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What Happens when NDCQ Fails?

e Critical Points where NDCQ Fails are also
candidates for the solution!

— Need to check those points (as well as FOC)

* Can we incorporate this into our Lagrangian
as well (just like binding/non-binding cases)?

— Yes! Add multiplier g to the objective function!
* Actually, there are other CQ's we can use
— NDCQ is only one of them...
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Theorem 19.10 (CQ: Equality Constraint
 Suppose f, h are C! functions on R”

~k

o ¥ = (x7,x5) solves
max {f(331;$2)‘h(3317332) — C}
* Form the Lagrangian (with multiplier g for f)
£ = pof(z1,x0)—p[h(z1, x3) — ]

* There exists fi* = (ug, u7) such that

a) (1o, 1) 7 (0,0)

b) u5 =0or1

c) FOC satisfied at (7], 5, 15, 17)
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Theorem 19.10 (CQ: Equality Constraint
L :f(xla r2)—p1lh(z1,x2) — C]

* There exists (i, 17) # (0,0) s.t. jug = 0 or 1]
. FOC satisfied at (z7, 23, ug, ui)
Oh
bt —0
8331 ‘aﬂfl X1, ZUQ — H1 855'1 (331, ZCQ)
oL oh

_ — ()
8.5132 ‘623’2 *1; 332) K1 8:52 (391, 332)
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Constraint
* max {f(z,y) = z|h(z,y) = 2° + y° = 0}

* Form Lagrangian |£ = ,uozv—,ul[a:g + yg — O]
* There exists (g, 1) # (0,0) s.t. ug =0 or 1

« FOC: (‘9[1
‘ 11 [327]

8_[: — —[2y] = 0 (No SO|I.Jti.On w/o
Oy multiplier 1 )
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Theorem 19.11 (Fritz John Theorem
* Suppose f, g,,..., g, are C! functions on R"

e Let & = (x7,---,x}) be a local maximizer of
max{f(xl, e ,:Un)‘gl(:cl, cee L X)) < by,
g1, ) < bk}
* Form the Lagrangian (with multiplier Ao for )
L ‘f Tq, )—=Ailg1(x1, - xpn) — b1
—"‘_/\k:gk(afl;"‘ 73;‘”) _bk:]
* There exists \* = ( T, -+, AL) such that
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Theorem 19.11 (Fritz John Theorem

d)91(ﬁ*)—51<0 L gk(T7) — b <0

)&3 =0 or 1 (If NDCQ holds, set P\ = 1!)
f) (A5, ALy, AL) # (0,0, ,0)
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Theorem 19.11 (Fritz John Theorem
* If NDCQ fails, row vectors linearly dependent:

09; dg;
Dqg, = Vg, = T ’ T x
g’L g’L (8331 ( ) axn ( )>
* So, for binding constraints, exists (a1, - ,ax,)
) ?g (0, . 7())
o) — ¥
o (T7) o (27)
a1 _|_ « o e _|_ ak:o — 6
o —x o e
agi (SC ) agxkf (:C )

Set (A\g, AT, -, ) = (0,a1, - ,ak,,0,---,0)!
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Generalized Example 18.9

max f(z,y) =y
st. (x+y—1)°<0
x>0,y >0
* Same as constraint x +y — I <0 I
* But does NDCQ hold at (z*,y") = (2 2)
» For g(z,y) = (z +y — I)°

09 _ —3(x+y—1)? Vg (é 9—(0,0)'

99 =3(x+y—1I)? o NDCQ fails!
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Fritz John Thm on Generalized Example 18.9
e [ @cy Mz 4+ y — I]° has FOC:

gﬁ—)\oy 3M<Om 8£—0
oL az'i
= \oT — —J° <0,y — =
ay oL 3 1 _an ay 0
0L oty TP > 0 e %) = 0

SV
* Hence, (2*,y") = (0,0
1 =0(= )y =1

S— N’
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Generalize Example 18.9
* Need to check (™, 9™, Ay, A7) = (0,0,0, A7)
— But this yields zero utility! Not Max!
e Or, (%, y", 25, A\]) = (", ] —27,1,0)
that solves max f(z,y) =2y = (I — x)
st.x+y—1=0

x>0,y >0
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Implicit Function Theorem (Th'm 15.7

e [y, F, : R™™ 5 Rlare C!functions

o Let(y",Z*) = (Y1, Ym,T1, "+ ,Tp) solve
Fiyi, s Ym, T1s ,2n) = O

Fon(Y1, s Ym, @1, @) = 0

O F1 (yﬁ*’f*) 0 F1 (T,f*)
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Implicit Function Theorem (Th'm 15.7

Then, exists C? functions y1 = fi(z1, -+ ,2n)

Ym = fm(xla tU 75677,)
defined on a ball B around Z* such that

Fl(fl(f)v 7fm(f)vf):07 yi(:fl(f*)
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Implicit Function Theorem (Th'm 15.7
8fk k) 8yk sk o\ .
( ) (y™,Z") is computed

e And — (v , &

8afh 8[Eh
by
Oy1 OF, .. OF —1 OF,
Oxp, 0y OYm oxp,
OYm 0F, _  OF, OF,,
axh 8y1 8ym alCh
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Theorem 19.12 (Alternative CQ's

* Suppose f, g,,..., g, are C! functions on R"

e Let & = (x7,---,x}) be a local maximizer of
maX{f(ajla S 7567’?,)‘91(5617 S axn) < bla

* Notation: Constraints g,,..., g, binds

gl(aﬁa"' 756;{1) — bla"' ;gkO(CCT;"' ax;ky,) — bko
* Constraints g, . ;,..., g, do not binds
Iro+1(2T, -+ ) < kg1, gr(al, -+ ay) < bp
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Theorem 19.12 (Alternative CQ's

* If constraints g,,..., g, satisfies one of these:

a) NDCQ: Jacobian matrix has maximum rank k

0 — o, —

Vg By (L) (@)

| Ogk | — Ogk | —

V ko 85610 (%) - 8567? (%) koxn
 Or, row vectors 5 5
9i , o« 9i , x
Dg; = Vg; = L)y x
i = Vo = (G2 g2 @)

are linearly independent
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Theorem 19.12 (Alternative CQ’'s

b) Karush-Kuhn-Tucker CQ: Forv € R” such that
Dg;(2*)(v) <0, Exists ¢ > 0 and a : [0,¢) = R"
1. o(0) =27 (C* curve)
2. a'(0) =17
3. gi(a(t)) <bj,t€0,€),i=1,---,k

c) Slater CQ: Exists a ball U about #* in R"™ such

that g,,..., gr, are convex functions on U and
there exists 7 ¢ {J so that each ¢;(2) < b;

d) Constraints g,,..., gy, are concave functions
e) Constraints g,,..., g, are linear functions
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Definition: Concave/Convex Functions

A set Uis a convex set if any line segment
between two points in the set is also in the set.

TyeU =179 = {tF+ (1 —t)glo <t <1}
* fis a concave function on UitVZ,y € U,t € |0, 1]
fZ+ (1 =)y > tf(Z)+ (1 —1t)f(7)
* gis a convex function on U if VZ,y € U,t € |0, 1]

g (6 + (1 - )P tg(@) + (1 - )g(@)
* A linear function h is both concave and convex
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