Chapter 6

Asymptotic Least Squares Theory:
Part 1

We have shown that the OLS estimator and related tests have good finite-sample properties
under the classical conditions. These conditions are, however, quite restrictive in practice,
as discussed in Section 3.6. It is therefore natural to ask the following questions. First,
to what extent may we relax the classical conditions so that the OLS method has broader
applicability? Second, what are the properties of the OLS method under more general
conditions? The purpose of this chapter is to provide some answers to these questions.
In particular, we shall allow explanatory variable to be random variables, possibly weakly
dependent and heterogeneously distributed. This relaxation permits applications of the
OLS method to various data and models, but it also renders the analysis of finite-sample
properties difficult. Nonetheless, it is relatively easy to analyze the asymptotic performance
of the OLS estimator and construct large-sample tests. As the asymptotic results are valid
under more general conditions, the OLS method remains a useful tool for a wide variety of

applications.

6.1 When Regressors are Stochastic

Given the linear specification y = X3 + e, suppose now that X is stochastic. In this
case, [A2](i) can never hold because X3, is random and can not be IE(y). Even when a

condition on IE(y) is imposed, we are still unable to evaluate
E(Br) = E[(X'X)"' X"y],

because BT now is a complex function of the elements of y and X. Similarly, a condition

on var(y) is of little use for calculating var(By).
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144 CHAPTER 6. ASYMPTOTIC LEAST SQUARES THEORY: PART I

To ensure unbiasedness, it is typical to assume that IE(y | X) = X3, for some 3,,
instead of [A2](i). Under this condition,

E(Br) = E[(X'X)"'X'E(y | X)| =8

o0

by the law of iterated expectations (Lemma 5.9). Yet the condition I[E(y | X) = X3, may
not always be realistic. To see this, let x, denote the ¢th column of X’ and write the ¢ th
element of I[E(y | X) = X8, as

E(y, | y,...,xp) = xiB,, t=1,2,...,T.

Consider the simple AR(1) specification for time series data such that x, contains only one

regressor Y, q:
Y = Byq tey, t=2,...,T.

While IE(y, | y1,---,yp_1) = y, for t = 2,...,T by Lemma 5.10, the aforementioned

condition for this specification reads:

]E‘(yt | Yis- - ayT—l) = ﬁoyt—lv

for some (3,. This amounts to requiring y, = 5,y,_; with probability one so that y, must
be determined by its immediate past value without any random disturbance. If, however,
{y,} is indeed an AR(1) process: y, = (3

Y1 + € and €, has a continuous distribution, the

event that y, = 5,y,_, (i-e., ¢ = 0) can occur only with probability zero, which violates

the imposed condition.
Suppose that IE(y | X) = X3, and var(y | X) = 02I;. It is easy to see that
var(By) = E[(X'X)" ' X'(y - XB,)(y - XB,) X (X'X)""]
=E[(X'X)' X var(y | X)X (X'X)™!]
=?B(X'X)7 1,
which is not exactly the same as the variance-covariance matrix when X is non-stochastic,
cf. Theorem 3.4(c). The condition on var(y | X)), again, is not always a reasonable one. For

example, as in the previous example that x, = y,_;, we have y, = §,y,_; with probability

one, so that the conditional variance must be zero, rather than a positive constant o2.

The discussions above show that the conditions on IE(y | X) and var(y | X) may not
hold when x, are random vectors. Without such conditions, it is difficult, if not impossible,
to evaluate the mean and variance of the OLS estimator. Moreover, when X is stochastic,
(X'X)"1 X’y need not be normally distributed even when y is. Consequently, the results

for hypothesis testing discussed in Section 3.3 become invalid.
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6.2. ASYMPTOTIC PROPERTIES OF THE OLS ESTIMATORS 145

6.2 Asymptotic Properties of the OLS Estimators

Suppose that we observe the data (y, w})’, where y, is the variable of interest (dependent
variable), and w, is an m x 1 vector of “exogenous” variables. By exogenous variables we
mean those variables whose random behaviors are not explicitly modeled. Let W' denote
the collection of random vectors wy,...,w, and Y the collection of y,...,y,. The set
{YI=1 Wt} generates a o-algebra that is understood as the information set up to time .

What we would like to do is to account for the behavior of y, based on this information set.

We first determine a k x 1 vector of regressors , from the information set {J*~1 Wt}.
The chosen x, may include lagged dependent variables (taken from )*~!) as well as current

and lagged exogenous variables (taken from W?). The resulting linear specification is
Y, = z,8+ e, t=1,2,...,T, (6.1)

which is just the ¢ th observation of the more familiar expression y = X3 + e with x, the
tth column of X’. The expression (6.1) is more intuitive because it explicitly relates the
t th observation of y to the ¢ th observation of all explanatory variables. The OLS estimator

of the specification (6.1) now can be expressed as

A T -1/
Br=(X'X)"'X"y = (Z wta:;) (Z wtyt) . (6.2)
t=1 t=1

The right-hand side of the second equality is useful in subsequent asymptotic analysis.

6.2.1 Consistency

The OLS estimator ,BT is said to be strongly (weakly) consistent for the parameter vector
B* if BT 25 B (BT r, B3*) as T tends to infinity. Consistency in effect requires BT
to be eventually close to 8% in a proper probabilistic sense when “enough” information
(a sufficiently large sample) becomes available. Note that consistency is in sharp contrast
with unbiasedness. While an unbiased estimator of 3" is “correct” on average, there is no

guarantee that its values will be close to 8%, no matter how large the sample is.

To analyze the limiting behavior of BT, we impose the following conditions.

[B1] {(y; w})'} is a sequence of random vectors, and x, is a random vector containing some

elements of Y'~1 and W.

(i) {x,z;} obeys a SLLN (WLLN) with the almost sure (probability) limit
1 T
— 3 /
M, = jllilgo T tE_l E(x,x,),

which is a nonsingular matrix.
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146 CHAPTER 6. ASYMPTOTIC LEAST SQUARES THEORY: PART I

(ii) {=x,y,} obeys a SLLN (WLLN) with the almost sure (probability) limit

T—o0

T
. 1
m,, = lim T ZIE(a:tyt).
t=1
[B2] There exists a 3, such that y, = x}3, + ¢, with IE(z,¢,) = 0 for all ¢.

[B1] and [B2] are are quite different from the classical conditions. Compared with [A1],
the condition [B1] now explicitly allows x, to be a random vector which may contain some
lagged dependent variables (yt_j, j > 1) as well as current and past exogenous variables
(w,_j,j > 0). [B1] also admits non-stochastic regressors which can be viewed as degenerate
random variables. Compared with [A2](ii), [B1] allows the random data to exhibit certain
forms of dependence and heterogeneity. It does not rule out serially correlated y, and x;,
nor does it restrict y, to be unconditionally homoskedastic (var(y,) being a constant) or
conditionally homoskedastic (var(y, | Y'~1, W') being a constant). What really matters is
that the data must be well behaved in the sense that they are governed by some SLLN
(WLLN). Thus, the deterministic time trend ¢ and random walks are excluded under [B1];
see Examples 5.29 and 5.31.

Similar to [A2](i), [B2] may be interpreted as a condition of correct specification. Here,
e, = €,(8,) is known as the disturbance term, and x;3, is the orthogonal projection of y,
onto the space of all linear functions of x;, and also known as a linear projection of y,. A
sufficient condition for [B2] is that x}3 is the correct specification of the conditional mean

function, i.e., there exists a 3, such that
E(y, | Y™ W) = 2,8,

or IE(et | yi-1, Wt) = 0. This implies [B2] because, by the law of iterated expectations,
E(ze,) = E[z, E(e, | Y W] =0.

Recall that the conditional mean function of y, is the orthogonal projection of y, onto the
space of all measurable (not necessarily linear) functions of @, and hence is not a linear
function in general. Yet, when the conditional mean is indeed linear in x, (for example,
when y, and x, are jointly normally distributed), it must also be the linear projection. The

converse is not true in general, however.

To analyze the behavior of the OLS estimator, we proceed as follows. By [B1], {x,z}}
obeys a SLLN (WLLN):

T

1

T Z x,x; — M, a.s. (in probability),
t=1
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6.2. ASYMPTOTIC PROPERTIES OF THE OLS ESTIMATORS 147

where M

ible matrices. By Lemma 5.13 (Lemma 5.17), almost sure convergence (convergence in

. 1s nonsingular. Note that matrix inversion is a continuous function of invert-

probability) carries over under continuous transformations, so that

T -1
1
(T Z a:t;vff) — M} as. (in probability).
t=1

This, together with [B1](ii), immediately implies that the OLS estimator (6.2) is

T -1 T

N 1 1

Br = (T E mtm;> (T E a:tyt) — M;J}mxy a.s. (in probability).
t=1 t=1

Consider the special case that IE(x,y,) and [E(z,x;) are constants. Then, m,, = IE(z,y,)
and M, = IE(z,2}). When [B2] holds,

E(xy,) = ]E‘(mtx;)l@m

so that B, = B*. This shows that the parameter 3, of the linear projection function is
indeed the almost sure (probability) limit of the OLS estimator. We have established the

following consistency result.

Theorem 6.1 Consider the linear specification (6.1).

(i) When [B1] holds, By is strongly (weakly) consistent for 3* = M;xlmwy.

(ii) When [B1] and [B2] hold, B, = M;wlmzy so that By is strongly (weakly) consistent
for B,.

The first assertion states that the OLS estimator is strongly (weakly) consistent for
some parameter vector 3%, provided that the behaviors of x,x; and x,y, are governed by
proper laws of large numbers. This conclusion holds without [B2], the condition of correct
specification. When [B2] is also satisfied, the second assertion indicates that the limit of
the i.e., the parameter vector of the linear projection. Thus, [B1] assures convergence of the

OLS estimator, whereas [B2| determines to which parameter the OLS estimator converges.

As an example, we show below that Theorem 6.1 holds under some specific conditions
on data. This result may be applied to models with cross section data that are independent

over t.

/

Corollary 6.2 Given the linear specification (6.1), suppose that (y, x})
random vectors with bounded (2 + &) th moment for any 6 > 0. If M, and m,, defined
in [B1] exist, the OLS estimator By is strongly consistent for 3* = Mx_;mxy. If [B2] also
holds, BT is strongly consistent for B, defined in [B2].

are independent
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148 CHAPTER 6. ASYMPTOTIC LEAST SQUARES THEORY: PART I

Proof: By the Cauchy-Schwartz inequality (Lemma 5.5), the ith element of x,y, is such
that

1/2 1/2
E’xtiyt‘l—‘ré < [E’xti‘g(lJré)] / [E‘yt’2(1+6)] / <A,

for some A > 0. Similarly, each element of x,x} also has bounded (1+¢) th moment. Then,
{z,x;} and {x,y,} obey Markov’s SLLN by Lemma 5.26 with the respective almost sure

limits M, and m,,. The assertions now follow from Theorem 6.1. g

For other types of data, we do not explicitly specify the sufficient conditions that ensure
OLS consistency; see White (2001) for such conditions and Section 5.5 for related discus-
sions. The example below is an illustration of OLS consistency when the data are weakly

stationary.
Example 6.3 Given the simple AR(1) specification

Y = aypq t €y,
suppose that {y?} and {y,y,_, } obey a SLLN (WLLN). Let 3, = 0. Then by Theorem 6.1(i),
the OLS estimator of « is such that

lim AT E
Gp — ——L=e T 2=t Y1) a.s. (in probability),

limp_, o % Zle IE(th—l)

provided that the above limits exist.

When {y,} is a stationary AR(1) process: y, = a,y,_; + u, with |o,| < 1, where u,
are i.i.d. with mean zero and variance o2, we have IE(y,) = 0, var(y;) = 02/(1 — a2) and

cov(yy, Y1) = o, var(y,). In this case, it is typically true that {y?} and {y,1;,_,} obey a
SLLN (WLLN). It follows that

N cov (Y, Y1) . .1
& — =« a.s. (in probability).
T — V&I'(yt) 0’ ( b Y)

Alternatively, this result may be verified by noting that IE(y,_;u,) = 0 so that ay,_; is a
correct specification for the linear projection of y,. Theorem 6.1(ii) now ensures G — «,

a.s. (in probability). O
Remark: If for some 3, such that x}3, is not the linear projection of y,, IE(x,e,) # O,
and

E(z,y,) = E(zxt)8, + E(z6,).

Letting m,,, = limp_, 77! Ethl IE(z.¢,), the almost sure (probability) limit of the OLS

estimator becomes
—1 -1
B = szma:y =B, + M, m,,
rather than 3,. The following examples illustrate.
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6.2. ASYMPTOTIC PROPERTIES OF THE OLS ESTIMATORS 149

Example 6.4 Consider the specification
Y =B + ey,

where x} is k; X 1. Suppose that
By, | YW = 218, + 217,

where z, (ky x 1) also contains the elements of }*~! and W' that are distinct from the
elements of x;. This is an example that a specification omits relevant variables. When [B1]
holds, B, — M;mlmxy a.s. (in probability) by Theorem 6.1(i). Writing

Yy = :]32/30 + z;’Yo + € — m;ﬁo + Uy,

where ¢, = y, — E(y, | YL, W) and u, = z}7, + ¢, we have IE(z,u,) = IE(x,2})7,. When
[E(x,2})7, is non-zero, x;(3, is not the linear projection of y,. Thus, the OLS estimator of
B need not converge to 3,. In fact, setting M, := limy_, T~ * Z;le IE(x,2}), we have

the almost sure (probability) limit of B
My, = B, + Moy M.,

which is not 3, in general. Consistency for 3, would hold when the elements of x, are
orthogonal to those of z;, i.e., IE(x,2}) = 0. In this case, M, = 0 so that 3, — 3, almost
surely (in probability). That is, x}3, is the linear projection of y, onto the space of all

linear functions of @, when z, are orthogonal to x;,. a
Example 6.5 Given the simple AR(1) specification

Yp = QYy_1 T+ ¢,

suppose that v, = oy, + ¢ with |a,| < 1, where ¢, = w, + m,u,_ with |7,| < 1,
2

and {u,} is a white noise with mean zero and variance o;. A process so generated is a

weakly stationary ARMA(1,1) process (autoregressive and moving average process of order
(1,1)). As in Example 6.3, when {y?} and {y,5,_,} obey a SLLN (WLLN), & converges to
cov (Y, Y4—1)/ var(y,_;) almost surely (in probability). Note, however, that a,y,_; in this

case is not the linear projection of y, because y,_, depends on ¢, ; = u;_; + 7T, u;_o and
2
E(y; 1) = By, (u; + moup1)] = w05
The limit of &p now reads

cov(Yy, Ye—1) _ % var(y,_) + cov(e, Y1) _ + WOUZ
var(y;_) var(y,_1) ¢

var(y; 1)
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150 CHAPTER 6. ASYMPTOTIC LEAST SQUARES THEORY: PART I

The OLS estimator is therefore inconsistent for «, unless m, = 0 (i.e., ¢, = u, are serially
uncorrelated), in contrast with Example 6.3. Inconsistency here is, again, due to the fact
that a,y,_; is not the linear projection of y,. This failure arises because ¢, are serially

correlated with €,_; and hence are correlated with the lagged dependent variable y,_;.

The conclusion holds more generally. Consider the specification that includes a lagged

dependent variable as a regressor:
Y=y +xB+ ey

Suppose that y, are generated as y, = a,y;_1 +x}3,+ €, such that ¢, are serially correlated.
The OLS consistency again breaks down because «a,y,_; + }3, is not the linear projection,
a consequence of the joint presence of a lagged dependent variable and serially correlated

disturbances. O

6.2.2 Asymptotic Normality

We say that BT is asymptotically normally distributed (about 83,) if
VI(Br - B,) = N(0, D,),

where D, is a positive-definite matrix. That is, the sequence of properly normalized BT
converges in distribution to a multivariate normal random vector. The matrix D, is the
variance-covariance matrix of the limiting normal distribution and hence known as the
asymptotic variance-covariance matriz of /T (fiT — 3,). Equivalently, we may also express

asymptotic normality by
_ 2 D
Do 1/2ﬁ(16T - Bo) - N(O7 Ik)

It should be emphasized that asymptotic normality here is referred to \/T(BT —3,) rather
than BT; the latter has only a degenerate distribution at 3, in the limit by strong (weak)

consistency.

When vT(B7 — 3,) has a limiting distribution, it is Op(1) by Lemma 5.24. There-
fore, By — B, is necessarily Op(T~1/2); that is, By tend to B, at the rate 7-1/2. Thus,
the asymptotic normality result tells us not only (weak) consistency but also the rate of

1/2

convergence to 3,. An estimator that is consistent at the rate 77"/~ is referred to as a

“\/T-consistent” estimator. For standard cases in econometrics, estimators are typically
V/T-consistent. There are consistent estimators that converge more quickly; we will discuss

such estimators in Chapter 7.

Given the specification y, = x}3 + ¢, and [B2], define

T
1
Viyi=var | — x€, |,
T <\/T; tt)
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6.2. ASYMPTOTIC PROPERTIES OF THE OLS ESTIMATORS 151

where ¢, is specified in [B2]. We now impose an additional condition.
[B3] Fore, in [B2], {V, Y thet} obeys a CLT, where V , = limy_, V1 is positive-definite.

To establish asymptotic normality, we express the normalized OLS estimator as

-1

ST 1 & 1 &
T(Br —B,) = ( wﬂ;) ( th)

1 — - 1 —
_ (1t / 1/2 |y —1/2
= E Ty vV, [Vo ( E wtet>].
(Ttl ) VT =

By [B1](i), the first term on the right-hand side of (6.3) converges to M.l almost surely
(in probability). Then by [B3],

(6.3)

T
ole (;T 3 m) L, N0, T,).
t=1

In view of (6.3), we have from Lemma 5.22 that
VI(Br = B,) = M VIPN(0, L) £ N(0, MV, M),

where < stands for equality in distribution. This proves the following asymptotic normality

result.

Theorem 6.6 Given the linear specification (6.1), suppose that [B1](i), [B2] and [B3] hold.
Then,

VT (B — B,) > N(0, D,),

where D, = M}V M.

Theorem 6.6 is also stated without specifying the conditions that ensure the effect of a CLT.
We note that it may hold for weakly dependent and heterogeneously distributed data, as
long as these data obey a proper CLT. This result differs from the normality property
described in Theorem 3.7(a), in that the latter gives an exact distribution but is valid only

when y, are independent, normal random variables and x, are non-stochastic.

The corollary below specializes on independent data and may be applied to models with

cross section data.
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Corollary 6.7 Given the linear specification (6.1), suppose that (y, x})" are independent
random vectors with bounded (4 + &) th moment for any § > 0 and that [B2] holds. If M,
defined in [B1] and V , defined in [B3] ewist,

VI(Br ~B,) > N(0. D,).
where D, = M}V M.

Proof: Let 2z, = X'x,¢,, where A is a column vector such that A’A = 1. If {2,} obeys a CLT,
then {x,€,} obeys a multivariate CLT by the Cramér-Wold device (Lemma 5.18). Clearly,
z, are independent random variables because x,¢, = x,(y, — x;3,) are. We will show that
z, satisfy the conditions imposed in Lemma 5.36 and hence obey Liapunov’s CLT. First, 2,

have mean zero under [B2] and var(z,) = X'[var(z,¢,)]\. By data independence,

1 & 1 o
Vo =var ( Z aztet) = = Zvar(mtet).
VT = =

The average of var(z;) is then
1 I
T Zvar(zt) =NV A= AV A
t=1

By the Cauchy-Schwartz inequality (Lemma 5.5),
1/2 1/2
E|xtiyt‘2+6 < [E’xti‘2(2+6)] / [E‘yt’2(2+5)] / <A,

for some A > 0. Similarly, z,;2,; have bounded (2 + §) th moment. It follows that z¢,
(which is an element of x,y, — x,x;3,) and 2, (which is a weighted sum of z,¢,) also have
bounded (2 + 0) th moment by Minkowski’s inequality (Lemma 5.7). We may now invoke

Lemma 5.36 and conclude that

T
1 D
VTNV ) thl !

Then by the Cramér-Wold device,

T

_ 1 D
Vo 1/2ﬁzwt€t —>N(O, Ik)’
t=1

as required by [B3]. The assertion follows from Theorem 6.6. O

The example below illustrates that the OLS estimator may or may not have a asymptotic

normal distribution, depending on data characteristics.
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Example 6.8 Consider the the AR(1) specification:

Yp =0y + ey

Case 1: {y,} is a stationary AR(1) process: y; = a,y;_; + u; with |a,| < 1, where u, are
i.i.d. random variables with mean zero and variance o2. From Example 6.3 we know that

IE(y,_ju,;) = 0 and that ay,_; is a correct specification. It can also be seen that

var(y,_yu) = E(y7 1) IE(uf) = 0y,/(1 — a2),

o

and cov(y,_1Us, Yp—1—jus—;) = 0 for all j > 0. It is typically true that {y;_,u;} obeys a
CLT so that

7‘1 3 —>N(0 1)
U , 1),
gﬁT tlytlt

As ST 42 /T converges to 02 /(1 — a2), we have from Theorem 6.6 that

Vi—ap o VT (a7 — ay) = —— T (ay — ay) 22 N (0, 1)
0_5 1—04(2) T o m T [2) 9 )

or equivalently, T (G — a) 2, N(0, 1 —a?).

o

Case 2: {y,} is a random walk:

Yp = Y1 T Uy

We observe from Example 5.32 that var(7—1/2 Zthl Ys_1uy) is O(T) and hence diverges
with T'. Moreover, Example 5.38 shows that {y,_;u,} does not obey a CLT. Theorem 6.6
is therefore not applicable, and there is no guarantee that normalized & is asymptotically

normally distributed. O

When V  is unknown, let VT denote a symmetric and positive definite matrix that is

weakly consistent for V',. Then, a weakly consistent estimator of D, is

1 & o 1 & o
Dy = (T Z mtﬂ#) Vr <T Z $t$;§> )
t=1 t=1
~-1/2 P . -1/2
and D — D, ’°. It follows from Theorem 6.6 and Lemma 5.19 that

DT \/T(IBT_/BO)LDgl/ZN(OvDO)iN(OaIk)

The shows that Theorem 6.6 remains valid when the asymptotic variance-covariance matrix
D, is replaced by a weakly consistent estimator ﬁT. This conclusion is stated below; note

that ET does not have to be a strongly consistent estimator here.
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Theorem 6.9 Given the linear specification (6.1), suppose that [B1](i), [B2] and [B3] hold.
Then,
~—1/2

DT \/T(BT_BO) £>'/\/(Oka)v

where Dy = (L, @} /T) "WV (S0 @,@)/T) "t and Vi =5V,

Remark: It is practically important to find a consistent estimator for V', and hence a
consistent estimator for D,. Normalizing the OLS estimator with an inconsistent estimator

of D, will, in general, destroy asymptotic normality.

6.3 Consistent Estimation of Covariance Matrix

We have seen in the preceding section that a consistent estimator of D, = M1V Ml is
crucial for the asymptotic normality result. The matrix M ., can be consistently estimated
by its sample counterpart 7! Zthl x,x}; it remains to find a consistent estimator of V.

Recall that V , = limy_, . V1, where

T
1
V,=1lim V= lim var | —= T.€ | .

T—o00 T—o0

More specifically, we can write

T-1
V,= lim L'r(5), (6.4)
T—oo
j=—T+1
with
T .
. % Zt:j—}—l E(mtetet—jmgfj)ﬂ J = O’ 17 27 cee
Lr(j) =

1 T .
T 2t i1 E(@yy 6 6xy), j=-1,-2,....
Note that IE(z,e.6,_;x;_ ;) are not the same as IE(x,_;¢,_;¢,x}) in general.
When {z,¢,} is a weakly stationary process such that IE(z€,€,;x;_;) depend only on
the time difference |j| but not on t,

Lp(j) =Tp(—j) = ]E(wtetetfjwl/tfj% J=0,1,2,...,

which are independent of 7" and may be written as I'(j). It follows that V', simplifies to

T—-1
=T(0) + lim 2y I(j). (6.5)

T—oo

14

o
i=1

The presence of I'(j), 7 # 0, in (6.4) (or T'(j), j # 0, in (6.5)) renders the estimation of
V', practically difficult.

(© Chung-Ming Kuan, 2007, 2009



6.3. CONSISTENT ESTIMATION OF COVARIANCE MATRIX 155

6.3.1 When Serial Correlations Are Absent

When x,¢, are serially uncorrelated (but not necessarily independent over ¢), I'x(j) in (6.4)

are all zero for j # 0, so that

1
V, = lim T7(0) = lim —> E(gzaz}). (6.6)

T~>oo T—oo T

Estimation of V' is then relatively simple.

Note that @€, would be serially uncorrelated if {¢,} is a martingale difference sequence
with respect to the o-algebras generated by (V'™1, W'), i.e., IE(¢, | Y"1, W') = 0. In this
case, IE(x,e,) = 0 and, for any t # T,

IE(x,ec.a)) = Efz, E(e, | ytfl,Wt)eT:c’T] =0.

That is, {z,€,} is a sequence of uncorrelated, zero-mean random vectors.

A consistent estimator of V' in (6.6) is its sample counterpart:
Vo= 23 2 4 6.7
T = Zet Ly (6.7)

To see this, we write &, = ¢, — }(87 — 8,) and obtain

1 T
Z &z x; — efast:cé)]
t:l
1 a 2 / 2 / 2 d Iy /
= T z; (ft x,x; — IE(e xtxt)) T 2; (etwt(/BT - ﬁo)wtxt) +
t= t=

The first term on the right-hand side would converge to zero in probability if {¢?x,x}} obeys
a WLLN. The second term on the right-hand side also vanishes because ,BT r, B, and
T—1 Zthl €,y ), converges in probability by a suitable WLLN. Similarly, the third term
also vanishes in the limit provided that the average of x,x}x,x} converges in probability.
It follows that

T
2 / P
E etmtmt E(ez,;)] — 0,

proving weak consistency of the estimator (6.7).
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The estimator (6.7) is practically useful because it permits conditional heteroskedasticity
of an unknown form, i.e., IE(e? | Y=Y W) changes with ¢ but does not have an explicit func-
tional form. This estimator is therefore known as a heteroskedasticity-consistent covariance

matrix estimator. A consistent estimator of D, is then

s T 1 o -
D=\ = E x, T = g x| | = E x, ) . (6.8)
T T T
=1 t=1 t=1
The estimator (6.8) was proposed by Eicker (1967) and White (1980) and also known as
the Eicker-White covariance matrix estimator.

If, in addition, €, are also conditionally homoskedastic:
E(e | V'L W) =07,

(6.6) can be further simplified as

The asymptotic variance-covariance matrix of /T (BT —3,) is then
-1 -1 2 ar—1
DO - M$CU VOMCCI - JO Marx ‘

As M, can be consistently estimated by its sample counterpart, it remains to estimate

2

o2. Exercise 6.8 shows that 62 = Zthl é2/(T — k) is consistent for o2, where ¢, are the

OLS residuals. A consistent estimator of this D, is

T —1

- 1

Dy =62 <T Zwtmg> : (6.10)
t=1

Note that, apart from the factor T, ﬁT in this case is also the covariance matrix estimator

for fiT in the classical least squares theory.

While the estimator (6.10) is inconsistent under conditional heteroskedasticity, the
Ficker-White estimator is “robust” and preserves consistency when heteroskedasticity is
present and of an unknown form. It should be noted that, under conditional homoskedas-
ticity, the Eicker-White estimator remains consistent but may suffer from some efficiency

loss.
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6.3.2 When Serial Correlations Are Present

When ¢, exhibit serial correlations, it is still possible to estimate (6.4) and (6.5) consis-
tently. Let ¢(T") denote a function of T' that diverges with 7" such that

oT)

vi= Y r:)-V,,
j=—4(T)

as T tends to infinity. It is then natural to estimate V; by its sample counterpart:

; oT)
V= Z L'r(5),

j=—(T)

with the sample autocovariances:

1 7 N / .
T () = T Et:j+l Ly Ty ] = 0,1,2,...,
r(j) =
1T A a4 e
T thfjJrl Tyy €€y, J=—1,-2,....

The estimator VTT approximates VTT and would be consistent for V', provided that ¢(7T)

does not grow too fast with 7T'.

A problem with ‘7TT is that it need not be a positive semi-definite matrix and hence
may not be a proper variance-covariance matrix. A consistent estimator that is also positive

semi-definite is the following non-parametric kernel estimator:

T-1

Ve= > H(Eép))fﬂj), (6.11)

j=—T+1

where & is a kernel function and ¢(T") is its bandwidth. The kernel function and its band-
width jointly determine the weights assigned to f‘T(j). This estimator is known as a

heteroskedasticity and autocorrelation-consistent (HAC) covariance matrix estimator.

The HAC estimator was originated from spectral estimation in the time series litera-
ture and was brought to the econometrics literature by Newey and West (1987) and Gal-

lant (1987). The resulting consistent estimator of D, is
1 — - 1 -
~K ~K
Dy = (T > wtm;> Vr (T > wtm;> : (6.12)
= t=1

with V7 given by (6.11), cf. the Eicker-White estimator (6.8). The estimator (6.12) is

usually referred to as the Newey-West covariance matrix estimator in the literature.
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The kernel function « is typically required to satisfy: |k(z)| <1, k(0) =1, k(z) = k(—2)
for all z € R, [ |k(z)| dz < oo, k is continuous at 0 and at all but a finite number of other

points in R, and
oo .
/ k(z)e ™ dx >0, YweR.
—0o

Below are some commonly used kernel functions:

(i) Bartlett kernel (Newey and West, 1987):

L—lzf, [z <1,
k(z) =
0, otherwise;
(ii) Parzen kernel (Gallant, 1987):
1 — 622 +6|z?, |z <1/2,
r(z) =4 2(1—z])?, 12 <la| <1,

0, otherwise;

(iii) Quadratic spectral kernel (Andrews, 1991):

() = 25 <Sin(67rm/5)

127222 6rz/5 COS(GWJG/E))) ;

(iv) Daniel kernel (Ng and Perron, 1996):

sin(7x) .

k(z) =

These kernels are all symmetric about the vertical axis, where the first two kernels have a

T

bounded support [—1, 1], but the other two have unbounded support. These kernel functions

with non-negative = are depicted in Figure 6.1.

It can be seen from Figure 6.1 that the magnitudes of all kernel weights are all less
than one. For the Bartlett and Parzen kernels, the weight assigned to f‘T(j) decreases
with |j| and becomes zero for |j| > ¢(T). Hence, ¢(T) in these functions is also known
as a truncation lag parameter. For the quadratic spectral and Daniel kernels, there is no
truncation, but the weights first decline and then exhibit damped sine waves for large |j|.
The kernel weighting scheme brings bias to the estimated autocovariances. Yet, the kernel
function entails little asymptotic bias because, for a given j, the kernel weights tends to
unity asymptotically when ¢(T") diverges with T'. This is why the consistency of ‘7; is not
affected. Such bias, however, may not be negligible in finite samples, especially when ¢(T')

is small.

Both the Eicker-White estimator (6.8) and the Newey-West estimator (6.12) are non-

parametric in the sense that they do not rely on any parametric model of conditional
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Figure 6.1: The Bartlett, Parzen, quandratic spectral, and Daniel kernels.

heteroskedasticity and serial correlations. Comparing to the Eicker-White estimator, the
Newey-West estimator is robust to both conditional heteroskedasticity of €; and serial corre-
lations of x,¢,. Yet, the latter would be less efficient than the former if x,¢, are not serially

correlated.

Remark: Andrews (1991) analyzed the estimator (6.12) with the Bartlett, Parzen and
quadratic spectral kernels. It was shown that the estimator with the Bartlett kernel has
the rate of convergence O(T~'/?), whereas the other two kernels yield a faster rate of
convergence, O(T —2/ %). Moreover, it is found that the quadratic spectral kernel is 8.6%
more efficient asymptotically than the Parzen kernel, while the Bartlett kernel is the least
efficient. These two results together suggest that the quadratic spectral kernel is to be
preferred in HAC estimation, at least asymptotically. Andrews (1991) also proposed an

“automatic” method to determine the desired bandwidth ¢(T"); we omit the details.

6.4 Large-Sample Tests

After learning the asymptotic properties of the OLS estimator under more general condi-
tions [B1]-[B3], we are now able to construct tests for the parameters of interest and derive
their limiting distributions. In this section, we will concentrate on three large-sample tests

for the linear hypothesis
HO: Rﬁo - T',

where R is a ¢ X k (¢ < k) nonstochastic matrix and r is a pre-specified real vector, as in
Section 3.3. We, again, require R to have rank ¢ so as to exclude “redundant” hypotheses,

the hypotheses that are linearly dependent on the other hypotheses.
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6.4.1 Wald Test

Given that the OLS estimator BT is consistent for some parameter vector 3,, one would
expect that RBT is “close” to RB, when T becomes large. As R3, = r under the null
hypothesis, whether RBT is sufficiently “close” to r constitutes an evidence for or against
the null hypothesis. The Wald test is based on this intuition, and its key ingredient is the
difference between RﬁT and the hypothetical value r.

When [B1](i), [B2] and [B3] hold, we have learned from Theorem 6.6 that
VIR(By —B,) = N(0,RD,R)),
where D, = RM )V M, R/, or equivalently,
(RD,R)™*VTR(By ~ B,) = N(0.1,).

Letting ‘7T be a consistent estimator of V ,

1 & ! 1 &
Pr = (TZ> Ve (TZ>

is a consistent estimator for D,. We have the following asymptotic normality result based

-1

on ﬁT:
(RD;R)"'>VTR(Br - B,) = N(0,1,). (6.13)
As R, = r under the null hypothesis, the Wald test statistic is the inner product of (6.13):
Wy = T(RBy — ) (RD;R) " (RB; — ). (6.14)
The result below follows directly from the continuous mapping theorem (Lemma 5.20).

Theorem 6.10 Given the linear specification (6.1), suppose that [B1](i), [B2] and [B3]
hold. Then under the null hypothesis,

Wr 2 x%(q),

where Wy is given by (6.14) and q is the number of hypotheses.

The Wald test has much wider applicability because it is valid for a wide variety of
data which may be non-Gaussian, heteroskedastic, and/or serially correlated. What really
matter here are two things: (1) asymptotic normality of the OLS estimator, and (2) a
consistent estimator of V' ;. When an inconsistent estimator of V, is used in the test
statistic, lA)T is inconsistent so that the resulting Wald statistic does not have a limiting x?

distribution.
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Example 6.11 Given the linear specification
Yy, = 1 by +xh by + ey,

where @, is (k —s) x 1 and @y, is s x 1, suppose that xj,b; + x5 b, is the correct
specification for the linear projection with 8, = [b], by ,]'. An interesting hypothesis is
whether the correct specification is of a simpler form: wll,tbl' This amounts to testing the
hypothesis R3, = 0, where R = [0,,(,_,) I,]. The Wald test statistic for this hypothesis

reads
Wy = TBr R (RDyR) ™ RBp = x*(s),
where Dy = (X'X /T)"'V(X'X /T)"L. The exact form of Wy depends on D-.

In particular, when V = 62.(X'X /T) is a consistent estimator for V', D, = 62.(X'X/T)~1

is consistent for D, and the Wald statistic becomes
Wy = TR R'[R(X'X/T)"'R'| "' RpB;/53.

which is s times the standard F' statistic discussed in Section 3.3.1. Further, if the null
hypothesis is the i th coefficient being zero, R is the ith Cartesian unit vector ¢;, and the
Wald statistic is

A2 A D
Wy =TB;r/dy; — X*(1),
where d;; is the i th diagonal element of 62(X'X/T)~1. Thus,

VTh2/\ds 2 N(0,1), (6.15)

where (d;;/T)*/? is the OLS standard error for @T One can easily identify that the left-
hand side of (6.15) is the standard ¢ ratio discussed in Example 3.10 in Section 3.3. The
difference is that the critical values of the ¢ ratio should be taken from N (0, 1), rather than
a t distribution. When Dy = 62(X'X/T)~! is inconsistent for D,, the t ratio can be
robustified by choosing the 7 th diagonal element of the Eicker-White or the Newey-West
estimator ﬁT as d; in (6.15). The resulting (d;;/T)"/? is also known as the Eicker-White
or the Newey-West standard error for BzT In other words, the significance of the 7th

coefficient should be tested using the ¢ ratio with a consistent standard error. O

Remark: The F-version of the Wald test is valid only when VT = 62(X'X/T) is con-
sistent for V' ;. As we have seen, this is the case when, e.g., {¢,} is a martingale difference
sequence and conditionally homoskedastic. Otherwise, this estimator need not be consis-
tent for V', and hence renders the F-version of the Wald test invalid. Nevertheless, the

Wald test that involves a consistent ﬁT is still valid with a limiting y? distribution.
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6.4.2 Lagrange Multiplier Test

From Section 3.3.3 we have seen that, given the constraint RG = r, the constrained OLS

estimator can be obtained by finding the saddle point of the Lagrangian:

(v~ XB)(y — XP) + (RS~ /A

where A is the ¢ x 1 vector of Lagrange multipliers. The underlying idea of the Lagrange
Multiplier (LM) test of this constraint is to check whether A is sufficiently “close” to zero.
Intuitively, A can be interpreted as the “shadow price” of this constraint and hence should
be “small” when the constraint is valid (i.e., the null hypothesis is true); otherwise, A
ought to be “large.” Again, the closeness between A and zero must be determined by the

distribution of the estimator of A.
The solutions to the Lagrangian above can be expressed as

Ar =2[R(X'X/T)"' R (RBr 7).

Br=PBr— (X'X/T)'R'Ap/2.
Here, BT denotes the constrained OLS estimator of 3, and S\T is the basic ingredient of
the LM test. Under the null hypothesis, the asymptotic normality of \/T(RBT — 1) now
implies

VTAr 25 2(RM;'R)) "' N(0,RD,R)),

where D, = M}V ,M_}, or equivalently,

VTAr 25 N(0,A,),
where A, = 4 RM ! R)""(RD,R')(RM__} R')~!. Equivalently, we have
ASVPVTA: 25 N(0, 1),

which remains valid when A is replaced by a consistent estimator.

Let VT be a consistent estimator of V', based on the constrained estimation result. A
consistent estimator of A, is
Ar = 4[R(X'X/T)'R ' [R(X'X/T) "'V (X' X/T)'R/]
[R(X'X/T)'R] ™.
It follows that

. —1/2

A7 PVTAr 25 N(0,1)). (6.16)
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The inner product of the left-hand side of (6.16) yields the LM statistic:
LMy = TXNpAL Ag. (6.17)
The result below is a direct consequence of (6.16) and the continuous mapping theorem.

Theorem 6.12 Given the linear specification (6.1), suppose that [B1](i), [B2] and [B3]
hold. Then under the null hypothesis,

LMy 25 33(g),

where LM is given by (6.17) and q is the number of hypotheses.

Similar to the Wald test, the LM test is also valid for a wide variety of data which may
be non-Gaussian, heteroskedastic, and serially correlated. The asymptotic normality of the
OLS estimator and consistent estimation of V', remain crucial for the validity of the LM
test. If an inconsistent estimator of V, is used to construct A, the resulting LM test will

not have a limiting x? distribution.

To implement the LM test, we write the vector of constrained OLS residuals as &€ =
y—X BT and observe that

RBT -r= R(X,X/T)_lX/(y - XBT)/T
= R(X'X/T)"'X'¢e/T.

Thus, Ay is

Ar=2[R(X'X/T)'R] 'R(X'X/T)"' X'&/T,
so that the LM test statistic can be computed as

LMy =TEX(X'X) 'R [R(X'X/T)"'V4(X'X/T)"'R] ™" 619

R(X'X)'X'e. '

This expression shows that, aside from matrix multiplication and matrix inversion, only

constrained estimation is needed to compute the LM statistic. This is in sharp contrast

with the Wald test which requires unconstrained estimation.

Remark: From (6.14) and (6.18) it is easy to see that the Wald and LM tests have distinct
numerical values because they employ different consistent estimators of V' ,. Therefore,
these two tests are asymptotically equivalent under the null hypothesis, i.e.,

Wy — LMy 5 0.

If V, is known and does not have to be estimated, the Wald and LM tests would be
algebraically equivalent. As these two tests have different statistics in general, they may

result in conflicting inferences in finite samples.
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Example 6.13 Analogous to Example 6.11, we are interested in testing whether additional

s regressors should be added to the (constrained) specification:
Ye = 5'3/1,tb1 + €.

The unconstrained specification is
Yy, = 1 ,by +xh by + ey,

and the null hypothesis is R3, = 0 with R = [OSX(k,S) I.]. The constrained OLS estimator
is By = (by 7 0'), with
) T -l
b1 = <Z xl,twll,t> Zml,tyt = (X’1X1)_1X/1?J'
t=1 t=1
The LM statistic now can be computed as (6.18) with X = [X; X,] and é =y — lel,T'

Consider now the special case that Vi = 62.(X’X /T) is consistent for V, under the
null hypothesis, where 6% = Ethl €2/(T — k + s). Then, the LM test in (6.18) reads

1

LMp=T¢X(X'X)'R[RX'X/T) 'R R(X'X) 'X'¢/57.

Applying the formula for the inverse of a partitioned matrix (Section 1.4), it is not too
difficult to show that
R(X'X)"'R = [X5(I - P1)X,] ™",
R(X'X)"1 X' = [X4(I - P)X,] ' X}(I - P)),
where P; = X (X X;) 1X/. As X|é =0 and (I — P,)é = &, the LM statistic becomes
LMy = &(I — P)X,[X5(I — P)X,] ' X5(I — P1)é/67
= & X, (X1 — P))X,) 7 X56/5F
= ¢ X,R(X'X)" 'R X,e/5%.
The fact & X5 R = [01,(j,_s) € X 5] = € X then leads to a simple form of the LM test:

X (X'X)IXe

_ _ 2
LMy = €e/(T —k+s) = (T =k+ )R,

where R? is the (non-centered) coefficient of determination of the auxiliary regression of &
on X. If 62 = Zthl €2/T is used in the statistic, the LM test is simply TR?. Thus, the

LM test in this case can be easily obtained by running an auxiliary regression.

It must be emphasized that the simple TR? version of the LM statistic is valid only when

52(X'X/T) is a consistent estimator of V ; otherwise, TR? need not have a limiting x>
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distribution. For example, if the LM statistic is based on the heteroskedasticity-consistent

covariance matrix estimator:
1 T
- )
V= T Z & xyxy,
t=1
it cannot be simplified to TR2. a

Comparing Example 6.13 and Example 6.11, we can see that, while the LM test checks
whether additional s regressors should be incorporated into a simpler (constrained) speci-
fication, the Wald test checks whether s regressors are redundant and should be excluded
from a more complete (unconstrained) specification. The LM test thus permits testing a
specification “from specific to general” (bottom up), and the Wald test evaluates a specifi-

cation “from general to specific” (top down).

6.4.3 Likelihood Ratio Test

Another approach to hypothesis testing is to construct tests under the likelihood framework.
In this section, we will not discuss the general, likelihood-based tests but focus only on a
special case, the likelihood ratio (LR) test under the conditional normality assumption. We

note that both the Wald and LM tests can also be derived under the same framework.

Recall from Section 3.2.3 that the OLS estimator By is also the MLE B that maximizes

T
1 ! Ly~ (. — =,8)°
2y = 2 t t
LB, 07) = =5 log2m) = 5 loglo) = 2, T
When x, are stochastic, this log-likelihood function is understood as the average of

1 1 Yy, — m/IB 2
log f(y, | 3 8,0%) = —5 log(2m) — 5 log(0*) — (tQUzt)

where f is the conditional normal density function of with the conditional mean x}3 and

the conditional variance o2.

When there is no constraint, BT = BT is the unconstrained MLE of 3. The uncon-
strained MLE of o2 is

T

~2 1 2

or = T €
t=1

where ¢, = y, — x}Br are the unconstrained residuals which are also the OLS residuals.
Given the constraint R3 = r, let BT denote the constrained MLE of 3. Then €, = y, —aszJ’T

are the constrained residuals, and the constrained MLE of &2 is

T
.2 1 .2
op = €t
t=1

M|
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The LR test is based on the difference between the constrained and unconstrained L:

. . - _ 6_2
LRy = —2T (Ly(Br,6%) — Ly(Br, 7)) = T log <5§F> : (6.19)

T
If the null hypothesis is true, two log-likelihood values should not be much different so that
the likelihood ratio is close to one and LR is close to zero; otherwise, LR is positive. In
contrast with the Wald and LM tests, the LR test has a disadvantage in practice because

it requires estimating both constrained and unconstrained likelihood functions.

Writing the vector of €, as &€ = X (8 — Br) + & and noting that X’é = 0, we have
61 = 67 + (Br — Br) (X' X /T)(Br — Br).
In Section 6.4.2 we also find that
Br—Br = —(X'X/T) 'R [R(X'X/T) 'R Ry — ).
It follows that
5% =67+ (RBy — ) [R(X'X/T) 'R (RBr — 1),
and that

LRy =T log(l+ (RB; — ) [R(X'X/T) 'R (RB — ) /%)

-~

=:art

Owing to the consistency of the OLS estimator, a; — 0 almost surely (in probability). The
mean value expansion of log(1 + ap) about ap =01is (1 + aTT)_laT, where aTT lies between
ap and 0 and hence also converges to zero almost surely (in probability). Note that Tap is
exactly the Wald statistic with V. = 62(X'X /T) and converges in distribution. The LR

test statistic now can be written as
LRy =T(1+ aTT)_laT =Tap + op(1).

This shows that LR, is asymptotically equivalent to T'a;. Then, provided that VT =
62(X'X/T) is consistent for V,, LR, also has a x%(g) distribution in the limit by
Lemma 5.21.

Theorem 6.14 Given the linear specification (6.1), suppose that [B1](i), [B2] and [B3] hold
and that 6%(X'X /T) is consistent for V ,. Then under the null hypothesis,

D
ﬁRT - X2(q)7
where LRy is given by (6.19) and q is the number of hypotheses.
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Remarks:

1. When 62(X’'X /T) is consistent for V ,, three large-sample tests (the LR, Wald and
LM tests) are asymptotically equivalent under the null hypothesis. Otherwise, the
LR test (6.19) may not even have a limiting x? distribution. T

2. The LR test (6.19) can not be made robust to conditional heteroskedasticity and serial
correlation. This should not be too surprising because the log-likelihood function
postulated here is unable to accommodate heterogeneity and/or correlations over

time.

3. When the Wald test involves Vi, = §%(X'X/T) and the LM test uses Vi, =
62(X'X/T), it can be shown that

WT Z [’RT Z [’MT’

see Exercises 6.13 and 6.14. This is not an asymptotic result; conflicting inferences in
finite samples therefore may arise when the critical values are between two statistics.
See Godfrey (1988) for more details.

6.4.4 Power of the Tests

In this section we analyze the power property of the aforementioned tests under the alter-
native hypothesis that R3, = r + §, where § # 0.

We first consider the case that D, the asymptotic variance-covariance matrix of TY 2(BT—
B,), is known. Recall that when D, is known, the Wald statistic is

Wy =T(RB; — ) (RD,R) ™ (RB; — ),

which is algebraically equivalent to the LM statistic. Under the alternative that R3, =
r+4,

VT(RBy —r) = VTR(B; - 8,) + VT8,

where the first term on the right-hand side converges in distribution and hence is Op(1).

This implies that YW, must diverge at the rate 7" under the alternative hypothesis; in fact,
1
7 Wr L, §'(RD,R')™'5.

Consequently, for any critical value ¢, IP(Wp > ¢) — 1 when T tends to infinity; that is,
the Wald test can reject the null hypothesis with probability approaching one. The Wald

and LM tests in this case are therefore consistent tests.
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When D, is unknown, the estimator ﬁT in the Wald test is computed from the uncon-
strained specification and is still consistent for D, under the alternative. Analogous to the

previous conclusion, we have
1
7 Wr L, §(RD,R)™'5,

showing that the Wald test is still consistent. On the other hand, the estimator bT =
(X'X/T)"'V(X'X/T)~" is computed from the constrained specification and need not
be consistent for D, under the alternative. It is not too difficult to see that, as long as bT

is bounded in probability, the LM test is also consistent because
1

These consistency results ensure that the Wald and LM tests can detect any deviation,

however small, from the null hypothesis when there is a sufficiently large sample.

6.5 Digression: Instrumental Variable Estimator

We have seen that the OLS estimator may lose consistency when the postulated specification
is not a linear projection. This may happen when a model (i) omits relevant regressors
(Example 6.4, (ii) includes lagged dependent variables as regressors together with serially
correlated errors (Example 6.5), or (iii) involve regressors that are measured with errors
(Exercise 6.10). Indeed, inconsistency is not uncommon in practice. For example, when
the dependent variable and regressors are jointly determined at the same time, the OLS
estimator is inconsistent because the regressors are necessarily correlated with errors. This
is known as a problem of simultaneity. There are other cases in which the OLS estimator

loses consistency; we omit the details.

To obtain consistency for 3, in y, = z}3, + €, let z, be a k-dimensional vector of
variables taken from the information set (J'~!, W) such that IE(z,e,) = 0 and z, are
correlated with @, in the sense that IE(z,x}) is not singular. The sample counterpart of
E(z¢,) = B[z, (y, — xi8,)] = 0 is

1 T
=3 [l — w1B)] = 0,

t=1

which is a system of k equations with k£ unknowns. Solving this system for 3 we obtain

T -1, 7
By = (z ) (z y) |
t=1 t=1

(© Chung-Ming Kuan, 2007, 2009



6.6. ASYMPTOTIC PROPERTIES OF THE GLS AND FGLS ESTIMATORS 169

When z,2; and z,y, obey a suitable LLN with the corresponding limits M, and m,,, we

immediately have

Ve -1
BT,IV - sz m,,,

almost surely (or in probability).

By construction,

T
T ZIE (2:1) 1 Z (z4x1)B
=

Passing to the limit we have 8, = M ;xlmzy. Hence, BT,IV is consistent for 3,, where the
variables z, employed in estimation are mainly instrumental for “recovering” consistency.
As such, the estimator BT,IV is known as the instrumental variable (IV) estimator, with the
instruments z,. Note that this estimator is also a method of moment estimator, because it is
obtained by solving the sample counterpart of the moment conditions: IE[z,(y,—x;3,)] = 0

This method breaks down when more than k instruments are available, however.

It is not too difficult to see that, when T—1/2 Zle z,€; obeys a suitable CLT and
converges to N'(0, V) with

V,= Thm var ( Zzt6t> )

the normalized IV estimator is also asymptotically normally distributed:

-1

T
\/>(5TIV Bo) = ( Z%%) (&Z%Q) AN(Oa D,),
t=1

where D, = MV ,M_!. Similar to OLS estimation, we can compute a consistent
estimator V. for V,, so that

~—1/2

Vo \F(ﬁTIV B,) > N(0,1}).

A 2 test is then readily computed from this asymptotic normality property.

6.6 Asymptotic Properties of the GLS and FGLS Estimators

In this section we will digress from the OLS estimator and investigates the asymptotic
properties of the GLS estimator Bqpg and the FGLS estimator Bpgrs. We consider the
case that X is stochastic and does not include lagged dependent variables. Assuming that
E(y | X)= X2, and var(y | X) = X,, we have I[E(3;) = 8, and

var(By) = E[(X'X)' X'S, X(X'X)""].
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The GLS estimator Bqyg is also unbiased and
var(Bars) = B(X'E,1X)

As in Section 4.1, (X' X)7' X', X (X'X)~! — (X'E,1 X)~! is positive semi-definite with
probability one, so that var(8;) — var(Bayg) is a positive semi-definite matrix. The GLS

estimator thus remains a more efficient estimator.

Analyzing the asymptotic properties of the GLS estimator is not straightforward. Re-
call that the GLS estimator can be computed as the OLS estimator of the transformed

specification:
y=XpB+e,

where y = Z;lﬂy, X = E;l/QX, and e = 251/26. Note that each element of y, g, is a

linear combination of all y, with weights taken from X%, 12, Similarly, the ¢th column of
X /, &,, is a linear combination of all ;. As such, even when y, (x,) are independent across
t, 5, (&,) are highly correlated and may not obey a LLN and a CLT. It is therefore difficult
to analyze the behavior of the GLS estimator, let alone the FGLS estimator.

Typically, 3, depends on a p-dimensional parameter vector «, and can be written
as X(a,). For simplicity, we shall consider only the case that ¥, is a diagonal matrix
with the ¢th diagonal element o?(cr,). The transformed data are: ¢, = y,/0,(c,) and

&, = x,/0,(a,); the GLS estimator is

" oz T T,y
g . + Ty tYt
Pars = (; a%(ac») @ a$<a0>> |

Under suitable conditions on y, /0, and x,/o,, we are still able to show that BGLS is strongly

(weakly) consistent for 3,, and
> D ~ 1
\/T(BGLS - 160) I N(07 M.Z’Z‘)
where M, = limp_, T~ ' .1 E[(z,x,)/0}(a,)]. Note that when o7 = o2 for all ¢, this
asymptotic normality result is the same as that of the OLS estimator.

To compute the FGLS estimator, 3 is estimated by substituting an estimator & for
o, where ap is typically computed from the OLS results; see Section 4.2 and Section 4.3
for examples. The resulting estimator of ¥ is 3, = 3(éy) with the ¢ th diagonal element
o2(é&p). The FGLS estimator is then

T ;N\ LT /
Bravs = T S )
— UtQ(dT) =1 Uf(&T)
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Provided that & is consistent for a, and oZ(-) is continuous at a,, the FGLS estimator

is asymptotically equivalent to the GLS estimator. Consequently,

VT (Brears — Bo) iﬁ\/(a M;xl)

Example 6.15 Consider the case that y exhibits groupwise heteroskedasticity:

> =

0 2
0 o3,

as discussed in Section 4.2. In the light of Exercise 6.8, we expect that the OLS variance
estimator 67 obtained from the first 7 = [T'm] observations is consistent for o, and that
63 obtained from the last T — [T'm] observations is consistent for o5, where 0 < m < 1.

Under suitable conditions on y, and x,,

X/1X1+X/2X2 - X'y, | Xhy, as.
&2 g
1 2

3FGLS = (
and

; 1—m\-1
VT (Brars — B,) - N (O, <% i T”““) M—1> 7

1 2

where M = lim,_, X1 X, /[Tm] = limp_, . X5X,/(T — [Tm)). O

(© Chung-Ming Kuan, 2007, 2009



172

CHAPTER 6. ASYMPTOTIC LEAST SQUARES THEORY: PART I

Exercises

6.1

6.2

6.3

6.4

6.5

Suppose that y, = x}3, + ¢, such that x, are bounded and ¢, have mean zero.

(a) If {x,} and {¢,} are two mutually independent sequences, i.e., ¢, and €_ are

independent for any ¢ and 7, is BT unbiased?

(b) If {z;} and {¢,} are two mutually uncorrelated sequences, i.e., [E(x,e.) = 0 for

any t and 7, is BT unbiased?

Consider a linear specification with , = (1 d,)’, where d, is a one-time dummy:

d, =1if t =¥, a pre-specified time, and d, = 0 otherwise. What is

T

.1

Jm 7> (e a))?
t=1

Does the OLS estimator have a finite limit?

Consider the specification y, = ;3 + e,, where x, is k X 1. Suppose that

E(y, | YW = 2),,

where z; is an m x 1 vector with some elements different from ;. Assuming suitable

strong laws for @, and z;, what is the almost sure limit of the OLS estimator of 37

Consider the specification y, = ;3 + z;y + e;, where x, is k; x 1 and z, is ky x 1.

Suppose that
IE(y, | yt_l7Wt) = z33,.

Assuming suitable strong laws for o, and z;, what are the almost sure limits of the
OLS estimators of 3 and ~?

Given the binary dependent variable y, = 1 or 0 and random explanatory variables

x,, suppose that a linear specification is

Y, =z + €.

This is the linear probability model of Section 4.4 in the context that a, are random.
Let F(x}0,) = P(y, = 1| ;) for some 6, and assume that {x,z}} and {x,F(x,0,)}
obey a suitable SLLN (WLLN). What is the almost sure (probability) limit of 3,7
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6.6 Assume that the classical conditions [A1] and [A2] as well as the additional conditions
imposed in Example 7?7 hold. Show that the OLS variance estimator 67 is strongly

consistent for o2, where

and ¢, are OLS residuals.

6.7 Given y, = x,8, + €, suppose that {¢,} is a martingale difference sequence with
respect to {V'~1, W!}. Show that IE(e;) = 0 and IE(e,e,) = 0 for all t # 7. Is {¢,} a
white noise? Why or why not?

6.8 Given y, = x,3, + ¢, suppose that {¢,} is a martingale difference sequence with
respect to {Y~1, W'}, State the conditions under which the OLS variance estimator

&% is strongly consistent for o2.

6.9 State the conditions under which the OLS estimators of seemingly unrelated regres-

sions are consistent and asymptotically normally distributed.

6.10 Suppose that x;3, is the linear projection of y,, where y, are observable variables,

but x; can only be observed with random errors u,;:
W, = Ty + Uy,

with IE(u,) = 0, var(u,) = X, and [E(z,u;) = 0, and IE(y,u,) = 0. The linear
specification y, = w;3 + e,;, together with these conditions, is known as a model

with measurement errors. When this specification is evaluated at 8 = 3,, we write

Y = wiB, + vy

(a) Is w;3, also a linear projection of y,?

(b) Assume that all the variables are well behaved in the sense that they obey some
SLLN. Is BT strongly consistent for 3,7 If yes, explain why; if no, find the

almost sure limit of BT.

6.11 Given the specification: y, = ay,_; + €;, let & denote the OLS estimator of o.
Suppose that y, are weakly stationary and generated according to y; = ¥y, +
2

Vols_o + Uy, where u, are i.i.d. with mean zero and variance o;.

(a) What is the almost sure (probability) limit a* of é&p?
(b) What is the limiting distribution of /T (ép — a*)?
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6.12 Given the specification

Yp = QY1 T QYo + €4,

let &;7 and Gy denote the OLS estimators of a; and a,. Suppose that y, are

generated according to y, = ¥y, + u, with |¢;| < 1, where u, are i.i.d. with mean

zero and variance o2.

(a) What are the almost sure (probability) limits of &;; and dyp? Let of and of

denote these limits.

(b) State the asymptotic normality results of the normalized OLS estimators.

6.13 Consider the log-likelihood function:

T
Lp(B,o ) —— 10g(27r) i log % Z - mtﬁ)
t=1

(a) What is the LR test of R3, = r when 02 = 02 is known? Let LR (02) denote
this LR test. Given an intuitive explanation of LRy (02).

b) When ¢? is unknown, show that Wy = LR;(62), where Wy is the Wald test
T T\OT T
(6.14) with V. = (X' X /T), and 62 is the unconstrained MLE of o2.

(c) Show that
ﬁRT(é%) =-2T [LT(BQTM 5’%) - LT(BT75-%)]7

where B% maximizes Ly (3,5%) subject to the constraint B3 = r. Use this fact
to prove that Wy — LRy > 0.

6.14 Consider the same framework as Exercise 6.13.

(a) When o? is unknown, show that LM} = LR (5%), where LM is the LM test
(6.18) with V. = (X' X /T), and 62 is the constrained MLE of o2.

(b) Show that

ERT(C}%) = -2T [LT(BTa 5’%) - LT(B%,C'T'?F)],

where 3% maximizes Ly (8, 52). Use this fact to prove that LRy — LMy > 0.
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