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Recall the Hessian from Section 17.3

* Suppose U € R"is an open set, F'(Z)is C”

OF
Let X satisfies 87(5) =0,i=1,---,n
(
e The Hessian at x = ¥ is
O°F (= 0? -
8:61-% (:U*) S azcng:cl (:C*)
DF (%) = . .
52 . 52 .
33315};71 (CIS*) o 83:% (SE*)
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Thm 17.2: Unconstrained Max. SOC
* Suppose U € R"is an open set, F'(Z)is C”

OF

o0x;

1. If the Hessian D% F(&*) is negative definite,
then £*is a strict local max of F

. If the Hessian D? F(z*) is positive definite,
then Z*is a strict local min of F

3. f D?F(Z*) is indefinite, then Z*is neither a
strict local max nor a local min of F

Let £ satisfies (¥) =0,2=1,-

Joseph Tao-yi Wang Second Order Conditions



Thm 19.7: One Equality Constraint SOC

* Let f h be C” functions on R?
* To maximize f on the constraint set
Ch = {(z,y)|h(Z) = ¢}
* Form the Lagrangian
L(Z, f) = f(Z) — plh(Z) — ]
* (z*,y*)is a local constrained max of fon C},

if:
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Thm 19.7: One Equality Constraint SOC
Exists &t such that (z*,y*, u*) satisfies:

1 0L oL oL . e
— =0, — =0, — =0at (", vy, |
5 Iy I (", 9", 1)
Oh Oh

2. det % gx{z’ gx@y >0at (z5,y", u")
oh 0L  OL
dy  Oxdy dy?
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Thm 19.6: Equality Constraints SOC
* Let f, h,,..., h, be C* functions on R"

* To maximize f on the constraint set
Cp=A{2Z:h(Z)=c1, - ,hi(Z) = cx}
* Form the Lagrangian
L(Z, @) = f(Z) — pa [P (Z) — e
— o — pi [ (Z) — ]
e s a strict local constrained max of fon C},

if:
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Thm 19.6: Equality Constraints SOC

1. ¥ € Oy,
2. EXiStS_E* — (H’Ta T 7Mk)SUCh that at(_) Jﬁ*)
ST e T

3. D? E(_’* ("), Hessian of £ w.r.t. ¥ at(ﬁ*,ﬁ*)
is negative definite on the linear constraint

set {U Dh( )’U = 0}
e If ¥#0 and Dh(a: )v =0
0 DL(Z, 1) v < 0

e How can we check condltlon 3.7
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Condition 3. of Thm 19.6

3. D2L(2*, [i*), Hessian of £ w.r.t. & at (", [i*)
is negative definite on the linear constraint
set {0 : Dh(z*)7 =0}

0 Dh(T*)
e Form H = L
orm (Dh(f*)T D2£(—>>x< —**))
* If the last (n-k) LPM of matrix H alternate
in sign, and (—1)" -det H >0
* Then Condition 3. of Thm 19.6 holds.
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Hessian for Thm 19.6: Equality Constraints

Ohq
8331

Ohq

0 836‘1

Ohy,

O 835‘1

Ohy, | 0L
8561
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Similar to Hessian

D

[ 0

0

2 [:__ —
(i2,%)  Ohy
8331
__Ohy
0Ty

* Multiplying each row ang

0

__Ohy
8331

Oh

Oz,

L ahl _ 8hl \
Oxq Oxy,
_Ohg .. _Ohg
8231 8$n
0°L o 0°L
858% 83318£Cn
0°L o 0°L
Ox10x, ox? )

each column by (-1)

does not change the determinant and LPMs!
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Thm 16.4: Definiteness of Quadratic Forms

e For Q(z*) = #TAZ restricted to B¥ = 0,
e Check the bordered matrix
0 B

7= (o 3)
= A (n+m) X (n+m)
* and its Leading Principal Minors (LPM)

* The k-th order LPM is the determinant of
the leading principal matrix A, , derived by
deleting last n-k rows and columns of a
matrix A
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Thm 16.4: Definiteness of Quadratic Forms

0 B
7= (o 3)
5 A (n+m) X (n+m)

1. If (=1)" -det H > 0 and the last n-m LPM

alternate in sign, then () is negative definite
(Z = 0 is a strict local max of F on B¥ = 0)

2. Ifdet H and its last n-m LPM all have same
sign as (—1)" then @ is positive definite
( = 0 is a strict local min of F on BT

=0)
3. If neither, then Q is indefinite on BZ = 0
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Thm 19.8: Add Inequality Constraints

e Let f, 9,,.... 9,,, hyy..., by be C? functions on R"

* To maximize fon the constraint set
Cgh_{x‘gl <bla 7gm(f)§bm7

hl()zclj...jhkf)zck}
* Form the Lagrangian E(a_:' X, i) =
F(Z) = Alg1(T) = b] = - -+ = A [gm () — O]

— p[h(Z) — ] = -+ = pglhi(Z) — ]
* ©*is a strict local constrained max of fon C,, 4, if:
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Thm 19.8: Add Inequality Constraints

1. Exists A" = (AT,- -, A5, " = (u, -+ )
+ such that at (&, \*, i*), gf@, 20‘ (i=1,...,n)
¢« \r>0, A [gj(*‘*)—bl_ =0 (j=1,...,k)

1 (%) = c1, -, ha(T7) = e
2. g = (gl, -, ge) binding (geﬂ, - not)

DiL(z* N*, %), Hessian of £ wrt @ at (2%, \*, i)
is negative definite on the linear constraint set

(7 : Dip(7*)0 = 0 and Dh(Z*)7 =0}

Joseph Tao-yi Wang Second Order Conditions



Condition 2. of Thm 19.8

2. G = (g1, ", ge) binding (9o goeeer G not)

DZL(Z*, \*, [i*), Hessian of £ wrt & at (Z N )
Is negative definite on the linear constraint set

(¥ : Dgp (@) = 0 and Dh(z*)v = 0}
l.e. ¥ # 0, D (27 =0, Dh(Z*)T =0
Ny [ 20(2*, N, **)] F<0
Bordered Hessian H and check if the last n-(e+k)

LPM of matrix H alternate in sign, and
(=)™ -det H >0
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Hessian for Thm 19.8: 4+ Inequality Constramt

8$18$n

0L
Ox?

)




