Calculus 4 With Applications in Economics and Management — Quiz 2

Name
Student ID

Consider a consumer who enjoys three goods (z, v, z), and has the utility function u(zx,y, z) =
x subject to the constraints y > x and z > z. This utility function is define on z > 0, y > 0,
z > 0. We assume the consumer has income I to spend, and faces market price P,, P, and P,

for goods z, y, z, respectively. Assuming I, P,, P, P, > 0, consumer’s budget constraint is
Pox+ Py + Pz < I.

1. (1%) Write down the maximization problem for this consumer.
2. (2%) State the Kuhn-Tucker version Lagrangian. Is the corresponding NDCQ satisfied?
3. (2%) Write down the first order conditions for this problem.

4. (2%) What is the utility-maximizing (z*, y*, 2*) in terms of I, P,, P,, and P,?

Now suppose I = $22,000, P, = $100, P, = $200 and P, = $10.

5. (2%) How should income I be allocated among goods z, y and z to yield the largest possible
utility?

6. (2%) Use the Envelope Theorem to estimate the change in maximized utility if income 1
decreased by $1,000.

7. (2%) Compute the exact change in the previous question.

8. (2%) Use the Envelope Theorem to estimate the change in maximized utility if P, the
price of goods z, drops from $10 to $5.



Calculus 4 With Applications in Economics and Management — Quiz 2

Suggested Answers

1. (1%) Write down the maximization problem for this consumer.

(Sol.) max{f(x,y,z) = | x<vy,z<z, Pma:—l—Pyy—l—PzzSI,xZO,yZO,zZO}

2. (2%) State the Kuhn-Tucker version Lagrangian. Is the corresponding NDCQ satisfied?
(Sol.) L(z,y,2, M, 0, A3) = @ — A\i(x —y) — Ao — 2) — A\3(Ppwr + Py + Pz — 1)

Let ¢1(x,y,2) =2 — vy, g2(x,y,2) = — 2, g3(2,y, 2) = Pyx + P,y + P,z. Obviously, x =0
cannot obtain maximum f(x,y,z) = z since we can choose a zg > 0, yo > 0, zo > 0 such
that (zo, yo, z0) satisfies all the constraints (given I > 0) and f(x¢, yo, 20) = xo > 0. Hence,
if (x*,y*, z*) is the solution, z* > 0, and y* > 2* > 0, z* > z* > 0.

For NDCQ), we need to find the binding constraints {g¢;} at (z*,y*, z*) and check whether

its gradients {Vg;(z*,y*, z*)} are linearly independent. Here, if we can show that
Vo = (1,-1,0), Vgo = (1,0,-1), Vgs = (P,, P, P.),
are linearly independent, any subset of {ﬁgl, 692, ﬁgg} is linearly independent. In fact, if
aq [ﬁgl} + as [ﬁgg] + as [ﬁgg} =(0,0,0) = (a1 + a2 + asP,, —ay + asP,, —as + asP,),

then ay = a3P,, ay = a3P;,, and ay+ay+asP, = as(P,+P,+P,) = 0. P,, P, P, > 0 implies
a3 =0, and a; = a3P, =0, ay = asP, = 0, so {ﬁgl, 692, ﬁgg} are linearly independent.

3. (2%) Write down the first order conditions for this problem.

(Sol.) Forx >0,y >0,2>0, Ay >0, \y >0, \3 >0, FOC requires

g—izl—)\l—)\g—)\ngg(), x-g—gzO

%:Al—Agpygo, y~%=0

z—i:)\Q—)\gPZSO, z-g—f~20

g—i:z—xZO, )\Q-g—/\i:/\g(z—x):()
g—i:[—wa—Pyy—Pzzzo, Ag-g—i:)\g(I—Pxx—Pyy—Pzz):O



4. (2%) What is the utility-maximizing (z*, y*, 2*) in terms of I, P,, P,, and P,?

(Sol.) In the discussion of NDCQ), we obtained z*, y*, z* > 0, so g—f =0, g—g =0, g—f =0.
(a) Suppose z* < y*, then multiplier \; = 0, and by g—g = 0 we have A3 = 0 as well. Then,

by g—f = 0, we have Ay = 0. However, g—f = 0 cannot be satisfied if \{ = Ay = A3 = 0.

This is a contradiction, so the assumption z* < y* cannot be true. Thus, z* = y*.

(b) Similiarly, suppose 2* < z*. Then, multiplier Ay = 0, and by g—f = 0 we have A\3 =0

as well. Then, by ?9_5 = 0, we have \; = 0. However, 9L — () cannot be satisfied if

oz
/\1 = )\2 = )\3 = 0. r_FhU_S7 Tt = z*.

(c) Since z* = y* = z* > 0, from % =0, 88—5 =0 and g—f = 0 we conclude that \; = \3P,

Y
)\2 :)\3Pz7 and 1 :/\1+)\2+)\3Px:)\3(Py+Pz+Px) Hence,
1 P, ) P, oL

M=——"7——>0, N|=—4—7—— N=—-——"— d — =0.
S Sy Sy R R ) I R A Ry )
1
ThllS, we have x*:y*:z*:m

Now suppose I = $22,000, P, = $100, P, = $200 and P, = $10.

5. (2%) How should income I be allocated among goods z, y and z to yield the largest possible
utility?

I 22,000
(Sol.) " =y* =2" = PP, P, = 3’10 ~ 70.97, so among income I = $22, 000,

P.I 2,200, 000

P.x* = P+ P+ P = 310 ~ $7,097 should be allocated goods z,
P,I 4,400, 000

Py = BT ;y o d 316 ~ $14, 194 should be allocated goods y, and
P.I 220,

Pz _ 220,000 ~ $709.7 should be allocated goods z.

T P+P,+P. 310

6. (2%) Use the Envelope Theorem to estimate the change in maximized utility if income 1
decreased by $1,000.

d oL
(Sol.) The Envelope Theorem states a7 [f(z*(D),y"(]),z"(1),1)] = i A;. Hence, for
1 1 —1000
)\§ = m = ﬁ’ the Change in maximal utlhty is )\§ AT = 310 ~ —3.2258.
7. (2%) Compute the exact change in the previous question.
N I 21,000
(Sol.) If income I = $21,000, then =™ = y*™* = 2™ = — ~ 67.74.

T P,+P,+P. 310
21,000 22,000 —100
Thus, (2™ —2*) = 3’10 - 3’10 =5 ~ —3.2258 is the exact change in maximal

utility. Note that this answer is exactly the same as the previous answer obtained by the

Envelope Theorem since income enters the Lagrangian linearly.
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8. (2%) Use the Envelope Theorem to estimate the change in maximized utility if P,, the
price of goods z, drops from $10 to $5.

oL
(Sol.) The Envelope Theorem states 7P [f(*(P.),y"(P,),z"(P,), P,)] = 3P = —A3z".
1 1 I 22,000
H for Nf =2 ——— — d z*¥ = = ’ the ch i
ence, for A} PP+ P 310 and z PP, TP a1g 0 the change in
1,100

1 22,000

— —5) = ~ 1.1446.
310 310 (=5) 312

maximal utility is —A\32" - AP, = —



