitung and Meyer,
1991). However, panels of moderate size (say, between 10 and 250 indi-
viduals, with 25-250 time series observations per individual) are frequently
encountered in industry-level or cross-country econometric studies. For panels
of this size, standard multivariate time series and panel data procedures may
not be computationally feasible or sufficiently powerful, so that the unit root
test procedures outlined in this paper will be particularly useful.

The remainder of this paper is organized as follows: Section 2 specifies the
assumptions and outlines the panel unit root test procedure. Readers who are
interested mainly in empirical application can skip the rest of the paper. Sec-
tion 3 analyzes the limiting distributions of the panel test statistics. Section 4
briefly discusses the Monte Carlo simulations. Concluding remarks regarding
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the limitations of the proposed panel unit root test are offered in Section 5.
All proofs are deferred to the appendix.

2. A panel unit root test
2.1. Model specifications

We observe the stochastic process {y;} for a panel of individuals
i=1,...,N, and each individual contains t =1,..., T time series observations.
We wish to determine whether {y;} is integrated for each individual in the
panel. As in the case of a single time series, the individual regression may in-
clude an intercept and time trend. We assume that all individuals in the panel
have identical first-order partial autocorrelation, but all other parameters in
the error process are permitted to vary freely across individuals.

Assumption 1.
(a) Assume that {y;} is generated by one of the following three models:

Model 1: Ayy,=0yiy—1 + i

Model 2: Ay, =o00; + 0yi—1 + (it

Model 3: Ay;=oy + ot + 6yyu—1 + (y, where —2<46<0 for
i=1,....,N.

(b) The error process (; is distributed independently across individuals and
follows a stationary invertible ARMA process for each individual,

(= Z 0i;Cii—j + €.

J=1

(¢) Forall i=1,...,N and t=1,...,T,

E({}) < o00; E(g;) = B, > 0; and () +2> E(luli—;) < B; < oc.
j=1

Assumption 1(a) includes three data generating processes. In Model 1, the
panel unit root test procedure evaluates the null hypothesis Hy: d =0 against
the alternative H;: 6 < 0. The series {y;} has an individual-specific mean
in Model 2, but does not contain a time trend. In this case, the panel test
procedure evaluates the null hypothesis that Hy: 6 =0 and op; =0, for all i,
against H;: 6 < 0 and og; € R. Finally, under Model 3, the series {y;} has an
individual-specific mean and time trend. In this case, the panel test procedure
evaluates the null hypothesis that Hy: 6 =0 and oy; =0, for all i, against the
alternative H;: 6 < 0 and o;; €R.
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As in the case of a single time series, if a deterministic element (e.g. an
intercept or time trend) is present but not included in the regression procedure,
the unit root test will be inconsistent. On the other hand, if a deterministic
element is included in the regression procedure but is not present in the
observed data, the statistical power of the unit root test will be reduced. See
Johansen’s (1992) discussion on the interactions of the unit root test and
various deterministic specifications. Campbell and Perron (1991) outline a
method of ascertaining which deterministic elements should be included in
the test procedure. For notational simplicity, d,, is used to indicate the vector
of deterministic variables and o, is used to indicate the corresponding vector
of coefficients for a particular model m = 1,2, 3. Thus, d,, =0 (the empty set);
dy = {1} and dz, = {l,f}.

Assumption 1(b) is standard; individual time series may exhibit serial cor-
relations. The finite-moment conditions of Assumption 1(c) correspond to the
conditions for the weak convergence in Phillips (1987) and Phillips-Perron’s
(Phillips and Perron, 1988) unit root tests. In our panel unit root test we de-
fine a ratio of the long-run variance to innovation variance (cf. Eq. (6)), the
boundedness conditions in Assumption 1(c) ensure this ratio remains finite
for every individual in the panel as the cross-section N becomes arbitrarily
large.

2.2. Test procedures

Our maintain hypothesis is
P;
Ayiy=0yy—1+ Z O Ayi—1 + it + &, m=1,2,3. (1)
I=1
However, since p; is unknown, we therefore suggest a three-step proce-
dure to implement our test. In step 1 we carry out separate ADF regressions
for each individual in the panel, and generate two orthogonalized residuals.
Step 2 requires estimating the ratio of long run to short run innovation stan-
dard deviation for each individual. In the final step we compute the pooled
¢-statistics.

2.2.1. Step 1: Perform ADF regressions and generate orthogalized
residuals
For each individual i, we implement the ADF regression
P;
Ay =0;yi—1 + Z O Ayi—1 + it + &, m=1,2,3. (1)

=1

The lag order p; is permitted to vary across individuals. Campbell and Perron

(1991) recommend the method proposed by Hall (1990) for selecting the
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appropriate lag order: for a given sample length 7', choose a maximum lag
order pm., and then use the z-statistics of é,-L to determine if a smaller lag
order is preferred. (These ¢-statistics have a standard normal distribution under
the null hypothesis (6;; =0), both when ;=0 and when J; < 0.

Having determined autoregression order p; in (1’), we run two auxiliary
regressions to generate orthogalized residuals. Regress Ay, and y;_, against
Ayy_p (L=1,..., p;) and the appropriate deterministic variables, d,,, then
save the residuals é;, and 0;_; from these regressions. Specifically,

Pi
eu=Ayy— Z i AYir— — Omid e (2)
I=1
and

P;
Vit—1 = Yit—1 — E niLAyith — i

L=1

To control for heterogeneity across individuals, we further normalize é; and
U1 by the regression standard error form Eq. (1).

. ey N Dir—1
€ir =~ Vii—1= —(%—>» 3)
Ogi Ogi

where 6,; is the regression standard error in (1’). Equivalently, it can also be
calculated from the regression of é;, against 0;_,

OﬁifT Z (elt 5Uzt l) (4)
pi— t=pi+2

2.2.2. Step 2: Estimate the ratio of long-run to short-run standard
deviations

Under the null hypothesis of a unit root, the long-run variance for Model
1 can be estimated as follows:

ZA% + 2ZWKL Z AyiAyi_y|. (5)

t=2+L

For Model 2, we replace Ay; in (5) with Ay, — Ay;, where Ay, is the
average value of Ay, for individual i. If the data include a time trend (Model
3), then the trend should be removed before estimating the long-run variance.
The truncation lag parameter K can be data dependent. Andrews (1991) sug-
gests a procedure to determine K to ensure the consistency of a“ii. The sample
covariance weights wg, depend on the choice of kernel. For example, if the
Bartlett kernel is used,
L

we=1— ——.
KL K+1
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Now for each individual i, we define the ratio of the long-run standard
deviation to the innovation standard deviation,

SiZO'yi/Gsi- (6)

Denote its estimate by §; =d,;/6,. Let the average standard deviation ratio
be Sy :(I/N)va:1 s;, and its estimator Sy :(I/N)Zﬁv:1 §;. This important
statistic will be used to adjust the mean of the z-statistic later in step 3, see
Eq. (12).

Before presenting step 3, we make two remarks. First, as one referee
pointed out, a natural estimate of ¢2, under the null hypothesis is 621 —
> 0,)?, and since 62 is a consistent estimator for ¢ under the null hy-
pothesis, §; may well be estimated by [1—>"7 é,-L|. Secondly, it is important
to emphasize that both the size and the power properties of the panel unit root
test are enhanced by using first-differences (or demeaned first-differences)
to estimate the long-run variance. Under the null hypothesis of a unit root,
Schwert (1989) found that the long-run variance estimate based on first-
differences had much smaller bias in finite samples than the long-run variance
estimate based on the residuals in level regression, and the same advantage
occurs here too.

2.2.3. Step 3: Compute the panel test statistics
Pool all cross sectional and time series observations to estimate

éit - 55:‘[71 + git, (7)

based on a total of N7 observations, where T=T — p — 1 is the average
number of observations per individual in the panel, and p = %va:] pi 1s
the average lag order for the individual ADF regressions. The conventional
regression ¢-statistic for testing 0 =0 is given by

A

0
ts= ——r) (8)
STD(S)
where
A Zjv:l ZtT:Z+p 5it—léit
0= N F— ’ ©)
Doimt Drmaspy Vi
N T -1z
STD@G)=6: |3 3" @], (10)

i=1 t=2+p;
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N T

67 = NLZ Z —36u-1)?] - (11)

Under the hypothesis Hy: 6 =0, the asymptotic results in the next section
indicates that the regression z-statistic (#;) has a standard normal limiting
distribution in Model 1, but diverges to negative infinity for Models 2 and
3. Nevertheless, it is easy to calculate the following adjusted #-statistic:

ts — NTSy6;2STD(d)u*
=" L ( )M’”T, (12)

Ot

where the mean adjustment p* . and standard deviation adjustment x* - can
be found in Table 2 for a given deterministic specification (m=1,2,3) and
time series dimension 7'. (Table 2 also includes quick-and-dirty choices of lag
truncation parameter K for each time series dimension 7.) We show in Sec-
tion 3 that this adjusted f-statistic ¢ obeys the standard normal distribution,

asymptotically.

3. Asymptotic properties

Define the following sample statistics for each individual:

Cir = Z 016 (13)
(T pbi — t it2
bir = Z B (14)
(T pi— ) t=p;+2
Sr = Z (15)
(T pi— ) t=p;+2
Next, define the following two ratios for each individual:
(T - pi — Doz,
Yur = t sz’ 16
V1t e (16)
T — i — 1 20‘3
R Cld i (17)

~2 5
T o

&l
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Given the above definitions, the statistics of interest in (9), (11) and (8) can
be rewritten, respectively, as

N~! va:] Puréur

DV ,
TN-! Zizl V2ir air

(18)

T N LN
6: = v ;VUT@J —20 Z Yuréur + 70 ZyziTiziT , (19)

i=1 i=1

N2 yuréy
15— Z,:I 71 réur (20)

B G [N—! Zf\,:l VzﬁfZiT]l/z.

In contrast to Harris and Tzavalis (1996) and Im et al. (1995), our unit root
test is based on the #; statistic, obtained from a pooled regression (7). Har-
ris and Tzavalis (1996) work with pooled least squares estimator ) directly.
Moreover, the asymptotic property of S is investigated rather differently in
that the time series dimension is fixed while the cross sectional dimension
increases to infinity. Im et al. (1995) also base their unit root test on the
t-statistics, but it is the average of the #-statistics from individual ADF re-
gressions rather than the pooled #-statistics considered here.

It is easy to determine the limiting behaviors of &3;7, y1;7 and y,;7. Under
the null, Ay;, ={;, is an invertible ARMA process. As T' — oo, and as long as

the ADF lag order p; in (1) increases at an appropriate rate 7%, 0 < o < , é;

should well approximate ;. Hence (T — p; — 1)~ 3. &% — o2

+ in probability.
It follows that &3;7, y1;7 and y,;r all converge to one in probability. For easier

reference in the sequel, we state the following theorem without proof.

Theorem 1. Given assumption 1 and p;=0 (T*), 0 < o < g, for all i. Under
Ho, &ir — 1, yur — 1, and yyr — 1 in probability, as T — oc.

Weak convergence of &7 and &7 are well documented in the literature
(e.g. Said and Dickey, 1984; Phillips and Perron, 1988). Results are summa-
rized in the following theorem.

Theorem 2. Given conditions in Theorem 1, &y — siWuis Ear — Wi,
where m=1,2,3, is the model index, and Wmli:fol Uni(r)dBi(r), Wyi=
fol U2.(r)dBi(r), Bi(r) is independent Brownian motion; Uy;=B;; Uy and
Us; are demeaned and detrended Brownian motions, respectively.

Note that distributions of W,,;; and W,;; depend on the deterministic spec-
ification but not on the particular values of model parameters. All moments
of W, and W,,; exist. Specifically, the mean and variance of W,;; and
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Table 1

Asymptotic moments

Model (m) Him1 0',2,,1 Hm2 0',2,,2

1. No intercepts or trends 0 1/2 1/2 1/3

2. Individual-specific intercepts —1/2 1/12 1/6 1/45

3. Individual-specific intercepts & trends —1/2 1/60 1/15 11/6300

Wi can be computed following tedious yet straightforward algebra, and are
displayed in Table 1.

For each of the three deterministic specifications (m=1,2,3), the sample
statistics &;;7 and &y are independent across individuals i, for each time
series dimension 7. Those interesting sample statistics defined in (18)—(20)
are of the form N=' 3" | 9, &ur, h=1,2, which is asymptotically equivalent
to N=!3°" | &ur due to Theorem 1. It is natural to consider applying a
LLN to each panel average N ! >y Eur and a CLT to the normalized sum
N=12%" | &ur and then use these results to derive the limiting distributions
of the panel unit root test statistics, #; and .

To gain more intuitions, consider the sequence limit of Gs=N""23" | &1

i=1
and Hss=N""! > 1 &ur. Under model 1, ﬂ(;sl/ztj(; is a Studentized LM test
for the unit root, which is asymptotically equivalent to the #; statistic. Suppose
that we first let 7 — oo. From Theorem 2, we have §; — N /2 ZL siWiii.
Since Wj; is a zero mean, independent sequence across individuals with
E(W11;)=0.5, we can expect to derive the asymptotic normality provided
the Lindeberg condition holds. Hence, §;=N(0,0.5V"), as N — co, where
V=limy_oo N7! Zf’zl s2. A LLN is also expected to work for Hs. Since
E(W1)=0.5, we have Hss — 05V. Combining these results, we deduce

that H (;51 2(}(3 =¢5 = N(0,1). There are some complications when applying
the above arguments to model 2, however. This is owing to the fact that
E(Wyi)=— % and E(Wp,)= % Hence t; does not converge to a standard
normal distribution. Similar problems arise in Model 3 too. As a result, some
sort of adjustment is required. For this, we define E(&y;r) = uyr and its
consistent estimator as

A Si

e =t (21)

Then (12) can be rewritten as
= N2 va:l Yur(Cur — fyr)
[N 1N 12
0¥ :6INT Y00 varéar]

As proved later in Theorem 5, this adjusted ¢-statistics, ¢; converges to a
N(0,1). The mean and standard deviation adjustment, u* . and ¢ ., to be

(22)
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used in empirical work are determined from Monte Carlo simulations, as
discussed in Section 4 below. Formal definitions are given as follows.

Definition. Let y; be a standard Gaussian random walk, i.e. y; =y | + ¢,
where & ~ 1.i.d. N(0,1). Following the test procedure described in Section
2 for a given deterministic specification (m =1,2,3), let T observation on y*
be used to generate ¢y, as defined in (13). Then define u* ~ = E(¢,7), and

a;i as an arbitrary positive sequence which converges 6,1/t as T — oo.

By the construction of E({},7), the mean adjustment p* = converges to i

as T — oo. We did not specify particular values of o for finite T — oo,
because only the limit of the sequence is relevant for the asymptotic analysis.

While the foregoing discussions help to speculate the asymptotic results,
they do not handle the case in which both 7 and N approach infinity jointly.
Recently, there is growing research interest in studying the asymptotics of
nonstationary panel with both N and 7' infinity simultaneously, e.g. Quah
(1990) and Im et al. (1995), among others. Technically, when N and T goes
to infinity, asymptotic analysis should be based on the LLN and CLT for
triangular arrays. Theorems 3, 4 and 5 below are proved along this line. By
triangular arrays we mean that the cross sectional dimension N is an arbitrary
monotonically increasing function of 7. We shall use the notation Ny instead
of N to emphasize the fact that Ny increases with respect to 7.

Theorem 3. Suppose that

(@) Ayie={li

(b) assumption 1(b) and (c) hold,

(c) Pi=0(T*), 0 <a <1, for all i,

(d) limy, oo Nj' SOV s2 =V exists. Then, Ny >SN Er =4 Ny 200
yiréur = N(0,0.5V), as v/Nr/T — 0. Suppose further that

(e) limy, o0 NT_1 Zf,v:"l s# exists. Then NT_1 Y oiti YairCair =P 0.5V, and ts =
N(0,1).

Theorem 3 states that the asymptotic normality holds as long as /N7/T —
0. This is particularly relevant for a typical microeconomic panel date set
because the time series dimension 7' is allowed to grow slower than the
cross sectional dimension N7y. Other divergence speeds such as Ny/T — 0,
and Nr/T — constant, are sufficient, but obviously not necessary. The panel
with no individual specific effects studied by Quah (1990) falls within the
territory of Theorem 3. Our result that /N7/T — 0 is an improvement over
Quah’s condition that N;7/T — constant.

When individual-specific effects are introduced in Model 2 and 3, we re-
quire faster growth rate in 7 to achieve the asymptotic normality, as the
following theorem shows.
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Theorem 4. Suppose that

(a) yi generated from Model 2 or 3,

(b) condition (b)— (d) in Theorem 3 hold, under 6 =0, N; 12 Zl " vir(Eir—
Siltm) = N(0,62,V), as \/Nr/T — 0. In addition, suppose

(c) the truncation lag parameter K increases at some rate TP, where
@), dhen Ny pur(Gur - ) = N3 Y),as

It is useful compare Theorem 4 with Theorem 3. From the first part
of Theorem 4, N, 1/22 vur(Eur — Sittm) = N(O0, 0 le) if there is no

individual-specific effects as in Theorem 3, then p;; =0, and N, 12 ZNT VLT
Err = N(0,62, V), as /Nr/T — 0. On the other hand, since i, # 0 under
Models 2 and 3, mean adjustment is required and we want to make sure
that such a demeaning method does not influence the asymptotic distribu-
tion. The sufficient condition is that N. 1/ 2 ngl Yur(Sitbm1 — fy;7) = 0. But
fyir = Sitm + Op(T~12), thus the second term of (A.4.3) in Appendix A will
not converge to zero unless N7/T — 0. In contrast to the case of no indi-
vidual specific effect (as in Theorem 3), we now need faster growth rate in
time series dimension in order to establish the asymptotic normality for the
adjusted 7-statistic.

Some special cases are of interest. Assume that individual regression er-
ror &, is ii.d. for each i over T, but heteroskedasticity is present across
individuals, i.e. ¢} #¢7. Then we still require N7/T — 0 to establish the
asymptotic normality. In this case, even s;=1, for all i, the convergence
speed of /jliT:y;}u;f continues to be dominated by 7 =1+ O,(T~?),
and hence f;;; = ftm + Op(T~?). The reason is clearly due to the het-
eroskedastic error across individuals, and that &, =0, + Op(T 12y If we
further assume away the heteroskedasticity such that ¢ = P], then we have
the advantage to pool all observations to estimate the common variance so
that 6, =0, + Op(T~">N; "?). Thus, the mean adjustment term will vanish
under the condition that /N7/T — 0.

The foregoing discussions suggest that the relative divergence speed of Ny
and T is largely determined by whether there are individual-specific effects in
the panel or not. When there is no individual-specific effect, we can establish
asymptotic normality under quite general error process with slower growth
rate in 7. On the other hand, the inclusion of individual-specific effects re-
quires faster growth rate in 7 even the individual regression error is a very
favorable i.i.d. process.

Theorem 5. In addition to the conditions in Theorem 4, if limy, oo Ny !

Zivrl st exist, then N{l Z?’:Tl V2irCair =P 2V, and t§ — N(O, 1).
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The influence of extending the time dimension T compared with extend-
ing the cross-section NV can be further clarified by examining the asymptotic
distribution of J.

" 2
5zN<1~ > 1 O ) (23)
Tlusz NT :umZV

First, the Eq. (23) indicates that the variance of 5 delta falls at rate
O(N~'T—2). The higher convergence rate with respect to T is referred to
as “super-consistency” in the time series literature. Intuitively, the presence
of a unit root causes the variation of the “signal” y,_; to grow arbitrarily
large while the variation of the noise {;, remains constant. Thus, an increment
in the time series dimension 7 adds more variation to the sample than an
increment in the cross-section dimension N.

Second, the inclusion of individual-specific intercepts and time trends
(Models 2 and 3) causes a downward bias in 5 (ie., tm <0 for m=2,3).
The downward bias vanishes as the time series dimension 7' grows large (so
that & converges to 0 asymptotically), but is not influenced by the cross-section
dimension N. Thus, in contrast to the case of stationary panel data, the pres-
ence of a unit root causes the regression specification to influence the asymp-
totic distribution of the panel estimate.

Third, since an increment in the cross-section dimension N reduces the
variance of d but not its downward bias, the regression f-statistic diverges to
negative infinity for Models 2 and 3. In other words, adding an individual
to the panel reduces the variance of 5 around a non-zero mean, so that the
regression ¢-statistic increasingly rejects the null hypothesis at conventional
significance levels. Consequently, it is necessary to use the estimated long run
versus short run standard deviation ratios §; and the adjustment factor y,, to
demean the individual sample statistics. As the panel grows large, N/T — 0
ensures that the sum of individual differences between the estimated mean
A7 and the true mean p;;r does not influence the limiting distribution.

The suggested test procedure requires that the data is generated indepen-
dently across individuals. As in stationary panel data models, this assump-
tion can be somewhat relaxed to allow for a limited degree of dependence
via time-specific aggregate effects by subtracting the cross sectional averages
V.= % >, vi from the observed date. (cf. Hsiao, 1986). The removal of
cross-section averages from the data is equivalent to including time-specific
intercepts in the regression models above, which does not affect the limit-
ing distributions of the panel unit root test (see Levin and Lin, 1992 for
further details). It is appropriate under the assumption of a single aggre-
gate common factor which has an identical impact on all individuals in the
panel, however, Quah and Sargent (1992) have recently proposed a method
of identifying multiple common factors in panel data; their method may be
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Table 2

Mean and standard deviation adjustments®

r K K7 97 Ky o7 K7 37
25 9 0.004 1.049 —0.554 0.919 —0.703 1.003
30 10 0.003 1.035 —0.546 0.889 —0.674 0.949
35 11 0.002 1.027 —0.541 0.867 —0.653 0.906
40 11 0.002 1.021 —0.537 0.850 —0.637 0.871
45 11 0.001 1.017 —0.533 0.837 —0.624 0.842
50 12 0.001 1.014 —0.531 0.826 —-0.614 0.818
60 13 0.001 1.011 —0.527 0.810 —0.598 0.780
70 13 0.000 1.008 —0.524 0.798 —0.587 0.751
80 14 0.000 1.007 —0.521 0.789 —0.578 0.728
90 14 0.000 1.006 -0.520 0.782 —0.571 0.710
100 15 0.000 1.005 —0.518 0.776 —0.566 0.695

250 20 0.000 1.001 —0.509 0.742 —0.533 0.603

% — 0.000 1.000 —0.500 0.707 —0.500 0.500

2Notes: The adjustment factors J T and oy are used to adjust the mean and standard de-
viation of the panel unit root test statlstlc defined in Eq. (12) for a given_ regression model
(m=1,2,3), average time series dimension 7', and lag truncation parameter K. In all cases, the
standard error of the estimated mean adjustment is less than 0.007, and the standard error of
the estimated standard deviation adjustment is less than 0.011.

useful for removing more complex contemporaneous correlation from the
data.

4. Monte Carlo simulations

In this section, we briefly discuss the results of three Monte Carlo experi-
ments. The first set of simulations were used to determine appropriate values
of the mean and standard deviation adjustments, (), and o, used in the
adjusted ¢-statistic given in Eq. (12) for a particular deterministic specifica-
tion (m=1,2,3) and time series dimension 7. The lag truncation parameter
K was selected according to the formula K =3.217'3. Due to computational
limitations, the ADF lag length p; was set to the true value of zero rather
than being individually estimated. At each replication, Gaussian random num-
bers with unit variance were used to generate 250 independent random walks
of length 7 + 1 (i.e. a panel of dimensions N =250 and T=7 + 1), and
this data was used to construct the sample statistics given in Egs. (7)—(11)
above. Based on 25,000 replications, the adjustment factor x* . was estimated

by the mean value of 15/NTSy6, STD(&) and the adjustment factor o~ . was

estimated by the standard deviation of 5 — NT SN0;2STD(5). The resultlng

estimates of p* . and o are given in Table 2. In all cases, the standard

error of the estimated mean adjustment is less than 0.007, and the standard
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error of the estimated standard deviation adjustment is less than 0.011. As
T grows large, Table 2 indicates that the adjustment factors converge to the
asymptotic values predicted by Table 1 and Theorems 3-5.

The second set of simulations examines the empirical size properties of the
panel unit root test procedure under alternative deterministic specifications and
panel dimensions. For a given replication, Gaussian random numbers with
unit variance were used to construct N independent random walks with T
time periods each; then the data was used to calculate the adjusted #-statistic
using the simulated values of x* -, and ¢” -, and the test was performed using
the critical values of the standard normal distribution at nominal sizes of 1,
5 and 10 percent. Based on 10,000 Monte Carlo replications, the empirical
size for each model specification and set of panel dimensions are given in
Table 3. The standard error of the estimated empirical size is less than 0.003
in all cases. Table 3 indicates that in panels with a moderate number of
individuals, the nominal size slightly underestimates the empirical size. For
larger panels, the difference between nominal and empirical size falls within
the range of the Monte Carlo sampling error, consistent with the prediction
of asymptotic normality given in Theorems 3-5.

Finally, the empirical power properties of the panel unit root test proce-
dure were analyzed. For a given replication, the data was generated by the
process yi; =09y, + ¢, (i.e. 6= — 0.10) where the disturbances ¢; are
i.i.d. Gaussian random numbers with unit variance. This data was used to
calculate the adjusted ¢-statistic as in the previous Monte Carlo experiment,
and the test was performed using the critical values of the standard normal
distribution at nominal sizes of 1, 5 and 10 percent. Based on 10,000 Monte
Carlo replications, the empirical power for each model specification and set
of panel dimensions are given in Table 4. For purposes of comparison, Table
4 also includes the empirical power of the Dickey—Fuller test for a single
time series (N =1). The standard error of the estimated empirical power is
less than 0.01 in all cases.

The middle panel of Table 4 illustrates the power advantages of performing
unit root tests with panel data. In the absence of individual-specific effects
(m=1), the power of the standard Dickey—Fuller test is quite low for short
time series (7 < 50), whereas very high power can be achieved by perform-
ing a joint test for a small number of independent time series (N > 10). If
the model allows for individual-specific intercepts and trends, the standard
Dickey—Fuller test has very low power even for relatively long time series
(T < 100), whereas substantial power can be achieved by using the panel
unit root test procedure with a panel of moderate dimensions. (i.e. N =10
and 7=50, or N =25 and T =25).

Maddla and Wu (1999) have done various simulations to compare the
performance of competing tests, including IPS test, LL test and the
Fisher’s test. Care must be taken to interpret their results. Strictly speaking,
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Table 3
Empirical size properties®
Model T N=10 N =25 N =50 N =100 N =250
m=1 25 0.128 0.112 0.107 0.106 0.101
50 0.131 0.112 0.110 0.105 0.099
100 0.130 0.114 0.110 0.100 0.099
250 0.127 0.117 0.109 0.110 0.100
m=2 25 0.104 0.101 0.099 0.098 0.098
50 0.096 0.098 0.098 0.104 0.099
100 0.100 0.103 0.097 0.106 0.105
250 0.097 0.100 0.095 0.092 0.097
m=3 25 0.102 0.103 0.100 0.100 0.099
50 0.103 0.104 0.102 0.098 0.102
100 0.108 0.107 0.100 0.101 0.097
250 0.105 0.102 0.099 0.105 0.106
m=1 25 0.067 0.061 0.054 0.054 0.049
50 0.071 0.061 0.055 0.053 0.050
100 0.068 0.059 0.057 0.050 0.050
250 0.067 0.058 0.056 0.053 0.050
m=2 25 0.049 0.050 0.048 0.048 0.047
50 0.046 0.045 0.049 0.054 0.049
100 0.050 0.047 0.049 0.052 0.048
250 0.048 0.048 0.045 0.048 0.050
m=3 25 0.051 0.051 0.049 0.051 0.049
50 0.052 0.049 0.051 0.049 0.054
100 0.052 0.054 0.053 0.053 0.051
250 0.049 0.049 0.051 0.052 0.052
m=1 25 0.014 0.014 0.010 0.011 0.010
50 0.015 0.013 0.010 0.010 0.011
100 0.014 0.012 0.013 0.011 0.011
250 0.014 0.011 0.012 0.012 0.010
m=2 25 0.008 0.009 0.008 0.009 0.008
50 0.008 0.008 0.009 0.0°0 0.009
100 0.009 0.008 0.009 0.009 0.010
250 0.010 0.010 0.009 0.009 0.009
m=3 25 0.011 0.009 0.010 0.011 0.008
50 0.011 0.010 0.010 0.010 0.010
100 0.011 0.009 0.009 0.011 0.009
250 0.009 0.010 0.010 0.011 0.011

2Note: Top, middle and lower panel correspond to the ten percent, five percent and one
percent level test, respectively.

comparisons between the IPS test and LL test are not valid. Though both tests
have the same null hypothesis, but the alternatives are quite different. The al-
ternative hypothesis in this article is that all individual series are stationary
with identical first order autoregressive coefficient, while the individual first
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Table 4
Empirical power properties®
Model T N=1 N=10 N=25 N =50 N =100 N =250
m=1 25 0.46 1.00 1.00 1.00 1.00 1.00
50 0.75 1.00 1.00 1.00 1.00 1.00
100 0.99 1.00 1.00 1.00 1.00 1.00
250 1.00 1.00 1.00 1.00 1.00 1.00
m=2 25 0.15 0.35 0.59 0.82 0.98 1.00
50 0.21 0.65 0.93 1.00 1.00 1.00
100 0.31 0.98 1.00 1.00 1.00 1.00
250 0.76 1.00 1.00 1.00 1.00 1.00
m=3 25 0.14 0.25 0.38 0.53 0.73 0.96
50 0.23 0.57 0.83 0.96 1.00 1.00
100 0.37 0.96 1.00 1.00 1.00 1.00
250 0.82 1.00 1.00 1.00 1.00 1.00
m=1 25 0.27 0.99 1.00 1.00 1.00 1.00
50 0.51 1.00 1.00 1.00 1.00 1.00
100 0.92 1.00 1.00 1.00 1.00 1.00
250 1.00 1.00 1.00 1.00 1.00 1.00
m=2 25 0.08 0.22 0.43 0.68 0.93 1.00
50 0.12 0.49 0.86 0.99 1.00 1.00
100 0.18 0.96 1.00 1.00 1.00 1.00
250 0.60 1.00 1.00 1.00 1.00 1.00
m=3 25 0.08 0.16 0.24 0.37 0.59 0.90
50 0.13 0.42 0.72 0.93 1.00 1.00
100 0.24 0.92 1.00 1.00 1.00 1.00
250 0.71 1.00 1.00 1.00 1.00 1.00
m=1 25 0.05 0.91 1.00 1.00 1.00 1.00
50 0.17 1.00 1.00 1.00 1.00 1.00
100 0.49 1.00 1.00 1.00 1.00 1.00
250 1.00 1.00 1.00 1.00 1.00 1.00
m=2 25 0.02 0.06 0.16 0.37 0.73 1.00
50 0.03 0.17 0.58 0.94 1.00 1.00
100 0.05 0.74 1.00 1.00 1.00 1.00
250 0.27 1.00 1.00 1.00 1.00 1.00
m=3 25 0.02 0.04 0.09 0.16 0.31 0.72
50 0.04 0.17 0.46 0.80 0.98 1.00
100 0.08 0.74 0.99 1.00 1.00 1.00
250 0.43 1.00 1.00 1.00 1.00 1.00

2 Note: Top, middle and lower panel correspond to the ten percent, five percent and one
percent level test, respectively.

order autoregressive coefficients in IPS test are allowed to vary under the
alternative. If the stationary alternative with identical AR coefficients across
individuals is appropriate, pooling would be more advantageous than Im et
al. average t-statistics without pooling. Also note that the power simulations
reported in Maddla and Wu (1999) are not size-corrected.
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5. Conclusion

In this paper, we have developed a procedure utilizing pooled cross-section
time series data to test the null hypothesis that each individual time series
contains a unit root against the alternative hypothesis that each time series is
stationary. As both the cross-section and time series dimensions of the panel
grow large, the panel unit root test statistic has a limiting normal distribution.
The Monte Carlo simulations indicate that the normal distribution provides
a good approximation to the empirical distribution of the test statistic in
relatively small samples, and that the panel framework can provide dramatic
improvements in power compared to performing a separate unit root test for
each individual time series. Thus, the use of panel unit root tests may prove
to be particularly useful in analyzing industry-level and cross-country data.

The proposed panel based unit root test does have its limitations. First, there
are some cases in which contemporaneous correlation cannot be removed by
simply subtracting the cross sectional averages. The research reported in this
paper depends crucially upon the independence assumption across individuals,
and hence not applicable if cross sectional correlation is present. Secondly,
the assumption that all individuals are identical with respect to the presence
or absence of a unit root is somewhat restrictive. Readers are referred to Im
et al. (1995) for a panel unit root test without the assumption of identical
first order correlation under the alternative.
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Appendix A.

Proof of Theorem 3. For each T,{fw, i=1,2,...,Nr} a zero-mean, inde-
pendent sequence, where &,;; = &yr — pr. Part one of the proof is ac-
complished in three steps. The following results are used in the subsequent
proof.

supuliT:Op(T_l) (A31)
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and
2
sup(a?r —0.557) =0p (T~ "), 07 = B(&1ip) = 077 (A3.2)

In step 1, we prove that N Y zfllT obeys the central limit theorem. For this,

we need to ensure the followmg Lindeberg condition holds (Billingsley, 1986,
pp. 368-369):

NT Nr
(Z UzT) /fllrl vy oy dP — 0, as T — oo.
i=1 {\flu|>8< a; ) }

i=1

It is well-known that the sufficient condition for the Lindeberg condition is
E|&,;7[>" < oo, for some d > 0 and all i=1,...,Ny. (A33)

Straightforward but tedious algebra leads to result similar to (A.3.1) and
(A3.2), sup,[E|&,7|* — (15/4)s*]=0,(T"). Hence there exists some 7’ such
that (A.3.3) holds for all i, and the Lindeberg condition is fulfilled. We have
from the CLT that

_l/zz Sur =Np Z(fllr — uyr) ~ AN(0,0.57),

i=1

V= lim Ny lzs (A3.4)

THOO
i=1

In step 2, we show that N, 12 zfﬁ , Ciir also obeys the central limit theorem.
Using (A.3. 1)

_”ZZ(éw — pir) =Ny ‘/ZZ Euir + Ny 2 Zm 7. (A3.5)
i=1
From (A.3.1), The second term in (A.3.5) < (v/Nr/T)(1/N7) SN, TOL(T—)
< (V/Nr/T)M, since TO,(T") is a bounded sequence for all i. It follows
that N{l/z E?ﬁl(fur — wy;7) and N{l/z Zf]:rl &yr are asymptotic equivalent as
VN7/T =0
In the final step, we prove the asymptotic equivalence between N, 172 Z, |
Eur and Ny 12 Zl  7uréir. The strategy is to show that the difference be-
tween them converges to zero in probability. To do so, we consider the
sequence of triangular array, {(y;r — 1)ir}, and verify the condition in
Theorem 6.2 of Billingsley (1986, p. 81). Define ¢;r = E[(y1:;7 — 1)&1;7] and
n% = var[(yur — 1)¢17]. The required condition is that there exists a sequence

vr such that vy 'y/ Z?Zl n7 — 0. In fact, putting vr =N,"* works.
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Since n7 < E[(yiir — 1)*&7],

12
{ IZE ('VltT - 1) ilzT]}

i=1

12
{N T~ IZE [T(pur — 1) m]}

i=1

Nr 12
< {MN#TZE(&%,-T)} ,

i=1

because T(7;;r — 1)? is bounded in probability. It follows that

Nr 1/2
{MNT‘IT‘ ZE(&H}

i=1

Ny 1/2
< {MNTlr—1 > 10557 + op(T—‘)]}

i=1

Nr Nr 1/2
< {O.SMNT‘ITIZsf +MN; ' T TOp(Tl)} :

i=1 i=1

It is seen that the last term converges to zero, hence
I/ZZ [(Prir — Déur] — UZZC 7 —" 0.

However,

Nr Nr
Np'2Y e = N2 Elur — Déur]
i=1

i=1

Nr 1 -
= TTN—T;EW@UT—U@T]

<M NTN ZE(m)

Nr

<M TN ZOP(I/T)
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N 1 1
< MM\ =E Z T0,(1/T)

< MM'\/N7/T*? = 0.

This completes proving the first part of theorem 3.

For the second part of the proof, we verify that the condition of LLN
for triangular array holds (Billingsley, 1986, p. 81). Since {&r,i=1,2,...}
is an independent sequence with mean sup,[E(&yr) — 0.5571=0,(T~!), and
sup,[Var(&yr) — 15#1=0,(T "), if the required condition [ -7, var(&r)]"?/
vr — 0 holds for some positive sequence {vr}, then

Nr
7' [Ear — E(éur)] =P 0. (A3.6)
i=1

Put v; = Nr. Assumption 3(e) ensures that [Zf.V:T] var(fz,-r)]l/z/vf — 0, hence
(A.3.6) follows.
But

Nr Nr
N7'Y JE(Gr) < Np' D [0.557 +0p(T )]

i=1 i=1

NT NT
= 05N, ST+ TNy TOKT™") — 0.5V
i=1 i=1
Desired result follows from combining this result with y,;7 — 1 in Theorem
1. Finally, since 6; — 1,z; = N(0, 1) follows immediately. [J

Proof of Theorem 4. Since {Elmizl,Z,...}, Eur = Eur — wur, is a zero
mean, independent sequence across individuals such that sup,(pir — Sittm1 ) =

Op(T~1) and sup,(6% — s262,)=0,(T"),6% = Var(&,;;), where m=2 or
3, is the model index. Analogous to the proof in Theorem 3, the Lindeberg
condition holds, and the CLT implies that

Nr =172 Nr Nr —172 Nr
<Z 01‘2T> Z Sur= (NTIZ 61‘2T> NT_I/ZZ Sur = N(0, 1), or
i=1 i=1 i=1

i=1
Nr 5
NT_WZ &ir = N(0, 05, 7).
i=1
Now, Ny 2 S (Erir—pir) < Ny 2 S (Erir—sipton )+N; 2 500 Op(T—l)

Since N, 2 varl Op(T 1y — 0, as v/N7/T — 0, we conclude that N, "2 -
(Eur — s ,uml) = N(0,62, V). Similar to the proof in Theorem 3, we can also
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prove that

Nr
N;I/ZZ Pir(ur — Siftmn ) = N(0, a5, V). (A4.1)

i=1

For the second part of Theorem 4, consider replacing ,,; in (A.4.1) with its
consistent estimate fi,;,. Write

Nr Nr
Ne S (G — ) =Ny S purGur — it
i=1 i=1

Nr
N7 i (sittn — fiyir)- (A42)

i=1

We know that the first term in (A.4.2) converges to a normal distribution. The
asymptotic behavior of the second term is of interest. Note that §; =3d,;/65
is a bounded sequence for all i, due to 6, =0, + Oy(T~?) and 6,,=0, +
Op(T~"%), c.f. Andrews (1991). Since i* - = 1 + Op(T ") by construction
and yr =1+ Op(T_l/2 ), fyr :§i/y1iTN;;f = Silm1 + Op(T_l/z)'

Now rewrite the second term in (A.4.2) as

Nr
—1)2 .
Ny / ZVliT(Sillnzl — fyr)
i=1

Nr Nr
:N;I/ZZ(VUT — 1)(Sittm1 — fy;7) +N;1/22(Si””’1 — fir)
— i=1

Nr Nr
< N;I/ZZ OP(T—1/2)Op(T—1/2) + N;I/ZZ Op(T_l/z). (A43)
i=1 i=1

The first term in (A4.3) — 0, as /Ny/T — 0. However, the second term
requires that N7/T — 0. Complete the second part of Theorem 4. [J

Proof of Theorem 5. {&yr,i=1,2,...} is an independent sequence with
sup,[E(&air) — 57 1m2] = Op(T "), and sup,[Var(&xr) — s7a2,1=0,(T~"). Ap-
plying the LLN as in the proof of Theorem 3, N;' Zf\/:’, Eir — Ny Zf\/:r]
E(&ur) —P 0. But Ny SV E(Ear) < Np ' SV [52 2 + Op (T~ )] = Ny !
S st TING S0 TOWT ™) — V.
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A The standard deviation adjustment ¢ . — G /+/lmz2 by construction, and
6; — 1, we have t; = N(0,1). O
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