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Sequences Subsequences

= Definition: A sequence is a list of infinite
numbers written in a definite order:
A1,02,a3, " ,0p, """

= Notice that for every positive integer n there
is a corresponding number «,, and so a
sequence can be defined as a function

whose domain is the set of positive integers.

= Notation: The sequence {ai,az,as, - }is
also denoted by {a.}or {a,}72;.

= Given a sequence {a,, }, we say that {a,, }is
a subsequence of {a, } and denote it by
{an,} C{antifmi <ng<--- <mgp <nggr <---
i.e. {n; }is an increasing sequence of positive
integers.

* {ag, }are the even terms of {ax }.

= {azn+1} are the odd terms of {a,, } .

The Limit of a Sequence

= Definition: A sequence {a,} has the limit L
and we write lim a, = L or a, — L as

n — oo if we g;ﬁomake the terms a» as
close to L as we like by taking n sufficiently
large.

= If lim a, =L exists, we say the sequence
converges (or is convergent). Otherwise, we
say the sequence diverges (or is divergent).

The Limit of a Sequence

= Definition:

. llm an = L if for every € > Othere is a
correspondlng integer N such that if n > IV
then |a, — L| <€ .




The Limit of a Sequence

= Definition:
Jlim_a, = o© means that for every M > 0
there is an integer N such that if n > N then
an, > M .
= Theorem: If lim f(z) = Land f(n) = anfor

nenN, then llm W= L.

Example: Find B 7. and B =
xample: rin = , dn nl—{go%

Properties of Limits

= Limit Laws for Sequences:

= If{a,} and {b, } are convergent sequences
andc is a constant, then
Iim (a4 8y) = lim gzt lim by
n—od n—>o0 n—ro0

lim e¢a, =¢ lim a,

n—ro0 n—>00
lim (- bs) = Hnd @y - Lom by
n—oo n—oc n—oo

li .
lim (on) = oo fn Tim by, #0

n—oo bn limnﬁoo n

Properties of Limits

= Squeeze Theorem for Sequences:
w If a, <b, <cp, for n > ng and
lim a, = lim ¢, = L, then lim b,, = L.
n—od n—oo 7n—rCc0
n!

= Example: Find lim it

Properties of Limits
= Theorem: nan;o la,,| = 0if and only if,}B?,o an = 0.
= Theorem:

= If lim a, =L and the function fis continuous
at L then hm flan) = f(L).

= Example:
nlgl(’)lc 4t = (nlir%o a,)” if p>0 and a, > 0.

Properties of Limits

= Theorem:

= If a sequence {an } converges to the limit L,

then every subsequence {a,, }of {a,}
converges to L .

= Theorem:
= Given a sequence {ax}, if both {2 } and
{a2n+1}converge to L, then lim a, = L.
n—oo

Monotonic Sequence
Theorem

= Monotonic Sequence Theorem:

= Every bounded, monotonic sequence is
convergent.

= Definition: A sequence {ay, } is increasing if
an < @n+1 forall m > 1. {an} is decreasing
if &n > ant1 for all n > 1.{@x} is monotonic
if it is either increasing or decreasing.




Monotonic Sequence
Theorem

= Definition:

= A sequence {a, } is bounded above if there is
a number M such that a,, < M foralln > 1.
{a,}is bounded below if there is a number m
such that m < a,foralln > 1.

= If {a,} is bounded above and below, then it
is a bounded sequence.

Monotonic Sequence

Theorem

= The proof of Monotonic Sequence Theorem
is based on the Completeness Axiom for
the set of real numbers, which says that :

“If S is a nonempty set of real numbers that
has an upper bound M (x <M for all x in S),
then S has a least upper bound b.”
= Definition: pis the least upper bound of § if
= 1. b is an upper bound for S.
= 2. b < M for any other upper bound A .

Least Upper Bound

= Notations for least upper bound of S:
lau.b.SorsupsS .
= Properties of the least upper bound:

= If S has a least upper bound b, then bis
unique. Moreover, if a < b, then a is not an
upper bound for S and there is some z € S
such that a <z <b.

Remark

= Sometimes we formulate the completeness
axiom of real numbers as “ Nested Interval
Property”.

= Nested Interval Property:

= If [,, = [an,by], n € N, is a nested sequence
of closed bounded intervals (i.e. 1,,.; C I,
for alln > 1) then there is a real number &
suchthat¢ e I, forall n > 1(i.e. £ € N2, I,.).

Remark:

= At this point, we see that the properties of real
numbers serve as the foundation of Calculus.
Mathematicians like to focus on these
properties, and take the real numbers as
undefined objects satisfying certain axioms
from which all the other properties will be
derived.

= The axioms of real numbers fall into three
groups which are the field axioms, the order
axioms and the completeness axiom.

Remark:

= For further study about the axioms of real
numbers, you could read the first chapter of
any book about the advanced calculus. For
example,
Mathematical Analysis, Apostol, Addison
Wesley.




Series

= Definition: When we try to add the terms of
an infinite sequence, we get an expression
of the form a1 +az +az+---+ap+---
which is called an infinite series (or just a
series) and is denoted, by the symbol Yo
or > a,. n=1

= We first add up first n terms, and let s,,
denote the nth partial sum > 7, a;.

Series
= Definition:
= > ax is convergent if the sequence {s.}is
convergent. If lim s, = s we write
50 n—oo
> ey n = s and call s the sum of the
series.

= |f the sequence {s.} is divergent, then the
series is called divergent.

Series: Examples
» The geometric series. For a # 0, consider

atard+ar®+ ka4 = ar™1
1

n=

= |t is convergent if [r| < 1and its sum is

a
E ar” ! =
L—

n=1

Series: Examples

= The harmonic series:

o0

1 1 1 1 =
2 —14 -4 -4 =-4... isdivergent.
Zn +2—|—3+4L+

n=1

= Actually, we can show that Sy» > 1 + e :
or S, >In(n+1) forn > 1. 2

Properties of Series

= Theorem: If the series ZZO:I an is convergent,
then lim a, =0.
n—oQ

= The converse of the theorem is not true in
general! But we can derive the following test.

= Test for Divergence: Ifr}i_{rgo an doesn’t exist or
Jim an, # 0, then Y277, an is divergent.

Properties of Series

= Theorem: If >~ @» and Y_ b, are convergent
series, then 3" ¢ a,, (Where cis a constant),

> (an + b)), and > (a, — b,) are also
convergent. Moreover,
oo oo

E Cap =C E Ay,
n=il =1
oo}

Z(an:l:bn) = ianiibn
n=1 n=1

n=1




Summary

= What is an infinite sequence? What is the
limit of a sequence?

= Review properties of limits of sequences.
= State the Monotonic Sequence Theorem.

= State the Completeness Axiom for real
numbers.

= What is a series? What is its sum?

= Review the geometric series and the
harmonic series.




