
        05: Complex Numbers



· EXTENDED REALS.

R = =(R [-x, +03

Put order XXR, - xx +y.
-

and metic x+(+x) =+y

x+(-x) =-Y.

If x <0, X.+x) =+0.

If x<0, x.H+x) = -1 etc.

· Whycare? Convenientsetsit has a super

· Euclidean space RR* = =[(X,...,xK):XERR vi=1,...,k3

Define (X1,..; XK) + [y1, . . ., yk) =(Xi+y, ..., xk+ YK). 5 addition

scalar mult. 2(X), ..., xx) = (2X1, ...,dXL

in.

Also, IR" has an "inner product" with

norm.
141= (X.* **

*.Y =xy:

~Complexnumber field.
IRI can be given a field structure:

(a,b) +(c,d) =(a+c,b+d)

(a,b) x(c,d)) =(ac- bd,ad +bc)

Here, the zero is 10,0), andthe 1 is (1,0)

Write R, the set IR2 with +, X as above.

· & extends IR:[(a, 0):ac1R3 "behaves"like IR,
· Note (0, 1). (0,1) =(-1,01
e

i



imagnary part.

=>a+bi

b---,
Write a+bi for (a,b).
-- ! real part

a

If z =a+bi

let z = a- bi, the conjugate ofZ. ·

A

ck EFw =E +i

Ew =E. w

z+E =2ReCE), and I - E =2. Im(z)

z. E =a+b" real =0.

Refine 1z1= (z.E), the same as length in IR2.
abs value.

· suggests, in DK =[(Z, ...,zk):zic &3.
the inner product (4,5):=2,x5:

pety. 171 =0, 1E1=1E1, 17W1 FIE1. (w)
based on

(a) - bd)+(ad +bc)2

=(a+b))c+d).

and 12+w1</El+ (w) (triangle inequality).

ppf):12+WP =(z+w). (E +i)
=z.Et zi +w.I +w.ir

= 1z1 +2Re(EN) +IN)

= 1212 +2/z11w1 +1R

=(1El+ (WI)
2

this yields desired ineq



· Cauchy-Schwarz inequality.
If as..., an are complexnumbers, then

by..., bu

↳aidilElail". Elbik

In IRK, It.5) = (51. (w)
kr,wsl = S5, r>. (5,>

roof: let a.5 =D".

Note 0 = (a-y5 =(a-yb,a-yb)

=(a,a) - yxa,b) - y<b,a) +lyP<b,b)
ka,b>2

choose y= =(a,a) - 56)

=>0 =xa,a) - l- Kaids/" =(a,a)<b, b).


