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The Consumer Problem

e We have some powerful tools:
Constrained Maximization (Shadow Prices)
Envelope Theorem (Changing Environment)

e How can they help us understand behavior of
a consumer?
Either "maximizing utility while facing a budget
constraint”, or “minimizing cost while maintaining
a certain welfare level”...



Key Problems to Consider

e Consumer Problem: How can consumer’s
Utility Maximization result in demand?

e Income Effect: How does an increase (or
decrease) in income (budget) affect demand?

e Dual Problem: How is Minimizing Expenditure
related to Maximizing Utility?

e Substitution Effect. How does an increase In
commodity price affect compensated demand?

e Total Price Effect=S. E. +I. E.
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Why do we care about this?
An Example in Public Policy

e Taiwan’s ministry of defense has to decide
whether to buy more fighter jets, or more
submarines given a tight budget

e How does the military rank each combination?
e How do they choose which combination to buy?
e How would a price change affect their decision?

e How would a boycott in defense budget affect
their decision?




Continuous Demand Function

A Consumer with income I, facing prices pq, ps
max {U(z)|p = < I,z € R }
e AsSsume:

e LNS (local non-satiation)
e Consumer spends all his/her income

e U(x) is continuous, strictly quasi-concave on R7
o There is a unique solution =° = z(p, I)

e Then, by Proposition 2.2-1,

z(p, I) must be continuous.
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Stronger Convenience
Assumptions for this Lecture

e Assume:
e U(z) is continuously differentiable on R%
o FOC is gradient vectors of utility (+ constraint)

o LNS-plus: Hriy
P —(z) > 0 for all x € RZ

ox
e At least one commodity has MU > 0
e No corners: = QU _
llm — =o00,7=1,2
:I,‘j—i*O a,’}jj

o Always wants to consume some of everything



Indifference Curve Analysis ses
(Lagrangian Version)

A Consumer with income I, facing prices py, p2
max {U(z)|p -z < I,z € R7}
Lagrangian is £ =U + A\(I — p - x)

0L oU
F — = — (") = Ap; =0.7=1,2
oU oU

a.f[?l L 8$2 L A

P1 P2



Meaning of FOC

1. Same marginal value for last dollar spent on

each commodity suU oU
8.’1?1 L 811?2 L )\
P1 P2

Does Taiwan get same MU on fighter jets and
submarines?

2. Indifference Curve tangent to Budget Line

U
MRS(z*) = 221 = 1
63}2 p?

ou




Income Effect :
T2 A 5(.’135;? I) < 0 (inferior goods)
8.’13
dis| % 5
dr g x*
. 1 |7EP x 1
..... |
..............

> X
Income Elasticity of Demand !

I Or.
E(xj, 1) = — %? > 0 (normal goods)
J ;




Income Effect

e Slope of IEP steeper than line joining 0 and x*

dey| 7 _ %2
dx - Gz T g
o LITEP % 1
e Or,
I 0 I 0
E(xa,]) = — =2 > E(x1,]) = — =

i ol L1 o)l

e Lemma 2.2-2: Expenditure share weighted
Income elasticity average = 1

e SO, E(xo,1) > 1> E(xy, 1)
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Three Examples

e Quasi-Linear Convex Preference
U(x) =v(x1) + azs
e Cobb-Douglas Preferences
U(r) =x7'x5?, ay,as >0
e CES Utility Function

1 _1
U(.’L‘) — (O{l{l?l 0 —I—OéQ.CUQ 9) 1_%
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Quasi-Linear Convex Utility
max {U(:L‘) =v(xy) + axs|prxs + pors < I, x € Ri}

e FOC: »su oU

P1 P2 P1 P2
P1 'U"(fl?l)

e Implication: —
P2

e Note thatx, Is irrelevant...
e \What does this mean?

(MRS=price)

12



Income Effect
p1 _ v'(z1)

(corner solution)

e Vertical Income Expansion Path...
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Cobb-Douglas Preferences

max U(xq,x9) = (' x5?
L1,T2

st. Po, o1+ Py, 20 < 1 =FP,, -wy, + P, - wy,
L=x("axs?+ N[ =P, -x1— Py, - 2]

FOC: (for interior solutions)

a2

8—£:a1'$?x A}:{1‘1:0
0xq T’
oL .
_:ag.xi AP, =0
0x To'

oL

— =1—-—P,, -2y — P, - xo=0 )

O\



Cobb-Douglas Preferences

e Meaning of FOC: M/ RS = ==
T2

Py, 1 T2 ay Py,

— ' = 1 = — - 9
Py, 2 T ag Py,
a1 + Q9
:>I:Pml'$1+P$2'iU2 Pﬂgz L9
&%)
9 1 X1 1
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Income Effect

L2 A
C]L"l P.T.g
L1 = ' P2
@ a”2 Pﬂ'}l
®
@
)1;1

e Linear Income Expansion Path...

16



CES Utility Function

1
1—1 1—1\ 1T
U(x) = (Ozlxl "+ asx, 9) 6

oL -3 ( 11 11

L\ 9—1
8—331:(]:'1331 &1'1:]_ _l_afzxz 9) _A P.Ll_o
oL 1 1 1N 7T
_:a2x29'(@1$1 H—I—(IQLI}; 9)91_A_P$2:0
8.1132
oL
_:I—P$1'$1_P$2'$2:0 17

O\



CES Utility Function i

1 0
P, Q o\ ¢ ap P
L1 — _1 . _2 i xl p— . L2 N 3:2
P., oz \I1 ag Py

:}I:PTlml_l_PTgan

0 0—1]
1 }DT;2
— — . : . PT .
(052) (le) xo " L2

:>_ :E* L 2 €I
27 ppbh—1 0—1 )
a]_P_qu _I_ agpxl Pfﬂg
0 po—1
Qj* L alpﬂj‘l I
1

9 pb-—1 0 po—1 18
of Py, + a3 Py, P,



Income Effect

LA

e Linear Income Expansion Path...
e Cobb-Douglas is a special case of CES!
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Dual Problem:
Minimizing Expenditure

e Consider the least costly way to achieve U
M(p,U) = min {p- z|U(z) > U}

e How can you solve this?
C=—-p-2+NU(z)-U)

o8 oU

(FOC) o, ~ P amj(:c) ]
p p (p.U
ﬁzﬁz)\ = Solve for z¢(p, U)

8:[21 8:1?2

20



Dual Problem:
Minimizing Expenditure

e \We can also use it's “sister” (dual) problem:
IIl{E:LX{U(:E)‘p cx < I}

e Note that, for (p, I) solving this problem,

e U(z(p, 1)) is strictly increasing over | (LNS+)

e Hence, for any U, there is a unique income M

e Inverting this, we can solve for M (p,U)
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Dual Problem:
Minimizing Expenditure

e In fact, minimizing expenditure yields:
Pt P2 A\
ou  ou
8131 8.’132
e Maximize Utility’'s FOC yields:
oU U

8$1 L 8332 _)\

p1 D2
e This close relationship between z¢(p, U') and

z(p, I) indicates why they are “sisters”...
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Substitution Effect for
Compensated Demand

e Compensated Demand
z¢(p,U) solves M (p,U) = min {p-z|U(z) <U}

e By Envelope Theorem: o
e Effect of Price Change o = z5(p, U°)
(Substitution Effect...)  “%7

How much more does Taiwan have to pay if the
price of submarines increase (to maintain the
same level of defense)?
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Elasticity of Substitution
(for Compensated Demand)

:I:C
0 = g (_{Qﬁle)
a1
xC
e(30)
Lo

e The change In
consumption ratio
INn response to a
change in prices...

L2 A
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Why o=2¢ (mzapl) 5( J&pQ) 7
Tq 5

e On the Indifference curve,
U (z5(p,U),25(p,U)) =U

e Hence, QU 0xf - U 0Oxs
Ox1 Op; | Oz Op;

e By FOC, p1 _ P2 . O - Do 05 :O‘
NS A M
e Since, OM ( UO) 0z 0% M dxs
— — —
apj & Opa _ Ip20py  Ipy

25



x5 xS EE:.
Why o =¢ (_3:}')1) = (—i?pz) ? e
L1 Lo
x5 . -
o=¢ E-}pl = & (75, ;1 E (21, p1)
1
p1 0x5  pp 0x§ _ M or{ 1 (=) 0xs§
r50pr  x7O0p1 x5 Opy  wg Op1
p2 0x5  p2 Ox§ dx{  Jx§
5 Opy x5 Ops Op2 _ Op1
—& (x5, p2) + € (21,p2) [ 0xf 05
P1 - D2 =
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Elasticity of Substitution 433
(for Compensated Demand)

e Proposition 2.2-3:
S E (xS x
J_g(m—ijpl): ( ijl)j klzpl 1
T k1 p-x
(compensated Cross price elasticity)

expenditure share

g(mtltapl)
1 — kq
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Elasticity of Substitution 433
(for Compensated Demand)

e Proof of Proposition 2.2-3:  Jxf 05
k1&E(x],p1) + k2&(x5, p1)

_ b1 P dzr{ P2%5  P1 0xs
1A 3191 T ¥ Op1
= 0 = E(a5,p1) — E(x5, 1)

— g('xgﬁpl) ' (1 + k—
1

. C kl 1 L 5($i:?p1)
N R v
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Elasticity of Substitution
(for Compensated Demand)

e Verify that o = 6 for CES:

7 0
. _( @1 P2 Ty [ G2 P1
e Since 71 = | —— | "T2 = —— = |

o P L1 1 P2
:,EC
= In (3) =0(lnp; —Inps +Inas — Inay)
L1
xS o [. [z5)]
:‘;»J—E(—i,m)—pr 111(3)
] P1 | L1/ |
6
:pl-—:
P1 29



Summary for
Elasticity of Substitution

c Lo A
ol 0= E (:E_g?le)

Ly

o 2. ky

e 3. 0 =0 for CES...
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Total Price Effect = Income
Effect + Substitution Effect

e For M(p,U)& x1(p,I) *24

e Compensated Demand:
v$(p,0) = 21 (p, M(p,0))
or{ %Jr Or, OM
Opy Opr O Opy

(aM )
o 7
dp1 !

e Slutsky Equation:

dr;  Oxf 0T

Ol
. N
A—-B A—C C—B

op1 Op1

31



Total Price Effect = Income

Effect + Substitution Effect
e Slutsky Equation:
Or;  0xf O0xq
_— = xl ' —
Ip1 Ip1 o

e Elasticity Version:
p1 01 _ h dry pixy I 0Ox

L1 8}91 L1 8})1 I L1 | E

e Or,
5($1}P1) — 5($T:P1) — ky 'S(Q’JhI)
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Summary of 2.2

e Consumer Problem: Maximize Utility
e Income Effect
e Dual Problem: Minimize Expenditure

e Substitution Effect:
=Compensated Price Effect
Elasticity of Substitution

e Total Price Effect:
= Compensated Price Effect + Income Effect
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Summary of 2.2

e Homework:
e Riley 2.2-4,5, 6
e JR-1.17,1.18,1.27,1.37,1.43, 1.50, 1.53
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