R05323052 R4 #H

Reading Introduction
Estimating Counterfactual Treatment Effects to Assess External Validity

a. What is the question (of the paper)?

This paper deals with the quantile counterfactual treatment effect (QCTE) to evaluate
potential treatment heterogeneity among individuals with some presumptions. Besides, it
also discusses how to correctly choose a multiple bootstrap to build up the QCTE estimator
and its uniform confidence interval.

b. Why should we care about it?

Most of the literature about program assessment attach importance to intrinsic validity
instead of the extrinsic one. Since only little discussion on forecasting the treatment effects
from one case to another, the paper tries to bridge the gap by testing the quantile treatment
effect in the counterfactual case. To be more precise, it relaxes the randomized experiment
requirement and extends the analysis to a unified method for QCTE. Additionally, compared
with the previous approaches in literature review, it also generalizes the asymptotic analysis,
employs the multiplier bootstrap, accounts for the treated environment, and puts forward a
diverse and feasibly monotonizing means.

Real Word Example:

Statistics fails to explain casual inference, especially when evaluated with inaccurate
substantial knowledge. In such cases, we need both priori and ex-post characteristics about
the external treatment effects in various situations. For instance, we may care about a
reported traumatic event, say, a severe earthquake, at the baseline assessment as a
potential risk factor for incident depression during the follow-up period. Then, we may
evaluate the effect of an index treatment (eg. getting comfort from a psychiatrist) in
comparison of another treatment (eg. without comfort from others) on an outcome that can
be binary or quantitative (eg. the measured level of incident depression psychologically). For
every individual, the result can be observed only under one instead of both conditions whose
result is counterfactual. Counterfactual effect is common since one can only be assigned to
one environment at any fixed time. Thus, it is of importance to precisely estimate
counterfactual treatment effects in order to evaluate external validity.

c. What is your (or the author’s) answer?

(1) Job Corps is effective for individuals from 40" to 85" quantiles, but not for those below
40t quantile.

(2) The strong economic performance may be a reason for the ineffectiveness of Job Corps
at the low quantile while the Job Corps performs better than the counterfactual program.

(3) The skill hypothesis remains insignificant at the lower tail. Probably the low cognitive and
non-cognitive skills result in the ineffective of Job Corps.

d. How did you (or the author) get there?

To begin with, the authors focuses on the model framework, the parameters of interest, and
the identification strategy including unconfoundedness and invariance of conditional
distributions. After that, they introduce the estimation process with regular conditions as well
as the essential asymptotic traits for the robustness of the multiplier bootstrap, followed by
the establishment of uniform confidence bands with implementation process. Then, the main
case (i.e. average counterfactual treatment effect, or abbreviated as ACTE) and treated
cases are discussed, after which they illustrate the simulation along with the empirical
research to draw the main conclusions.
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Figure 1: Model Framework

Yo=my(X,eq), d=0,1 (2.1)
Y, : the corresponding potential outcomes for d, where d={0,1} is a binary treatment
indicator, where the observed outcome is denoted as Y = DY + (1 — D)Yy
X = (X1,...,X¢) : a k-dimension vector of pre-treatment covariates
£d : the unobserved error known as individual heterogeneity
M4 : the unknown function (i.e. a decision rule) determines Y, given X and £d
Y =mqy(X*,eq), d=0,1 (2.2)
Y, : the counterfactual potential outcome determined by the unknown decision rule
X* : the observed counterfactual characteristics, where X° = m(X) for some unknown
function 7
ACTE:A* =E(Y7) —E(Yy) (2.3)
QCTE:A™(T) = Qv (1) — Qu (7) (2 4)

where de( = inf{y € V@ Fy;(y) 2 7} with V peing the support of Y and Fy;(y) the
distribution function of Y .Qv; (7 )would be the ordinary inverse offv; (v) if Fv; () is contlnuous
and strictly increasing from 0 to 1.
ACTT&QCTTA: =E(T|D* =1) —E(Yy|D*=1) and Aj(7) = Qy;p+(T[1) — Qy;p-(7[1) (2.5)
D* € {0, 1}: the unknown counterfactual treatment assignment.
The propensity score for allz € X':p(z) =PB(D = 1|X =)

whereX and X" be the support of X and X* respectively.
Lemma 1: QCTE:

Af(T) = mf {f Fy\px(y|l,z) dFx~(x) > }— inf {/1 Fyvip.x(y|0,z) dFx~(z) > T}

yey

n*

1 o~ -
vi(y) = e Py, x (w1 X7)

The distribution function estimator given byF = (3.1)

where a random sample {(Y:, D;. X;)}-; and a random sample {X;}/Z: where the sample
size n and n*;

and v, x(y[+)is the Nadaraya-Waston estimator

m

S Y <y} D = d} Ko (X — z)
i=1

f‘:vd\x(mv’f) =

I Dl:d KT (.;Yifl'
;i{ }Kon ) (3.2)

1{-}: the indicator function
Ken(:) =h*Kg(-/h): a higher-order boundary kernel whose shape adapts when x is near
the boundary of ¥ with i = ., the bandwidth factor.
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Define functions @1, @2 and @ s.t. for any function g with sup,ecy 9(y) >0,

O — (o)) = —9) b= &1 0
@1(9)(5/)*“‘1&\{0 ;upyg(y)} $a2(g)(y) Dy S’ & =10

Definition of the modified version of (3.1):Fy; () = ¢(Fy;)(y)  (3.3)

wherev; (¥)is monotonically increasing and bounded between 0 and 1, yielding a proper
distribution functign estimgtor forFafE; (y).
QECT esiimator:A*(T) = Qy; (1) — Qs (7)

Where@}/*( =inf{ye V: Fy:(y) 2 T} (3.4)
Lemma 2: ‘F( () )):”T(')

where F(y) = (Fo(yn).ﬂ(yl))T is a 2-dimensional zero-mean Gaussian process with
covariance function U7 (y.y') =E[o" (y, X)o" (v, X)T|+E[o" (y. X )" (/. X*)T] | where
oF (3, X) = (e (90, X), 0 (31, X)) and ©F (y, X*) = (¢& (y0, X*), ¥ (31, X*)) " are given by

o, X) = {D=d} [1{Y <y} - F&zﬂx(le)] fxv()f')

p(X)3[1 — p(X))t ¢ fx(X)  (3.5)

ek (4, X*) = VA [Frx (41 X") - Fy; ()]
For d=0,1, and the convergence is in.

\/ﬁ(ﬁYg(y) — Fy; (y )is asymptotic linear in the following expression:
~ 1 o~ Y{D; =d} [1{Y; <y} — Fyx (0l X3)] fx-(Xs)
o (FY;( )~y ) \FZ p(X:)4[1 — p(X) ¢ fx(X:)

Z v [me(y])i v (y )} +0p(1)

HZQ([(UX \/—Zrdy)i +Op(l)

Letx+x* A=1and Z = (Y, D, X, X* ),the sum ofa; (y, X) and ¢4 (y, X*)would become:
- 1{D =d} [1{Y < y} — Fr,x(y|X)] i
Yy, 2) = Fy,x(1X) — Fy,(
Va (4, 2) P71 pO" + Fyyx (91X) — Fry(y)

Tht: Va (80 = 4%0)) = Q0)

where Q(7) is a Gaussian process with mean 0 and covariance function
¥(r) =E[o(r, X) o(1, X)T] + E[p(7, X*)o(1, X*)T] where
o(r, X) = — {Q 1 (Qy; (1), X) QO(QYD( )-XW
Rk :(Qy; (1) frg (Qyz (1)) (3.6)
o(r, X*) = — {w (@Y ( 7),X*) voF(Qy;(TLX*)}
fry (Q (T)) frg (Qup (7))

where ¢} (y,z) and ¢4 (y, ) are given in (3.5) and the convergence is in £>°([0.1]) .

Test an effect of the counterfactual program for the media: Ho : A7(7) =0 for 7= 0.5
~ = U T & S

Ordinary t_stat\l’ i) = ;gw,xz)g(m?) s ; o(r, X5)@(r, X3)
Functional hypothesis test for all individuals:

Ho:A*(t)=0 forTt€][0,1] or Hop: A*(’r) <0 forT€|0,1]
With Assumption 4.1, estlmateQ ,x) and (T, z)by

. [gl @ ().2) 8@y ()2 )}

fyy (@y () fYD* (Qy; ()

= — {»ﬂl (@ (1),2) _ 2@y (1), )}

' Fry (Qy (7)) fry (Qy; (1) (4.1)
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where@y;(nis in (3.4) and
YD, = d} [1{Y < 9} - Fryx(0lo)] ()

pla)! [L —p(a)] fx()  (4.2)
@g(yu?):\/x[ﬂd\x( |z) — Fy (i )]
with A = n/n*.
The simulated process for Q(7):
s o or. X % rx i X* = (X
ﬁgUﬂ_@(Tu‘th(rkf)] if X* = 7(X)
2=

%;Uiﬁ(’ﬂ X;) +\%§ Urp(r,X;) fX*1LX. 4.3)
Thm2: Q“() = ()
ﬁvd|x(y|$) =1 (fy;ﬂx)(ym') (4.4)
The estirypators for based on the kernel method:
ZDi Ky n(Xi — ) n
) = ZM w(Xi—2), Fae@) = o3> KanlXG —2)
> st =2 B (4.5)
p(z) = an i{P (z) < an} +p(z) H{an < plz) <1—an}+ (1 —an) 1{p(z) = 1 —an}(4.6)
where{a, € (0,1/2) : n > 1}is a positive sequence converging to 0.
For any function g,x(9)(y) = max {g(y), bn}

where {b, : n > 1}is a non-increasing sequence of positive numbers that converges to 0.
The modified version of the density estimators in (4.5):

fx@) =x(fx)(@) and fx-(2) =x(Fx)@)  (@4.7)
I (y)zﬁzfmw})

The kernel estimator for fv;:(y): K
Zwyn VI{D; = d} Ko n(X; — )

fy;.;.x(y\l?)
where Z PR Sl (4.8)
_With Wy,'i( ) = W( /T? a boundary kernel and”l = 7. the bandwidth in the y direction.
Fryw) =xUv;)y) (4.9
For a nominal significant levelaand for ¢, and 6, € [0,1] with §; < d,, the critical values for the
standardized one- and two-sided bands for that satisfy:

U
=inf {P( sup %()gy >1—a
ey r€lsedu] O(T)
é’g’sjdEd = inf (P Sup ) <y|l=z1l-w
yey TE[B¢.5u

a(t)
where 0(7) = il’l 2(1)and

W(r) = DB X0 X + B X)B X3) s 7€ B
7=1
WO standard one-sided uniform confidence bands for QCTE:

(t )+ Cv1 sided \(ﬁ)} & [505“‘}}

) C;'E'dedi%?. x) 1T E [0y, 511]}

standard two-sided uniform confidence bands for QCTE:
N z-sided@ N * AZ-sided@ . £l L
[A () 2 /" Aflr)a o2 | 1T (00, 6]

A1-sided
Co

(4.10)

[>)

1
L.
|

(4.11)
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ACTE under Assumption 5.1 and 5.2:
A* =E(Y7) - E(Yy) = Ex- [E(Y|D =1,X) - E(Y|D = 0,X)]
- g B g
A= — E(|X = X3) — E(Ya|X = X})
ACTE estimator: - ng[ 1 ’ i ’ ]
where is the is the Nadaraya-Waston estimator:

Corollary 1:\/'?_1(3* — A*) = N(0,Va-)
whereVa- = E[oa- (X)]* + E[pa- (X*)]* with
DY —EW|X)] (1 -D)[Y —EX|X)] | fx-(X)
oa-(X) = Ix(

p(X) B 1—p(X) x)
ear(X*) = VA[E(N1]X*) — E(Yp|X*) — A*]

Semiparametric efficiency bound of the ATE estimator given in Hahn (1998):

Var(Y;|X) . Var(Yp|X) s
B{ 200 Tt * (B0~ X B0 -’

Lemma 4: ACTT & QCTT:
Ar = / {E(Y|X =2,D=1)-E(Y|X =2,D =0)} B p )
X

(z
(

Al T) = inf{y =80 / Fyix.o(ylz, UE;
—inf {y ey: / Fyx.p(ylz, O)E;%

(X*)]
ACTT & QCTT estimators:

_ 3" 5)) [BOIX = X;) - Bl = X;) /f}ﬁ(xﬁ,)
j=1

=1
A2() = By (r11) — By r11)
where@v D (T|1 =inf{lye¥: Fy (1) = 7tand

FY |D* |1)—ZP(X )y, x (yIX]) /ZP

Corollary 2:
VA(A: — AY) = N(0,Vas),

)
X+
z)

where V-_xg = E[Q_._\:l:'_‘l'}}-l + Eig._«,:[.’f']jg with

s ) = 2D {D[Y -E1|X)] (1-D)[Y — E(Yo|X)] } fx+(X)
Al ) =

E [p(X")] p(X) - 1-p(X) fx(x)’

way (X® ‘=‘\r1 PX

7= 11X — E(Yp|X*) — A*].
E [p(x")] | E(¥1]X®) — E(¥o|X7) )

Moreover,
vn (L\A:(;’ = —\:[:‘) = Qul+),

where G4(7) is a Goussian process with mean zero and covaeriance funetion W (1) = Efgl[r., xX)
9![;—,_‘{]]“} +Elipe (7, X" (T, X"]T] with

o1 ( Qv+ (T[1), X) N o5 (Qyz p- (T[1), X)
Frpios (Qvpp- (1)) frgio (Qy - (71DI1) |
o, X*) = — oLe(Qupip- (1), X%)  @fe( Qg - (7]1), X*)
o ' Freio (Qypip-(TIDI)  frgipe (Qygp- (T11[1)

(1, X) =— {
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where gir{y,r) and \,,dr[y T) are given by

p(X) D =d}[I{Y <y} — Fyyx(y|X)] fx.(X)

F Y —
AR T ‘f*] p(X)?{1 — p(x)) fx(X)
PhL U X*) = VAgE = T ,ml [Frax @iX*) - Fy; ()]

and the convergence is in £2([0,1]).
Simulated process to approximate Qs (-} :

1 e~ LB T e ,
EZ“*[E"(‘_’X”+"""‘T=X" )] if X* = w(X)
UM =1, = i
TZL@-@:(J—, X:-}+v—,_*ZL'*H(T X3) HX*U X,

where b:(T, ) &Hd Zi(T.1) can be estlmated given f}' pe (yl1) = max { fy; pe (9/1), b } with

frsipr (yil) = ZPLY’ Frax (w1 X7) /ZPTX*

j=1



