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Sequences
Def:EPU) is a sequence, and in Pr= P mean

"*E30, ANGA such thatn>N=> dIPn,Pl<E."

Prop. 1: EPnY converges ->SP3 is bounded.

ppt) Bydef., ENAN such thatn>N= dSPn,pla"1.

=>(Pu3?4P., ---, Pr3U[P-1, p+1], bounded -> EPU) is bounded.
I

Prop. 2:lim Pn=p, imPr=p', Then p=p'
4 +0

ipts supposePHPedSP,P's, then you can find N, NEN

E =>For N= max[N, N2], such that

n >Nz =d(P!Pn) nxN =d(p,Pn), dcp,q) < E
Hence, dip,p'? 2+2

striangular ig.)
=22 =d()(+t)



Prop. 3:If E contains a limitpoint P.
Then I SPICE such thathimPu = P.

-10

YPt> FnEX, pick Pu such thatd<Pn,p) < t. ->Pr = P.
#

Arithmetic ofSequences
an -> 9

1.9 but b =>antbu -> a +b

ipts * 350, I N1, N2E/ such that E
> N, => 1an-al
n>N2= (bn- b1c

Hence, for N= maxGN, N2Y, ((an+bu) - (9 +b38/an-al+1bn- b) -+ =

4

2. One=>an-butea - bE
pt) Use ((an -bn) -19-31) -3/9n-a) + 1b-bu) >2 (triangular inequality)

(same as I. (



3. An- 9, Ciconstant -> C.An- C.a.

(p) If c =0, Trivial.
IfCFO, FSC, INEN such thatlan-als
Then I can-c.a) =(c). 1an -a) > [#

an -> 9

4. butb aribis -> ab

spts Use lambu-abl =(b(an =a) +abn- b)) - (Bulan - al+(a)-/bu- b)
> B. 1an-al + 191.bn-b1:

Sbuyconverges -> (bul <B for some 30

FECO, IN, NLEI such that E
n N, =>(a) -al
n(n =16 -

b)<a)
Then, ...



5. antO FnEN, 99n7- 9Fo.> a+ a

(p) It-it=a) sata (a-and since lai)-lai > lank,
exists!

strue for us,Ii)
ENI such that (92- a)1 =>1an)-(an -al +19) =219)

...



Example:

1.E C since 2N+2 > 5 +2a)
1

ps Fax, EN> 5. such that N =(-3))n)) - **
2. ()- 9

ipes Plan:Wanttoshow his-9):9+E-11-9l
<9.1+* (*...

(The restis HW)



3. PC1 =p- 1.
I

(PE) Le+p'=p-1, => (Hp') 1+by Pernolli inequality.

4. n
+1.

Getnt =1+ =>(it h)* =Hnk+*k...his shiny
spt) F270, ENS+1, (H3)"> h if n>a -> Int-1) > 2.



Theorem[PL) is bounded & monotone -> EPLY converges

prop. San] bounded in IR => I subsequence [953 = 99n3 thatconverges

ppt) sany bounded =>[an3 2 Br(0) for some r<0.

Since Bro) is compact, E9n3 has a limitpoint.

=>I dan') -san) thatconverges. I



Preview of NextWeek Monotone Convergence Theorem

Every bounded andmonotone sequence converges toitslimits.

If an is

E increasing (M), [am) converges toitsESYP.-

decreasing () inf.

(PA) Suppose an M.

Since Sand is bounded & non-empty, sup an =a exists by l.u.b property.
i.e. 1220, ANEIN such thataan <Fn>N.

(since otherwise an a would be the true 1.n.b.)

Hence, la-an 38 Fn>N => lim an =a.

4-0

Suppose an IV,
Since Sand is bounded & non-empty, infan=a exists by g.l.b. property.
i.e. V220, ANEIN such that an-a <= Fn>N.

(since otherwise at a would be the true g.l.b.)
Hence, la-an 38 Fn>N => lim an =a.

4-0



complete Space & Completion Theory
Converge seq. -> Cauchy sequence.

ButSanchy sequence * converging sequence.

EX=In &, 3, 3. 1, 3, 14, 3141, --- -> *&.

Def:X is a completeMetric Space if
E very Cauchy sequence converges in

X.

Properties:1. Compact spaces are complete.
2. closedsubspaces ofcompactspaces are complete.
3. &is notcomplete.
4. IR" is complete.



Completion Theory
Every metric space can be completent.

If M can be completed toM, then Misasubspace ofM.

Example:10,17 -> [0,13
IR190) -> IR

&-> R:Add [8n:8n<2} -> E, etc.

1R2SP. 83 -> IR2:Add San-p3 - P

~ IR2. P (bn-e 83 - 8

-b

>



Equivalence
LetI be the collection ofCauchy sequences

in M.

*Samy, [bu), d([an3, 9bn3) =lan-bul
=>San3 -[bab if d(San, (bal) =0.
Let us imagent call pag are the same point).

1. d is a well-defined metric on M. Note thatwe changed to
1

2. MCM D([spn3], [98n3]) =Pr-8n)
1

3. M is complete. (For proof, see Pugh, p. 119-121)
4. Uniqueness ↓

In Rudin, itis exercie 24(a)-(e)...



Limit - Sup

linsup an =sup 4 subsequence limitsofany -timean

Example:(bu7=[ 1, -1, I, -1,5, -1, ,--- 7. 1,,5,--. -> o

timsep b =0 limit bu = -1.
n+0 n+0

1. linup an+ limmp. bu F finsup(an+bu)

Counter-example: 1, 1, 1, -1, ----es=1

I,tt),
---- emp=1

0,0,0,0,---linsup=0



2. cflimp an)= limp. (c.an) itso
Butif c=-1, c.31, -1, 1, -1, ----) becomes

St,1, -1, 1, ---.), butboth have lamp=1

3. tin an existsiflingup an -limita ne


