
          19. Series Convergence Tests, Absolute Convergence



last time:

4i =1 +I +5 +it...

Cauchy Criterian

Comparison test.

Thm (Root test). Given Ian

let d =limsup all

Then if 2x1 => series converges.

if (>1 => series diverges.
if 2 = 1 => test inconclusive

cpt):By comparison with geometric series

· If G21, choose B s.t. <P<1
Then EN s.t. n =N => Yanl< (by def of limsup).

So lank" for nIN.

But" converges, so Ilan) converges. -> I
an converges.

· If 2 > 1, I subseg. Yankl -> 2< 1

so lank) for infinite manyterms,

so the terms 10, so the series diverges.

· If 1 =1, note IIdir, In cour, but d=14.



Thm (Ratio test). an converges if limsupl) <1
diverges if II? I for a large enough,

For the series:

I I (pf) (comparison):We have |a<1 for n>N some N.

e lantl Blank lanl <p"lan-el
/Artp/...<p*laal.
-aNt ? a I B" converges. #.k=0

For div, see terms - 0 #.

POWER SERIES.

If CneK complex, Cnz" =20 + 4,z +22" +24+... is a power series in I a complexvariable.

For what I is this series converges

Thm. If 2 =limsupeal, let R =5 (radius of
convergence (

then ICnE" cour if IEK R

div. If I z1 > R

spf, idea? "Tanl=121-ul

· Two segs [an3, Ebn3, say something about [anbr?

SUMMATION BY PARTS.

let Anasfor so, set At =0

Then Sambr= An(br-bm) +Agba-Apbyn=P

If (ideal

·
the algebraic proof just check both sides.



If An bounded, andbuto, then Zamba converges.

spf idea). Say (AnlIM, Given some E<0, EN s.t. bx-2M.

For qIp=N.

Ianbrl= 1*An(br-br) +Agba-Apbp/
n=P

-M(E(b- bn+i) +bp +by)

->2Mbp 2Mbx =ER.

&

12,1 = (211...

Csalternative sign -> 0

=>IC cour

4:an=(-1)**, bu= ICn) #.

· SUMS OF SERIES. Ean+2bn= Zambr.

PRODUCTS?

motivation:power series

(an +a,z + azz" + ...)(b0+b,z +b2zt...)

= (arb) +(a,botarb)z + (azbo+ a, b, +aub) z +...

c = Eapbox productseries:ECn2".

problem:2 In may not cour, even if Ean, Ibn cour

But. Im if Ean. 2bn cour absolutely, then EC converges to AB.

itis

ABSOLUTECONVERGE

Ref:Iam converges absolutely if ilan) converges.

Ex: 1 - 2+5-4+ ...cou, but not absolutely.

but Im:if an cour absolutely, then converges.

pts:1,zap)-la 1.



REARRANGEMENTS.

&Say Yan=A, if I rearrange the terms mustit converges? M

1 - It5-it... In 2.

Riemann:If an cour (not abs), then a rearrangement can have
any limsup, limint, you like.

If cour abs, then all arrangements have the same limits.


