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» Rule 1: Don't use more than 20 slides
» It takes on average 1 minute to go over 1 slide

» Rule 2: Don't use font sizes below 28
» Try looking at your slides from far behind
» Font sizes < 28 means:
You DON'T want people to see it

» Rule 3: This is a teaser-trailer of the movie
» Show the experiment + a snapshot of the results

» Write down a script and NOT memorize it

Mixed Strategy Equilibrium



Experiments Games with
Mixed Strategy Equilibrium

(REEIRYEER)

Joseph Tao-yi Wang (E3&—)
EE-BGT, Lecture 5

Mixed Strategy Equilibrium



» Zero-Sum Games (zqa=ss)
» Rock-Scissor-Paper (s17)&%E%)

» Sports (PK, tennis serves, basketball drives, etc.)
0 EEKEIRS. MERESIR. EEIRU ASNIREE

» Military attack (EsFamaEms s mE)

» Deter Undesired Behavior (mimizs/ AEsestnms)
» Searches of passengers after 9/11 (#p=iz. BRAMERL)
» Randomizing across exam questions (Z&hkatstizE)

» But, there are interesting folk theories about
these games... (Bra—raEn rEm )
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» How do you play Rock-paper-scissors (RPS)?
O B IRRGE ) RE, (REHAE?

» What is the MSE here? mnzmEnasmmesm? )
» Mix with probabilities (1/3, 1/3, 1/3) (==
» Would you really play this MSE in RPS?

» News article suggests a level-k model...
» (IRENEREDERBRG? FTENSARIKRNZERXNESEEEN R ?
MAEESEERIEAE)

» Janken/RPS Robot with 100% winning rate:

» vl: http://www.youtube.com/watch?v=3nxjjztQKtY
» v2: https://www.youtube.com/watch?v=7ZVNnoOcohal
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http://www.youtube.com/watch?v=3nxjjztQKtY
https://www.youtube.com/watch?v=ZVNnoOcohaU

» Typically have unique equilibrium (am—1)
» All games discussed have unique equilibrium

» Constant sum: No room for social preference

» Not possible to help others without hurting self
(REMA/AEHTEEEMTRE, RRENIA—EERES)

» Maximin leads to Nash in zero sum (s se)
» Maximin is a simple rule: (@sseEssn@@EER)
» "l want to maximize the worse case scenario..."
» A good place to test theory! zzmzmmmsins)
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» Rowena thinks: (3 F5843)
» Play H: If Colin wants to

SCXXW me, worse case = -1
H 1 -1 |» Play T: Worse case = -1

» (1/2, 1/2): Worse case 0*
(LEESEEHFERE, HRARSEY
T 1 1 | FREE, —%—%FH)RERE)

» Same for Colin (Fxm=arE)

*We assume preferences satisfy axioms This is the MSE!
for EU... (BRI RTHENARE) (EEBENHERNESHKEBEE! )
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» Epistemic Foundation (@asm: marmessnss)
» Requires precise knowledge of opponent strategy

N\

» Learning Dynamics may not work (az2arzes)
» Gradient processes spiral away (#E:&n 2RI E)
» No incentive to mix properly at MSE (s9&issalmizz)

» Randomization can be unnatural
» Especially in repeated play (=&mE, B ERASR)
» Purification (s BamfasmsR, Beses NEa) B1T)
» MSE can occur at population level, not individually
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» Earlier studies: Play between MSE & random

» But had computerized opponents and/or low

iIncentives, so hard to interpret the results...
(REREERERNRMSEREE2MN, EREHTEEKERESEHR)

» First "Modern" Studies: O'Neill (1987)

» Good Design Trick: (rem=smazstzs )

» Risk aversion plays no role when there are only

two possible outcomes
» (EEREGRE2EMEDEER, BNERLEAESEZHBRE)
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IR TR

» Actual frequencies are

» QRE better, but cannot

1 2 | 3 | J |MSEActual QRE

1 |-5] 5| 5 | -510.2]0221|0.213

2 5 | -5 5 |-510.2]0215(0.213

3 15| 5 |-5]|-5/|0.2/0203]0.213

J | -5|-5|-5| 5 |0.403620.360
MSE| 0.2 | 0.2 | 0.2 | 0.4
Actual 0.226]0.179(0.169(0.426 quite close to MSE
QRE |0.191]0.191/0.191/0.427| get "imbalances"
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» QRE - McKelvey and Palfrey (1995)
» Better response, not best response (=5, k8#)

» Logit payoff response function: (&miogitsm & Em#)
)\- Z P(s_i)ui(si,s_i)

S

e L —¢ -

P(SZ) — - T
A Z P(S—i)ui(skas—i)
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» A = 0: Noise (do not respond to payoffs)
(4443 B 9 2 )

» A = oo: Nash (perfectly respond to payoffs)
(R2RE)

A- SZ‘ P(s_;)ui(si,s—i)

e L —¢ -

P(SZ) — - T
A Z P(S—i)ui(skas—i)
Ye L=
Sk
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» Brown and Rosenthal (1990) criticize O'Neill:

» Overly support MSE (x8x%i5Ra %5198

» Aggregate tests not good enough (RE#meemER)
» They run (temporal dependence):

Jii1 =ag+ a1y + asJi_q (FES% 1% & B HAMERA M)
bo f+1 + let* + b2 t*—l
Clt]tJt* + CZJt—ljt*—l + €
Ji: = Own Choice; J; = Other’s Choice;

» MSE implies only a, is not zero (58: R%& « F20)
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Guessing by 8%

Previous opp. choices b, , b, 30%
Previous outcomes C; 5 Cy 38%
Previous choices & outcomes b;, by, ¢;, ¢, 44%
Previous own choices a; , Ay 48%

All effects 62%

Source: Table 3.4, BGT.
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» Run: 2 JJJJ 1 2 33 egxsm)
» Too Short runs: play J twice too rarely (st5:Em))

» Subjects react to what they see/do (#EsaRE)

» But most cannot use temporal dependence to guess
opponent current action
(B ZEZAHEHIHERAMEBERELERTE)
» Equilibrium-in-beliefs somewhat supported
» (BEZFBEILAVIE)
» Each player may deviate from MSE (8 A2aT8:RE)
» But these deviations cannot be detected (ank#maR)

Mixed Strategy Equilibrium



» Purification interpretation of MSE @wiaomse)
» Equilibrium in beliefs, not in mixtures (E&F%E)
» Other similar studies (iamiEmHR)
» Rapoport and Boebel (1992) [BGT, Table 3.5]
» Mookerjhee and Sopher (1997)

[BGT, Table 3.6-3.7]
» Tang (1996abc, 2001)
[BGT, Table 3.8]
» Binmore, Swierzbinski and Proulx (2001)
[BGT, Table 3.9]
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» Stylized Facts: (zmsEmnms)
1. Actual frequencies not far from MSE
(BB sEE R ZaMSE)
2. Deviations small but significant
(ERMSEZEE/\VEifEt LREE)
3. Temporal dependence at individual level
(@ A\ B EEAMER )
» Can a theory explain these?
» (BOERULIRBREELEREERY)
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» Ask subjects generate random sequences (Eg5!)

» Sequences resemble the underlying statistical
process more closely than what short random
sequences actually do (zsmiarmEwess rmw )
» Too balanced (x%#)

» Too few runs (@& AD)
» Longest run is too short (2ErESAR)

» Children do not learn this misconception until
after bth grade (w3 rrERozE:EERE)
» A learned mistake (E2—E®XLEMER)
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» Rapoport and Budescu (1992, 1994, 1997)

» Compare sequences from a production task to
strategies in a constant-sum game (R&B, 1992)
O LEREERESIFMENESEREPRVES
» Condition D: Matching pennies 150 times 1-by-1
» 150 NEXREBE
» Condition S: Give sequence of 150 plays at once
» —XRiG150EI5EBIBHIRE
» Condition R: Produce the outcome of tossing an
unbiased coin 150 times
» EEES|—FIIRISOXNAIFER
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» iid rejected for 40% (D), 65% (S), 80% (R)
of the subjects in the three conditions
» ZHEDBITA0%, 65% FIS0%RIDEE B iid F258
» Game play reduces deviations from randomness
BERNEITSREZa B LLBEE (R EREER)
» Are subjects better motivated?
» ERRASHEEEBNER,
» Or, are their working memory interfered and

randomize "memory-lessly"?
» EERAMFANKSEE(TIERE)SHTE, NER (Sea%,

Z7JEA] ?
Mixed Strategy Equilibrium



1|23 MSE
1] 2 |-1]-1 1/3
2 |-1]2]-1 1/3
3 |-1/-1] 2 1/3

MSE|1/3(1/3|1/3 » Rapoport and Budescu
(1994)
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Xy 73.1% ; 72.8%
XYX 23.7%
XyZ 29.7% 35.9%

yXZX 7.8%
XYXZ 9.9% 7.9%
XyZX 12.1%

Source: Table 3.10, BGT.
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» Subjects only remember last m elements

» Chose the (m+1)st to balance the number of

H and T choices in the last (m+1) flips

» ZEBREFREMOEG, BE(mtl)BEHRERFEEREE(m 1)
RPHIRAYRE (R m RNMBIERSIBAKNIEE)

» If m is small, alternate choices too frequently

» Experimental Data: (Should all be 0.5 if iid)
» P(H|H)=0.42, P(H|[HH)=0.32, P(H[HHH)=0.21
» Requires m=7 to generate this (Magic 77)
y EEBER: NRidNEERNZ05, BEEEn=TFEREERESR
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» Observe the randomization subjects want to play
» B AFIEREL B AE L 255 1 o 18 1% SR 2R il
» Bloomfield (1994), Ochs (1995b), Shachat (2002)

» Explicit Randomization: (f§
1. Allocate 100 choices to eit

38, B 5

ner strategies

2. Choices are shuffled and computer selects one
» FRHELI005RME EE, REMEBJIMERBEKERIT—RER. ..

» Deviations cannot be due to cognitive limit!
» MNRiRREEITE, MARRBAEEELAE!

» Result: Deviations from MSE small but significant
» About 10% purists (fEBEMSER/IMEREZ. 10% TEMEIA L)
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» Ex: Ochs (1995b) - Matching Pennies (zasm)
» Row player payoff of (H, H): 1 — 9 — 4 (&55 %)

» MSE: Column MSE changes; row is same...
» (THRHIMSES W& 311 = 8

» Allocate 10 plays of H or T (n&+mEzErrsR)
» Becomes a 10-play sequence (5% Tift+ReE5 ] )
» Note: Random draw without replacement

> This is not exactly randomization of MSE...
» 5 EEMEEHENANRE, AE2EBIMSE...

Mixed Strategy Equilibrium



» MSE:
H T R: (0.500, 0.500)
C: (0.500, 0.500)
H 1,0| |0,1| » Actual Frequency: (=msa=x)
R: (0.500, 0.500)
C: (0.480, 0.520)
» QRE:
R: (0.500, 0.500)
C: (0.500, 0.500)
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» MSE:
H LT R: (0.500, 0.500)
C: (0.100, 0.900)
H 9 0| |0 1| » Actual Frequency: (mmsa=)
R: (0.600, 0.400)
C: (0.300, 0.700)
» QRE:
R: (0.649, 0.351)
C: (0.254, 0.746)
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» MSE:
H 1 R: (0.500, 0.500)
C: (0.200, 0.800)
H 4,0| [0,1| » Actual Frequency: (smsax)
R: (0.540, 0.460)
C: (0.340, 0.660)
» QRE:
R: (0.619, 0.381)
C: (0.331, 0.669)

Mixed Strategy Equilibrium




» Rapoport and Almadoss (2000)
» Patent races games (sma=fEs)

» Two firms with endowment ¢ (MxmE, ZEHE)
» Invest 1, 2, ..., e (integer)
» Win rif invest the most

» Unique MSE: Invest e with prob. 1-¢/r,
invest others with prob. 1/ (not obvious)

Mixed Strategy Equilibrium



Investment

0

1T A W NN =

MSE
12.5%
12.5%
12.5%
12.5%
12.5%
37.5%

Actual
16.9%
11.6%

8.8%
11.8%

9.0%
41.8%

MSE
5.0%
5.0%
5.0%
5.0%
5.0%

75.0%
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» 3 Firm Hotelling: Collins and Sherstyuk (2000)
» 2-Firm: Brown-Kruse, Cronshaw & Schenk (1993)

» 4-Firm: Huck, Muller and Vreiend (2002)
» Location Games (3 Firm Hotelling Moa

» Three firms simultaneously choose [0,100
» Consumers go to nearest firm
» Profits proportional to units sold

el)

» Unique MSE: Randomize uniformly [25,75]

Mixed Strategy Equilibrium



Source: Figure 3.2, BGT; Based
Frequency on Colins and Sherstyuk (2000).
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» Walker and Wooders (2001)

» serve decisions (L or R) of tennis players in 10
Grand Slam matches

» Result:

» Win rates across two different directions are not
statistically different (p<0.10 for only 2/40)

» Players still exhibit some over-alteration in serve
choices through temporal dependence (p<0.10
for 8/40) [weaker than lab subjects]
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» Palacios-Huerta (2001): soccer penalty kicks
» Code both kicker and goalie’s choices
» No selection bias (look at all games)

» Win rates are equal; no serial dependence

» Not surprising since penalty kicks are few and
are often done by different players

» Recent: Huang, Hsu, and Tang (AER 2007)
» Chen-Ying Huang (here at NTU)

Mixed Strategy Equilibrium



» Take-home Message:

» Aggregate frequencies of play are close to
MSE but the deviations are statistically
significant.

» QRE seems to fit behaviors well.
» Temporal dependence frequently observed

Mixed Strategy Equilibrium
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» With explicit randomization, the existence of
purists hint on equilibrium in beliefs

» Players cannot guess what opponents are doing
» Beliefs about opponents are correct on average

» But, they may not be randomizing themselves

» Field-Lab-Theory: Ostling, Wang, Chou and

Camerer (2011), "Testing Game Theory in the
Field: Evidence from Swedish Poisson LUPI
Lottery Games," American Economic Journal:
Microeconomics, 3(3), 1-33.
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