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Directional Learning (DL): Selten and Stoecker (1986)
Reinforcement Learning (RL)
Belief Learning (BL)

EWA Learning: Camerer and Ho (ECMA 1999)
» Experience-Weighted Attraction — a Hybrid of RL and BL
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» Adjust behavior in response to previous outcome
» Selten and Stoecker (1986)
» Finitely Repeated Prisoner’'s Dilemma (PD) C D
» SPE: Always Defect

» Stylized Facts C |2 2]1]0 3
» Tacit Cooperation Until Close to End
» Want to Defect 15t (then Keep Defect)

» Decision: Which Round to Defect

D |13,0] (1,1




» Play N Supergames with a different opponent each time
Adjust next intended deviation period:

» If Deviated First: C D
May gain if deviated later

» If Deviated Later: C ||2,2]10 3
May gain if deviate early

» If Deviate in the Same Round: D [(3,0]]11

May gain if deviate 1 period earlier
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» n=3b subjects play 25 supergames (of 10-round PD)
» Play the same opponent within 10 rounds of PD, but

» Randomly rematch in between: selten-stoecker.dta
» Intended Deviation Period of each supergame: self

» self/other =
» self/other =
» self/other =

1-10 (period)
11 (later than opponent, but unobserved)

12 (never deviate)

» Deviate before/same/after their opponent
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» Predict difference in self with before/same/after
» d.self - Difference in self
» 1.before - Lagged before
» 1.same - Lagged same
» 1.after - Lagged after

» STATA Command:
xtset 1 t
regress d.self 1l.before l.same l.after, nocon

No constant term—
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. Xtset 1 ©

panel variable: i (strongly balanced)

time wvariable: t, 1 to 25
delta: 1 unit

. regress d.self 1.before l.same 1l.after, nocon

Source | S0 df MS Number of obs = 528
————————————— +-—— F( 3, 525) = 29.36
Model | 93.5635929 3 31.178643 Prob > F = 0.0000
Residual | 557.464071 525 1.06183633 R-squared = 0.1437
————————————— et Adj R-squared = 0.1388
Total | 651 528 1.23295455 Root MSE = 1.0305

Number of obs = 1000

Coef. Std. Err. t P>|t| [95% Conf. Intervall

|
- N 1P|ayers deviate 0.36 periods later if before |'

efore |
L1, | -0743666 4.90 0.000 2184906 .5106761

|

|

|

|

|

|

Players deviate
0.16 periods sane
earlier if same '

-.1626506 .0799788 -2.03 0.042 -.3197683 —-.0055329]

‘Players deviate 0.61 periods earlier if after ‘

-.6117647 .0790322 -7.74 0.000 -.767023 -.4565064

after
L1.




» Data: 100 pairs of 50 rounds --n

pursue_evade_sim.dta

» Payoft Table

R 0,0 2, -2

» Player 1 (Pursuer): L (left) or R (right)

» y1 = 0 if Pursuer choose L; y1 = 1 if Pursuer choose R
» Player 2 (Evader): L (left) or R (right)

» y2 = 0 if Evader choose L; y2 = 1 if Evader choose R



» Two Players: 1 = 1, 2

L R
» Rounds: .t: 1, 2,....7T = 50 1 1.1 00
» Two Actions: s =L, st =R

» Relabel as R 0,0 2,-2
» Actions j = 0 (L) and j = 1 (R)
» Strategy of Players i in round ¢ is s,(?)

» Strategy of Players — in round tis s ()
» Players 7's Payoff in round t is m; (s@-(t)j s_?;(t))



» Attraction to action j = 0, 1 after round ¢ is A7 (t)
» Initial Attractions to action j = 0, 1 is AZ(0)
» Normalize one of initial attractions to 0 for each player

» Choice Probability obtained by logistic transformation
exp |AAZ(t — )}

P! (t) =

exp [/\A{(t - Z_)} +exp [AA (t — 1)} » Irrelevant (1 = 0)
] » Important (A large)

»i—=1,2;:9=0,1;¢t=1, 2,....,T; A = Sensitivity to attractions



» Erev and Roth (1998)

» Update attractions in response to previous payoffs
» Choices "reinforced" only by previous payoffs

Al(t) = dA](t = 1) + I(si(t) = s]ra(s], 5-i(1)
»i=1,2:7=0,1t=1,2..T
» Recency parameter:

» = 0: Only most recent payoff is remembered
» @ — 1: All past payoffs have equal weight
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» Normalize Initial Attractions A7(0) =0, A3(0) =0
» Estimate Initial Attractions A9(0), A5(0), as well as

» Recency parameter ¢ and Sensitivity parameter /
» In STATA using Maximum Likelihood

» (See code in packa%eg
" |

program define reinforcement ‘Max |Ogl_ Wlth Q‘f), A,A?(O)q Ag(O)‘

* SPECIFY ARGUMENTS: NAMES OF MAXIMAND AND 4 PARAMETERA

args fjlogl phi lam A10_start A20_start

lquietly{




» Ng

replace A10=.
replace All=.
replace A20=.
replace A21=.

B EEstj* UPDATE ATTRACTIONS BY ADDING PAY-OFFS

» Rec

» In
» (S

(USING INITIAL ATTRACTIONS)

* ¥ *F ¥

S A Sl R R RS e

FROM CHOSEN STRATEGIES 1S

* Aij IS PLAYER i’s ATTRACTION TO STRATEGY j,
UPDATED BY ACTUAL PAYOFF IN CURRENT PERIOD,
FIRST GENERATE VALUES OF ATTRACTION VARIABLES

THEN GENERATE VALUES OF ATTRACTION VARIABLES IN SUBSEQUENT PERIODS

by i: replace ‘phi’*“Al10_start’+wx10 if _n==

by i: replace ‘phi’*0+wx11l if _n==1

by i: replace ‘phi’*“A20_start’+wx20 if _n==

by i: replace ‘phi’*0+wx21 if _n==

by i: replace ‘phi’*A11[_n-1]+wx11 if A11

by i: replace ‘phi’*A10[_n-1]+wx10 if A10

by i: replace ‘phi’*A21[_n-1]+wx21 if A21==
i: replace ‘phi’*A20[_n-1]1+wx20 if A20

IN PERIOD 1

Update Attractions with
payoffs of chosen actions




» Ng

* GENERATE PROBABILITY OF PLAYER i CHOOSING STRATEGY j
* USING _PREVIOUS_ PERIOD’S ATTRACTIONS

replace pll=. Compute choice probabilities with Attractions
replace p21=.

by i: replacel|pllifexp(‘lam’*0)/(exp(‘lam’*0)+exp(‘lam’*“A10_start’)) if _n==

4 EESt]by i: replace|p2ifexp(‘lam’*0)/(exp(‘lam’*0)+exp(‘lam’*‘A20_start’)) if _n==

» Rec

» In
> (S

by i: replacelplifexp(‘lam’*A11[_n-1])/(exp(‘lam’*A11[_n-1]1) ///
+exp(‘lam’*A10[_n-1])) if pli==.
by i: replaceexp(‘lam’*ﬁ?l [_n-1])/(exp(‘lam’*A21[_n-11) ///
+exp(‘lam’*A20[_n-1])) if p21==.

* GENERATE LOG-LIKELTHOOD CONTRIBUTION AS THE PRODUCT OF THE PROBABILITIES
* OF THE CHOICES OF THE TWO PLAYERS

lquietly replace ln( (pli*yl+(1-pl1)*(1-y1) ) *(p21*y2+(1-p21)*(1-y2)))

end Compute log-Likelihood




Read simulated data

se| "pursue_evade_sim.dta", |clear

* GENERATE AMOUNT EACH PLAYER _WOULD_ RECEIVE BY PLAYING EACH STRATEGY,
* _GIVEN_ THE STRATEGY CHOSEN BY THE OTHER PLAYER

» Nodl. x_ij IS PAYOFF PLAYER i (i=1,2) WOULD RECEIVE BY PLAYING STRATEGY j
.I*¥ j=0,1; O=LEFT; 1=RIGHT).
» Esti
gen intfxllq 2x(y2==1)+0%*(y2==0) . .
» Recfgen int|x10q 0x(y2==1)+1x(y2==0)| Compute payoffs of possible action
» In lgen int]x219 (-2)*(y1==1)+0%*(y1==0)
lgen int|x209 O0*(y1==1)+(-1)*(y1==0)

> (S¢

lgen

* GENERATE AMOUNT EACH PLAYER RECIEVES BY PLAYING THE STRATEGY THEY CHOOSE 3}
* ZERO FOR THE UNCHOSEN STRATEGY
* wx_1j IS AMOUNT RECEIEVED BY i CHOOSING j. wx_ij = 0 IF j NOT CHOSEN.

(y1)*x11
(1-y1)*x10

int
int

Compute weighted payoffs
with actual realization

gen

int

(y2)*x21

int (1-v2) *x20




gen double A10=.
) Nogen double Al1l=.

gen double A20=.

) ESt| gen double A21=. 1S

> ReCIgen double pli=.
gen double p21=.
» In

* SET STARTING VALUES: Set initial values
> (Se
mat| start=( 0.95,0.20,0.0,0.0)

*RUN ML

‘I\/Iaximum Likelihood Estimation

ml model 1f reinforcement /phi /lam /A10_start /A20_start

ml max, trace search(norescale)
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Number of obs = 5000
Wald chi2(Q) = .
Log likelihood = -6863.0929 Prob > chi2 = .
| Coef. Std. Err. Z P>|z]| [95%, Conf. Intervall]l
o T ______________ ‘ Recency ¢ far from 1: Forget past quickly, significant ‘
_cons | . 0845556 9.08 0.000 .601909 . 9333607‘
————————————— + — EE————— . e . . .
Lom | ‘SenS|t|V|ty A > 0: Attractions matter, S|gn|f|cant‘
cons | 0156976 6.98  0.000 0787895 -1403231]
;;_;;;;""T _____________ A?(O) > 0: Pursuers start at L, not significant
_cons | 1.457448 0.95 0.340 -1.466843 4.246247
N 1A3(0) < 0: Evaders start at R, significant |‘
_cons | 2.286308 -3.63 0.000 -12.79174 -3.829578
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» Cournot Learning: Attractions increase by action-
corresponding payoffs given opponent actions
» BR to opponent action in previous round

Al(t) =
yi— 1,270 1:¢t—1,2..T
» Normalize Initial Attractions A7(0) = 0, A3(0) =0

» Only need to estimate Initial Attractions AY(0), A9(0)and A
using Maximum Likelihood (Too simple?!)
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» Standard Fictitious Play: Attractions is action-
corresponding average payoffs
» Counting cards and BR to opponent actions from all rounds

» All Initial Attractions are zero: Ag(O) =0,9=0,1

Af(l) = T; (3-3?3_@-(1)),, Ai(?) = % [’m(sij s_@-(l)) + ’;fr@(s S_, (2))}

(s 5a(1) + il 54(2) + 75 54(3))|

| , |
, Aj(t) = %Z‘rzl W'i(sgﬁS—i(T))

Q| =



» Express Attractions based on Experience N(?)
» Observation Equivalents: Experience accumulated up to ¢

» Initial Experience is zero: N(0) = 0

» Iteratively define N(t) = N(t—1) + 1, t=1,...,T
» All Initial Attractions are zero: A7(0)=0, 7 = 0, 1
» Iteratively define (for j =0, 1; ¢t =1,...,T)

Al(t) = ﬁ {N(t —1)AJ(t—1) + m(sg,,si(t))}
» Special Case of N(t) = t is Standard Fictitious Play!
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» Another Special Case is Weighted Fictitious Play
» With Recency parameter ¢

» Initial Experience is zero: N(0) = 0

» Iteratively define N(t) = ¢oN(t—1)+1, t=1,---,T
» All Initial Attractions are zero: A7(0)=0, 7= 0, 1

» Iteratively define (for j =0, 1; ¢t =1,...,T)

PR S P

N (t
(t) » Weights are 1, ¢, ¢?, ¢3

Estimating Learning
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» Weighted Fictitious Play: Attractions is action-
corresponding average payoffs weighted by recency
(exponentially discounted)

» All Initial Attractions are zero: A7(0) =0,
Al(1) = mi(s],5-4(1),

| 1 ) -
A12) = —— [omils], 5-i(1) + il 5-4(2))
o+ 1
A?(S) — gbzﬂ_i(sgﬁ S—?(l)) + Oﬂ_z(sga 5—%(2)) + ﬂ_i(sga S—?(B))
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» In general, initial attractions and N(0) need not be zero
» Normalize Initial Attractions A7(0) =0, A3(0) =0
» And:

» Estimate Initial Attractions AY(0), A9(0), N(0) as well
as Recency parameter ¢ and Sensitivity parameter A
» In STATA using Maximum Likelihood (See code in package)

» Standard Fictitious Play if ¢ =1
» Cournot Learning if ¢ =0

Estimating Learning



program define belief

args(Logl phi lan A10 start 420 start N start ]
[Max logL with ¢, 4,49(0), A3(0), N(0)|lo

» In general,
» Normalize

lquietlyq{

replace A10=.

» And: i:}lﬁz: ALL-. Compute initial
» Estimate |rfreprace a21=. Attractions with

as Recencyfrertace n-. Compute Experience N(t) “ Experience and

) In STATA by i: replace| N5|‘phi’*‘N_start’+1 if _n== payOffS Of
by i: replace] N5 ‘phi’#N[_n-1]+1 if N==. chosen actions
» Standard F

by i: replacefA103(‘phi’*‘N_start’*‘A10_start’+x10)/N if _n==1

) COurnOt Lby i: replacefA113(‘phi’*‘N_start’*0+x11)/N if _n==
“by i: replacel A204(‘phi’*‘N_start’*‘A20_start’+x20)/N if _n==1

i: replace bhi’?*‘N_start’*0+x21)/N if _n==1

Estimating Learning



* Aij is the attraction, updated by payoff (either actual or hypothetical) in t

o
7
R R S

*pij

+

* to be used to determine choice probs in t+1

: replaceA1194(‘phi’*N[_n-1]*A11[_n-1]+x11)/N if All==.

replace plil=.
replace p21=. ‘Compute choice probabilities from Attractions

by i: replacefpliqexp(‘lam’*0)/(exp(‘lam’*0)+exp(‘lam’*‘A10_start’)) if _n==1
by i: replacelp2liexp(‘lam’*0)/(exp(‘lam’*0)+exp(‘lam’*“A20_start’)) if _n==1
by i: replacelplljexp(‘lam’*A11[_n-1])/(exp(‘lam’*A11[_n-1]) ///
+exp(‘lam’*A10[_n-1])) if pilil==.

by 1:
+exp(‘lam’*A20[_n-1])) if p21==.

replace 111( (p11%y1+(1-p11)*(1-y1))* (p21*y2+(1-p21) * (1-y2)))

Update Attractions

. replace|A104(‘phi’*N[_n-11*A10[_n-11+x10)/N if A1o==.|with Experience
: replaceA2194(‘phi’*N[_n-1]*A21[_n-1]+x21)/N if A21==.
. replace|A209(‘phi’*N[_n-11*A20[_n-11+x20)/N if A20==. and Pa}/OffS of

chosen actions

are the probabilities player i choosing strategy j

replaceexp( ‘lam’*A21[_n-1])/(exp(‘lam’*A21[_n-1]1) ///

Compute log-Likelihood




* LIKELTHOOD EVALUATION PROGRAM ENDS HERE

* READ DATA

gen intfx11
gen int x10
gen int |x21
gen int {x20

* INITIALIS

gen double
gen double
gen double
en double

2% (y2==1)+0x (y2==0)

ox(y2==1)+1x(y2==0)  |Compute payoffs of possible
(-2) * (y1==1)+0%* (y1==0)

Read simulated data

se ['pursue_evade_sim.dta'", |clear o)

GENERATE AMOUNT EACH PLAYER _WOULD_ RECEIVE BY PLAYING EACH STRATEGY
_GIVEN_ THE STRATEGY CHOSEN BY THE OTHER PLAYER

x_ij IS PAYOFF PLAYER i (i=1,2) RECEIVES BY PLAYING STRATEGY j
(j=0,1; O=LEFT; 1=RIGHT).

ox(y1==1)+(-1)*(y1==0) |acCtion given opponent strategy

E OTHER VARIABLES

A10=.
All=.
A20=.
A21=.




gen double N=.

»in g be zero
gen double wxll=.

) NO gen double wx10=.
gen double wx21=.

» Angdeen double wx20=.

1ygen double plil=.
g EStI gen double p21=. dS We”
dS R* startmne varues: | D€t Initial values ter /
b In ! nackage)

» Stan,.omme ‘I\/Iaximum Likelihood Estimation ‘

4 (:()Llul model 1f belief /phi /lambda /A10_start /A20_start /N_star
ml init start, copy
m]l max, trace search(norescale)

LOLITIIdLINE LCTAlTng



Log likelihood = -6808.3011 Prob > chi2 = . |
‘Recency ¢ away from 0 and 1: Neither Cournot nor standard fictitious play ‘
| Coef. Std. Err. z P>|z]| [95% Conf. Interval]
_____________ A ——
phi |
cons | .0188062 50.68 0.000 .9162856 . 9900046
————————————— e e e ——— . . . . . . "Wall
] ambda | |Sen5|t|V|ty A > 0: Attractions matter, significant \
_cons | .0355367  11.95  0.000 .3549833  .4942846|
_____________ e s i T i s U . . =
10 start |A1(O) > 0: Pursuers start at L, significant r
_cons | . 4686631 3.59 _ 0.000 7656939 2.602819|
_____________ P ————— 0 - E d - - (- -
. Evaders start at R, significant r
A20_start | |A2(0) <0 518
_cons | 7702032  -5.52 0.000  -5.764845 -2.745704
------------- +"-"""""| Start with 0.5 observation equivalents of experience‘
N_start |
cons | .1498293 3.16  0.002 1787348  .7660549




» EWA = Experience-Weighted + Attraction
» Has both Experience N(t) and Attractions A7(t)

» Experience N(t) accumulated as Observation Equivalents
» Initial Experience estimated: N(0)
» lteratively define N(¢t) = pN({t—-1)+1,t=1,---,T

» Past Experience Depreciation Rate is p < 1
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» Initial Attractions estimated: A7(0), j = 0, 1

» Attractions to different actions iteratively define
ON(t = DAL= 1) + |0+ (1= )1, (_ s |mils],5-(t)

Aj(t) = N (t)
IN(t— 1A (t— 1)+ 1-m(s7, 5 -
_ ()N(t 1)14% (t 1) + 1 ﬁg(szjs—%(t)) if S',:-; chosen
N (t)
1\ Ad ) g .
_ONGE-DAE— 1) +0-mi(s;,5-i(E) .o
N(t)

» RL (6 =0) vs. BL (6 = 1) (fory=0,1;t=1,...,T)



» Choice Probability obtained by logistic transformation
exp |AAZ(t — 1)}
exp [/\A{ (t — )] + exp [)\Af)(t — 1)}
»ie=1,2;9=0,1;t=1, 2,....'T
» A = Sensitivity to attractions

» Irrelevant (1 = 0)
» Important (A large)

Estimating Learning

Pl (t) =




» Experience N(1)-weighted Attractions A7 (t) model
generates choice probabilities P; (t)

» Estimate 7 parameters: p, §, ¢, X, A7(0), A5(0), N(0)

» & distinguishes RL: (6 = 0) from BL (§ = 1):

1. BL:o=1;p=0¢

S ) =y

» Note that A7(0), A3(0) not identified if Ny = 0
» Also, RL does not have depreciation p

Estimating Learning




» Simulate EWA model with: p = 0.97,0 = 0.60, ¢ = 0.94,
A = 0.80, AY(0) = 1.0, A9(0) = —2.0, N(0) = 1.0

» Simulate round 1 choices and resulting attractions and

loop over round 2-50 with forvalues to compute:
Choice probability p11, p21 from previous attractions
Actual choices from probabilities
Payoffs for each possible action
Payoffs weighted by actual realizations

A A

Attractions (for next round’s choice probability)

Estimating Learning



* SIMULATION OF EWA MODEL
n=100 subject pairs, T=50 rounds.
PLAYER 1 = PURSUER; PLAYER 2= EVADER
= LEFT; 1 = RIGHT

*/ * GENERATE PAIR NUMBER (i), PERIOD NUMBER (t), AND DECLARE PANEL:
> S .

clear egen int i=seq(), f(1) b(50) 50 pa”’S

drop _all egen int t=seq(), f£(1) t(50) .

set obs 5000 [tsset ] 50 perlods

) Sirset seed 56734512
set more off

* SET TRUE PARAMETER VALUES:

en double ul=runiform()
rho=0.97 en double u2=runiform()

delta=0.60
phi=0.94
lam=0.80

A10_start=1.0
A20_start=-2.0
N_start=1.0

* GENERATE PAIR NUMBER (i), PERIOD NUMBER (t), AND DECLARE PANEL:




by 1: generate double
by i: generate double

Period 1 probabilities

plifexp(lam*0) / (exp(lam*0)+exp(lam*A10_start)) if _n==
p2lfexp(lam*0) / (exp(lam*0)+exp(lam*A20_start)) if _n==

D> S;* GENERATE PERIOD-1 CHOICES OF PLAYERS 1 AND 2 (USING RANDOM UNIFORMS) :

by i: gen intjylful<p
by 1: gen int]y2fu2<pZ2l if _n==1

* GENERATE PERIOD-1 PAY-OFFS: Period 1 payoffs

by 1: generate double
by 1: generate double
by i1i: generate double
by i: generate double

i: generate double
by i: generate double
i: generate double

bz i: 5enerate double

11 if —“==1‘Period 1 choices

x11% 2% (y2==1)+0*(y2==0) if _n==1
x10% 0*(y2==1)+1%(y2==0) if _n==1
x21% (-2)*(y1==1)+0*(y1==0) if _n==
x20% O0*(y1==1)+(-1)*(y1==0) if _n==1

* GENERATE PERIOD-1 WEIGHTED PAY—UFII Period 1 We|ghted payoffs

wxllg (delta+(1l-delta)*(yl==1))+*x11 if _n==1
(delta+(1-delta)*(y1==0))*x10 if _n==
(delta+(1-delta)*(y2==1))*x21 if _n==1
(delta+(1-delta)*(y2==0))*x20 if _n==

I_DLIIIICILIlls LCal Illlls



Period 1 weighted payoffs

by i: generate double|wxllg (delta+(l-delta)*(yl==1))*x11 if _n==1
) E;by i: generate doublewx109 (deltat+(l-delta)*(y1==0))*x10 if _n== !943
by i: generate double |wx219 (delta+(1l-delta)*(y2==1))+*x21 if _n==1
by i: generate doublewx205 (deltat+(l-delta)*(y2==0))*x20 if _n== :[JD
} Slr* GENERATE EXPERIENCE VARIABLE, N(t), STARTING WITH PERIOD 1: ||S and

by 1: replace

1
2

by i: generatelAll
3. [by i: generate|A10
by i: generatejA2l
4. by i: generate|A20
5

|9uietly{

rho*N

-1]+1 if N==.

* GENERATE PERIOD-1 ATTRACTIONS:

|0be 1: Seneratoublerho*N_startH if _n==1 ‘Period ]_ experience‘
N _n

|15

(phi*N_start*0+wx11) /N if _n==1

Period 1 attractions ‘

(phi*N_start*A10_start+wx10)/N if _n==
(phi*N_start*0+wx21) /N if _n==
(phi*N_start*A20_start+wx20) /N if _n==

Estimating Learning



» S

» Sir

loG

A A

quietly

* LOOP OVER PERIODS STARTS HERE

t = 2150 { |Loop over t = 2-50

if (_n==°‘t’)

if (_n==°t’) - it
‘Perlod t probabllltles\
* GENERATE y1 AND y2 (CHOICES OF PLAYERS 1 AND 2) USING RANDOM UNIFORMS:

by i: replace]y240 if (_n==‘t’) ‘Pe”Od t ChOICGS ‘

* GENERATE pl11 AND p21 (PROBABILITIES OF PLAYERS 1 and 2 CHOOSING STRATEGY 1):
by i: replace |plljexp(lam*A11[_n-1])/(exp(lam*A11[_n-1])+exp(lam*A10[_n-11)) ///

by i: replace |p21lqexp(lam*A21[_n-1])/(exp(lam*A21[_n-1])+exp(lam*A20[_n-11)) ///

Estimating Learning



* GENERATE xij (PAY-0OFF PLAYER i WOULD HAVE RECEIVED WITH STRATEGY j

: replace| x11F 2% (y2==1)+0*(y2==0) if (_n==‘t’)
: replace| x10F O*(y2==1)+1*(y2==0) if (_n==t’) Period + payoffs
: replace| x21F# (-2)*(y1==1)+0*(y1==0) if (_n==‘t’)
: replace| x20f Ox(yl==1)+(-1)*(y1==0) if (_n==‘t’)

S e

TS T SIS

* GENERATE wxij (PAY-OFFS WEIGHTED BY DELTA PARAMETER) :

Period t
. [by i: (delta+(1-delta)*(y1==1))*x11 if (_n==°t’) ]
} S”b}r i (delta+(1-delta)*(y1==0))*x10 if (_n==°t’) Welghted
by 1i: (delta+(1-delta)*(y2==1))*x21 if (_n==°‘t’)
|0be i: (delta+(1-delta)*(y2==0))*x20 if (_n==‘t’) PaYOﬁCS

* GENERATE Aij (ATTRACTION, UPDATED BY PAY-OFFS IN t, TO BE USED
* TO DETERMINE CHOICE PROBABILITIES in t+1)

: replacef[A113(phi*N[_n-1]1*A11[_n-1]+wx11)/N if (_n==‘t?’) Period t
i: replace| A103(phi*N[_n-1]*A10[_n-1]+wx10)/N if (_n==‘t’) ‘
.: replace|A214(phi*N[_n-1]1*A21[_n-1]+wx21)/N if (_n==‘t>) |allractions
: replace]| A203(phi*N[_n-1]*A20[_n-1]+wx20)/N if (

c A w o=
o
<
He e B B

* END OF LOOP
Is




» Estimate the Full EWA Model, the Restricted Models of
RL and BL, and:
» Conduct LR Tests to see it EWA performs better
» Compare uncovered parameters with: p = 0.97, 6 = 0.60,
¢ = 0.94,\ = 0.80, AY(0) = 1.0, A9(0) = —2.0, N(0) = 1.0
» STATA Code
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rogram drop _all

program define ewa

) Es.args Ilnf rho delta phi lambda Al10_start A20_start N_start
RLtempvar

tempname
g (;quietly{
g C replace Al0=.

replace All=.
queplace A20=.
» S

replace A21=.

* GENERATE EXPERIENCE VARIABLE, N(t), STARTING WITH PERIOD 1

L
-

| Models of

replace N=,.

nerience N(t)

by i: replac‘rho’*‘Nstart’+1 if _n==1 Generate Fx
N

by i: replace ‘rho’*N[_n-1]+1 if N==.

I* GENERATE wxij (PAY-OFFS WEIGHTED BY DELTA PARAMETER) :




* GENERATE wxij (PAY-OFFS WEIGHTED BY DELTA PARAMETER) :

(‘delta’+(1-‘delta’)*(y1))*x11 Generate

replace
replace (‘delta’+(1-‘delta’)*(1-y1))*x10 .
replace (‘delta’+(1-‘delta’)*(y2))*x21 Welghted
replace (‘delta’+(1-‘delta’)*(1-y2))*x20 | Pgyoffs

» Es Y

* GENERATE PERIOD-1 ATTRACTIONS:

RL

by i: replace] A10F(‘phi’*‘N_start’*‘A10_start’+wx10)/N if _n==
) (:by i: replace] A11§(‘phi’*‘N_start’*0+wx11)/N if _n==

by i: replace] A20§(‘phi’*‘N_start’*‘A20_start’+wx20)/N if _n==
) (:by i: replacel A21F(‘phi’*‘N_start’*0+wx21)/N if _n==

x GENERATE ATTRACTIONS FOR t>1: Generate Attractions
4 S; y i: replace] A113(‘phi’*N[_n-1]*A11[_n-1]+wx11)/N if All==.

by i: replacef] A10§(‘phi’*N[_n-1]*A10[_n-1]+wx10)/N if A10==.

by i: replace] A21F(‘phi’*N[_n-1]*A21[_n-1]+wx21)/N if A21==.

by i: replacel A20F§(‘phi’*N[_n-1]*A20[_n-1]+wx20)/N if A20==.

* GENERATE p11 AND p21 (PROBABILITIES OF PLAYERS 1 and 2 CHOOSING STRATEGY 1):

replace(pii=.) Generate Choice Probabilities




» Es
RL
» C
» C

by i: replace| plifexp(‘lambda’*0)/(exp(‘lambda’*0) ///

by i: replace| p2l¥exp(‘lambda’*0)/(exp(‘lambda’*0) ///

+exp(‘lambda’*‘A10_start’)) if _n== Generate ChOice
+exp(‘lambda’*‘A20_start’)) if _n== PrObab|||t|eS

by 1i: replaceexp (‘lambda’*A11[_n-1])/(exp(‘lambda’*A11[_n-11) ///
+exp(‘lambda’*A10[_n-1])) if pli==.
by i: replaceexp (‘lambda’*A21[_n-1])/(exp(‘lambda’*A21[_n-11) ///
+exp(‘lambda’*A20[_n-1])) if p21==.

* GENERATE LOG-LIKELIHOOD

greplace 111( (pl1ixyl1+(1-p11)*(1-y1)) *(p21*xy2+(1-p21) *(1-y2)))
)

- ‘Generate log-Likelihood

* LIKELTHOOD EVALUATION PROGRAM ENDS HERE

* READ DATA

[.0

"pursue_evade_sim.dta"




* GENERATE PAY-0OFFS (xij) THAT PLAYER i WOULD RECIEVE FROM CHOOSING STRATEGY j

en int|x11F 2*(y2==1)+0*(y2==0) -
en intx10F O*(y2==1)+1*(y2==0) Perl()d 1 payOffS

en int|x21F (-2)*(yl==1)+0*(y1==0) f
en int|x20F 0 (yi1==1)+(-1)*(y1==0) SO

* INITIALISE VARIOUS VARIABLES USED WITHIN PROGRAM:

en double A10=.
en double Al1l=.
en double A20=.

en double A21=. - — Set initial values =
en double N=.

en double wxll=,

on double wxio= [FRUNNING ML: FULL EwA MoDEL | NMaximum Likelihood Estimation

en double wx21=. .
en double wx20=gnl model 1f ewa /rho /delta /phi /lambda /A10_start /A20_start /N_star

1 init start, copy
1 max, trace search(norescale)

en double plil=.
en double p21=.




[delta] _b[_cons]=0.0
constraint [rho] _b[_cons]=0.0

constraint 1
2

constraint 3 [deltal_b[_cons]=1
4
5

Constraints
of RL and BL

constraint [rhol] _bl[_cons]=[phi] _b[_cons]
onstraint [N_start] _b[_cons]=1

* ESTIMATE RL AS RESTRICTED VERSION OF EWA:

1 init start, copy )
1 max, trace search(norescale) ‘EStImate RI_ ‘

est store rl

‘El model 1f ewa /rho /delta /phi /lambda /A10_start /A20_start /N_start, |constraints(l 2 5

* ESTIMATE BL AS RESTRICTED VERSION OF EWA: ‘Estimate BI_ ‘

1 model 1f ewa /rho /delta /phi /lambda /A10_start /A20_start /N_start, |constraints(3 4)
1 init start, copy * LR TEo1o FOUR RL AND BL AS RESTRICTIONS OF EWA:

1 max, trace search(norescale)

lrtest ewa rl ‘LR tests ‘

SIS
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Number of obs = 5000
Wald chi2(0) = .
-6800.9162 Prob > chi2 =

Log likelihood

Coef. Std. Err. Z P>|z| [95%, Conf. Intervall

.8208911 .1502486 5.46 0.000 . 5264092 1.115371



Coef. Std. Err. Z P>|z| [95), Conf. Intervall]

.9834178 .0191123 51.45 0.000 . 94595685 1.020877

b = 0.04]

|
+
|
|
+
|
|
=
|
_ | . : .
_____________ +________________________________________________ R —
lambda | II/‘: — 080]
|
+
|
I
+
|
|
+
|
|

.8208911 .1502486 5.46 0.000 . 5264092 1.115373

.9261403 . 2732887 3.39 0.001 .3905043 1.461776|| All Cls

@(0)2—2.01 contain
-2.108425] .5609236  -3.76 0.000  -3.207816  -1.009035| trye

_cons

_cons

IN(O) — 1.0[ value!
. 8843406 . 3065987 2.88 0.004 .2834182 1.48526%




Cl is reasonably

|

+

| : :

| .0191123  51.45  0.000 .9a59585 | Precise given obs

+ : - m—

| ‘Welght on Foregone Payoffsl P =0.60]

| 1124522 Z.81  0.000 13204393  .761243

+ | |

| Both actual (RL) and foregone (BL) payoffs important

| 42703441 5—=0.54: Foregone payoffs slightly more important

+

| .1502486 5.46  0.000 .5264092  1.11537

+ —eee———— __ _ _ _ S
A10_start | E(O) — 10)r

_cons | . 2732887 3.39 0.001 .3905043 1.461776|| All Cls
————————————— - _
A20_start | (0) — —20 contain
_cons | .5609236  -3.76 0.000  -3.207815 -1.00903§/| trye

_____________ +_____________________________________________ ——
N_start | W(O) - 1q value!

E _cons . 8843406 . 3065987 2.88 0.004 .2834182 1. 48526M




Number of obs = 5000
Wald chi2(Q) = .
Log likelihood = -6863.0929 Prob > chi2 = .
| Coef. Std. Err. Z P>|z]| [95%, Conf. Intervall]l
o T ______________ ‘ Recency ¢ far from 1: Forget past quickly, significant ‘
_cons | . 0845556 9.08 0.000 .601909 .9333607‘
————————————— + — EE————— . e . . .
Lom | ‘SenS|t|V|ty A > 0: Attractions matter, S|gn|f|cant‘
cons | 0156976 6.98  0.000 0787895 -1403231]
;;_;;;;""T _____________ A?(O) > 0: Pursuers start at L, not significant
_cons | 1.457448 0.95 0.340 -1.466843 4.246247
;;;‘;;;;““’l’ """"""" Ag(()) < 0: Evaders start at R, significant [~
_cons | 2.286308  -3.63 0.000  -12.79174 -3.829578
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Log likelihood = -6808.3011 Prob > chi2 = . |
‘Recency ¢ away from 0 and 1: Neither Cournot nor standard fictitious play ‘
| Coef. Std. Err. z P>|z]| [95% Conf. Interval]
_____________ e s T T —— i —— — — ——————————————————
phi |
cons | .0188062 50.68 0.000 .9162856 . 9900046
————————————— e e e ——— " " . . " " ol
] ambda | |Sen5|t|V|ty A > 0: Attractions matter, significant \
_cons | .0355367  11.95  0.000 .3549833  .4942846)
_____________ gy ———— U ) . = (e -
10 stare ) A7(0) > 0: Pursuers start at L, significant
_cons | .4686631 3.59 _ 0.000 .7656939  2.602819)|
_____________ T ——— . E d - - [ __
. Evaders start at R, significant
A20_start | AZ(O) <0 318
_cons | 7702032  -5.52 0.000  -5.764845 -2.T45704
------------- +"-"""""| Start with 0.5 observation equivalents of experience‘
N_start |
cons | . 1498293 3.15  0.002 .1787348  .7660549



EWA  -6300.92
RL -6863.09 12434 3  0.0000
BL -6303.30 1476 2  0.0006

» Both RL and BL strongly rejected by LR test
Not surprising since we simulated EWA data with 6=0.6

» In between RL and BL (but slightly closer to BL)
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Std. Err. P>|z| [95% Con

Full EWA | *°%* RL

______ j [RL]

B;———————171- .9834178 Log likelihood = -6863.0929 |[Log likelihood = -6808.3011
_____________ I

Ilnltlal attractions exaggerated

dEta— 0. GO,L__mI Underestlmate recency \ _____ isgzlrtel\s/:ii;;ct)e?ittracuons

—001 1@ ch; =0. 94L_ﬂ_ Eﬁli_ 0.941i____?i???7
mm_a 050 1%? =30 80,|+____mff’??__ lmfao 801 o) omeo
@5{;{_ | o) 1400y = 1) Cezmeres) (450, = 1] Cmmaaer) _-ase
R O 100) = i) T
’EtSrt: 1_| .3065987 2.88 0.004 -5(1)3&1‘1:: 1. : 14962




» This presentation is based on
Section 18.1-18.5 of the textbook on Experimetrics,
» An extension of the mini-course taught by Peter G.

Moffatt (UEA) at National Taiwan University in
Spring 2019
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